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Abstract

The partial wave projection of the Nijmegen soft-core potential model in
momentum space is presented. The given formulas are quite general and ap-
ply to NN and YN as well. Moreover, as an important future application,
the Nijmegen phase shift analysis can be made available to momentum space
computations through the momentum space transcription of a Reid-like po-
tential based on soft-core potential functions. Results are shown grafically in
three-dimensional plots for various partial waves in the case of NN.
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I. INTRODUCTION

For nucleon-nucleon [1] and hyperon-nucleon [2] scattering we have shown that a soft-
core One-Boson-Exchange (OBE) model, based on Regge-pole theory, gives an excellent
description of the NN and YN data. These so-called soft-core models were evaluated in
configuration space through a fit to the data. In order to make the soft-core models also
available in momentum space we present in this paper the explicit formulas for that purpose
on the LSJ-partial wave basis. Perhaps an even more important motivation for this partial
wave analysis is to make the Nijmegen phase shift analyses [3] directly applicable in momen-
tum space as well as in configuration space calculations. For the latter there will be available
soon a Reid-like potential [4] based on the Nijmegen soft-core nucleon-nucleon potential [5].
With the results of this paper the momentum space counterpart can be constructed readily.

The contents of this paper are as follows. In section II we review the definition of the
OBE-potentials in the context of the Lippmann-Schwingerequation. We introduce the usual
potential forms in Pauli spinor space, where we include the central (C), the spin-spin (σ), the
tensor (T ), the spin-orbit (SO), the quadratic spin-orbit (Q12), and the antisymmetric spin-
orbit (ASO) potentials. To make this paper self-contained we give in section III the OBE-
potentials in momentum space for pseudo-scalar, vector, scalar, and diffractive exchanges.
In section IV we perform the basic partial wave projections, in particular those for the
spinor invariants. The partial wave basis is chosen according to the SYM-convention [6]. In
sections V–VIII we give the explicit momentum space partial wave potentials for respectively
the pseudo-scalar-, the vector-, the scalar-, and the so-called diffractive-exchanges. In the
latter we include the pomeron- (or multi-gluon-) exchange as well as the J = 0-components
of the tensor-meson exchange. In section IX the exact relation between the configuration
space and momentum space potentials in the case of the quadratic spin-orbit operator Q12

is discussed for the Nijmegen soft-core models [1, 2]. Here the explicit corrections due to
the difference between the P5 = (σ1 · n)(σ2 · n)- operator and the Fourier transform of Q12

are given. Finally in section X we discuss the tests performed on the formulas of this paper
and give the results for the lowest nucleon-nucleon partial waves.

Appendix A contains sets of expansion coefficients in z = cos θ for the potentials of the
different exchanges. Appendix B contains partial wave matrix elements of several important
operators. In appendix C the details are given of the Fourier transformation of the Q12-
potentials. Finally, in appendix D coefficients are given for the partial wave projection of
the quadratic spin-orbit operator. The latter are introduced to make the expressions for the
potentials less cumbersome.
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II. POTENTIALS FOR THE Lippmann-SchwingerEQUATION

We consider the nucleon-nucleon or hyperon-nucleon reactions

B(p1, s1) + N(p2, s2) → B′(p′1, s
′
1) + N ′(p′2, s

′
2) . (1)

where B is either N or Y . Like in [7], whose conventions we will follow in this paper, we
will refer to B and B′ as particles 1 and 3 and to N and N ′ as particles 2 and 4. The four
momentum of particle i is pi = (Ei,pi) where Ei =

√

p2
i + M2

i and Mi is the mass. The
transition amplitude matrix M is related to the S-matrix via

〈f |S|i〉 = 〈f |i〉 − i(2π)4δ4(Pf − Pi)〈f |M |i〉 , (2)

where Pi = p1 + p2 and Pf = p′1 + p′2 represent the total four momentum for the initial state
|i〉 and the final state |f〉. The latter refer to the two-particle states, which we normalize in
the following way

〈p′1,p′2|p1,p2〉 = (2π)32E(p1)δ
3(p′1 − p1) · (2π)32E(p2)δ

3(p′2 − p2) . (3)

Three-dimensional integral equations for the amplitudes 〈f |M |i〉 can be derived in vari-
ous ways. See for example references [7]–[10]. In [8] the derivation is based entirely on
two-particle unitarity and the analyticity properties of the amplitudes, using the N/D-
formalism. In the latter approach the in essence Regge pole nature of meson-exchange can
be apprehended most easily. The equation obtained with this method is

Mfi(qf ,qi; s) = Wfi(qf ,qi; s) +

+
∑

n

∫ d3kn

(2π)3Wfn(qf ,kn; s)G0(kn, s)Mni(kn,qi; s) , (4)

where qi and qf denote the initial and final state momenta, and

G0(k; s) =
1
2
E1(k) + E2(k)
E1(k)E2(k)

[

s− (E1(k) + E2(k))2 + iε
]−1

, (5)

with s = (E1(p) + E2(p))2. This follows from equation (4.27) in [8]. The same equation
has been derived, for example, by Gersten, Verhoeven, and de Swart [9] in the context of
the conventional approach which uses the Bethe-Salpeter equation. Also in [8] it is shown
in detail that in the Regge pole approximation the pseudopotential 〈f |W |i〉 corresponds
to OBE-exchange amplitudes with form factors at the BBM-vertices. Beyond this, one
may consider the OBE-approximation more generally as an effective way to represent the
exchange amplitudes for all allowed quantum numbers. In order to arrive at a Lippmann-
Schwingerequation, one chooses a new Green-function g(k; s) which satisfies a dispersion
relation in p2(s) rather than in s [7]. Then one obtains

g(kn; s) =
−1

2[E1(kn) + E2(kn)]
(k2

n − q2
n − iε)−1 , (6)
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where qn is the on-energy-shell momentum. This Green-function is eventually used in the
integral equation (4) instead of G0(kn; s). So the corrections to 〈f |W |i〉 due to the transfor-
mation of the Green-functions are neglected. They are of higher order in the couplings and
are usually discarded in an OBE-approach. With the substitution of g for G, (5) becomes
identical to equation (2.19) of [7]. From now on we follow section II of [7] in detail. The
transformation to the non-relativistic normalization of the two-particle states leads to states
with

(p′1, s
′
1;p

′
2, s

′
2|p1, s1;p2, s2) = (2π)6δ3(p′1 − p1)δ

3(p′2 − p2)δs′1,s1δs′2,s1 . (7)

For these states we define the T -matrix by

(f |T |i) = {4µ34(E3 + E4)}−
1
2 〈f |M |i〉{4µ12(E1 + E2)}−

1
2 , (8)

where µ12 and µ34 are the reduced masses for respectively the initial and final state. Then
we get from (4) the Lippmann-Schwingerequation

(3, 4|T |1, 2) = (3, 4|V |1, 2) +

+
∑

n

∫ d3kn

(2π)3
(3, 4|V |n1, n2)

2µn1,n2

q2
n − k2

n + iε
(n1, n2|T |1, 2) , (9)

where analogously to (8), the potential V is defined as

(f |V |i) = {4µ34(E3 + E4)}−
1
2 〈f |W |i〉{4µ12(E1 + E2)}−

1
2 . (10)

Using rotational invariance and parity conservation we expand the T -matrix, which is a
4 × 4-matrix in Pauli-spinor space, into a complete set of Pauli-spinor invariants (see for
example [2, 11])

T =
8

∑

α=1
Tα(q2

f ,q
2
i ,qi.qf ) Pα . (11)

Introducing

q =
1
2
(qf + qi) , k = qf − qi , n = qi × qf = q× k , (12)

we choose for the operators Pα in spin-space

P1 = 1 P2 = σ1 · σ2

P3 = (σ1 · k)(σ2 · k)− 1
3(σ1 · σ2)k2 P4 = i

2(σ1 + σ2) · n
P5 = (σ1 · n)(σ2 · n) P6 = i

2(σ1 − σ2) · n
P7 = (σ1 · q)(σ2 · k) + (σ1 · k)(σ2 · q)
P8 = (σ1 · q)(σ2 · k)− (σ1 · k)(σ2 · q)

(13)

Here we follow [2], where in contrast to [1], we have chosen P3 to be a purely ‘tensor-force’
operator.
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In the OBEP-approximation only second-order irreducible diagrams contributing to the
kernel i.e. W = M irr(2) are included. Similarly to (11) we expand the potentials V . Again
following [2], we neglect the potential forms P7 and P8, and also the dependence of the
potentials on k · q . Then, the expansion (11) reads for the potentials as follows

V =
6

∑

α=1
Vα(k2,q2) Pα . (14)
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III. ONE-BOSON-EXCHANGE POTENTIALS IN MOMENTUM SPACE

For completeness we will present the NN- and YN-potentials as derived in [1] and [2].
The local interaction Hamilton densities for the different couplings are
a) Pseudoscalar-meson exchange

HPV =
fP

mS
[iψ̄γµγ5ψ]∂µφP , (15)

b) Vector-meson exchange

HV = gV [iψ̄γµψ]φµ
V +

fV

4M
[ψ̄σµνψ](∂µφν

V − ∂νφµ
V ) , (16)

c) Scalar-meson exchange

HS = gS[ψ̄ψ]φS , (17)

where σµν = [γµ, γν ]/2i and mS and M are scaling masses. In [1] and [2] the latter were
chosen to be the charged pion mass and the proton mass, respectively. The vertices for
‘diffractive’-exchange have the same Lorentz structure as those for scalar-meson-exchange.
Including form factors f(x′ − x), the interaction densities are modified to

HX(x) =
∫

d3x′ f(x′ − x)HX(x′) , (18)

where X = PV, V , S, or D. Because of this ‘convolutive’ form, the potentials in momentum
space are the same as for point interactions, except that the coupling constants are multiplied
by the Fourier transform of the form factors.

The OBE-potentials were obtained in the standard way (see e.g. [1] and [2]) by evaluating
the NN-interaction in Born-approximation. We write the potentials Vα of (14) in the form

Vα(k2,q2) =
∑

X

Ω(X)
α (k2,q2) ·∆(X)(k2,m2, Λ2) , (19)

where X = P, V, S, and D (P = pseudo-scalar, V = vector, S = scalar, and D =
diffractive). Furthermore

∆(X)(k2,m2, Λ2) =
1

k2 + m2
· e−k

2
/Λ2

(20)

for X = P, V, S, and

∆(X)(k2, m2
P , Λ2) =

1
M2 e−k

2
/(4m2

P ) (21)

for X = D In (21) M is a universal scaling mass, which is in principle different from the one
introduced in (16). In the YN-model [2] M was taken to be the proton mass [12]. The mass
parameter mP controls the k2-dependence of the pomeron-, and the J = 0-components of
the f -, f ′-, and A2-potentials.
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In [1] and [2] the following contributions to the different Ω(X)
α were derived:

a) pseudo-scalar-meson exchange:

Ω(P )
2 = −fP

13f
P
24

k2

3m2
S

= −gP
13g

P
24

(

k2

12M13M24

)

Ω(P )
3 = −fP

13f
P
24

1
m2

S
= −gP

13g
P
24

( 1
4M13M24

)

(22)

We have also included here the expressions for the PS-coupling for completeness.
b) vector-meson exchange:

Ω(V )
1 =

{

gV
13g

V
24

(

1− k2

8M13M24
+

3q2

2M13M24

)

−gV
13f

V
24

k2

4MM24
− fV

13g
V
24

k2

4MM13
+ fV

13f
V
24

k4

16M2M13M24

}

Ω(V )
2 = −2

3
k2 Ω(V )

3

Ω(V )
3 =

{

(

gV
13 + fV

13
M13

M

) (

gV
24 + fV

24
M24

M

)

− fV
13f

V
24

k2

8M2

}

/(4M13M24)

Ω(V )
4 = −

{

12gV
13g

V
24 + 8(gV

13f
V
24 + fV

13g
V
24)
√

M13M24

M

−fV
13f

V
24

3k2

M2

}

/(8M13M24)

Ω(V )
5 = −

{

gV
13g

V
24 + 4(gV

13f
V
24 + fV

13g
V
24)
√

M13M24

M

+8fV
13f

V
24

M13M24

M2

}

/(16M2
13M

2
24)

Ω(V )
6 = −

{(

gV
13g

V
24 + fV

13f
V
24

k2

4M2

)

(M2
24 −M2

13)
4M13M24

−(gV
13f

V
24 − fV

13g
V
24)

√

M13M24

M2







/(M13M24) (23)

c) scalar-meson exchange:

Ω(S)
1 = −gS

13g
S
24

(

1 +
k2

8M13M24
− q2

2M13M24

)

Ω(S)
4 = −gS

13g
S
24

( 1
2M13M24

)
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Ω(S)
5 = gS

13g
S
24

(

1
16M2

13M2
24

)

Ω(S)
6 = −gS

13g
S
24

(

M2
24 −M2

13

4M2
13M2

24

)

(24)

d) ‘diffractive-exchange’:
The ΩD

α are the same as for scalar-meson-exchange (24), but with ±gS
13g

S
24

replaced by ∓gD
13g

D
24.

In the expressions for ΩP , ΩV , and ΩS given above, M13 and M24 denote the average
baryon masses, respectively M13 = (M1 + M3)/2 and M24 = (M2 + M4)/2, and m denotes
the mass of the exchanged meson. In deriving these formulae for the Ω’s there is used
1/M2

N + 1/M2
Y ≈ 2/M24M13, which holds to a very good approximation for NN and YN

scattering.
In case of the strangeness carrying exchanges (K, K∗, κ,K∗∗) the rules for the modifi-

cation of (22 - 24) have been given in [2, 7]. In these cases one must make in (22-24) the
substitutions MY ,MN −→ (MY MN)1/2 and because of the exchange character add an over-
all minus sign. In the case of the K∗ one has furthermore to add the contribution of the
second term of the vector-meson propagator, see [2], equation (26).

From the Ωα’s and writing

k2 = q2
f + q2

i − 2qfqiz , q2 =
1
4
(q2

f + q2
i + 2qfqiz) (25)

where z = cos θ, one sees that the potentials can be written in the form

Vα(k2,q2) =
(

Xα + zYα + z2Zα

)

·∆(X)(k2,m2, Λ2) . (26)

This holds, obviously, for the contributions of each of the different types of exchange sep-
arately. In the following we will work out the latter explicitly. For each type of exchange,
the coefficients Xα, Yα, and Zα can readily be read off from the Ωα’s. The results for
X = P, V, S , and D are listed in appendix A.
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IV. PARTIAL WAVE ANALYSIS

The basic partial wave projections needed are

UL(F, x) =
1
2

∫ +1

−1
dz

PL(z)F (z)
x− z

,

RL(F ) =
1
2

∫ +1

−1
dzPL(z)F (z) ,

SL(F ) =
1
2

∫ +1

−1
dz z PL(z)F (z) , (27)

where the form factor F (z) and x are

F (z) = exp
(

−k2/Λ2
)

, x =
q2
f + q2

i + m2

2qfqi
, (28)

with m the mass of the exchanged boson. For Λ → ∞, i.e. F (z) → 1, the projections (27)
become

UL(1, z) = QL(x) , RL(1) = δL 0 , SL(1) =
1
3
δL 1 . (29)

Writing

V (qf ,qi) =
6

∑

α=1
Vα(qf ,qi) (qf |Pα|qi) , (30)

the partial wave expansion of the Vα-functions reads

Vα(qf ,qi) =
∞
∑

L=0

(2L + 1) V (α)
L (x) PL(cos θ) . (31)

Using (20) and (26) the partial waves V (α)
L (x) for X = P, V, S become

V (α)
L (x) =

1
2qiqf

[(

Xα + xYα + x2Zα

)

UL − (Yα + xZα) RL − ZαSL

]

(32)

and for X = D

V (α)
L (x) =

1
M2 [XαRL + YαSL] . (33)

In the last expression we have used the fact that in this case there does not appear a z2-term
in the potentials.

Distinguishing between the partial waves with parity P = (−)J and P = −(−)J , we
write the potential matrix elements on the LSJ-basis in the following way (see e.g. [11],
section VII):
(i) P = (−)J :

(qf ; L′S′J ′M ′| V |qi; LSJM) = 4π V J,+(S′, S)δJ ′J δM ′M δL′L . (34)
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(ii) P = −(−)J :

(qf ; L′S ′J ′M ′| V |qi; LSJM) = 4π δJ ′J δM ′M δS′S V J,−(L′, L) . (35)

For notational convenience we will use as an index the parity factor η, which is defined by
writing P = η(−)J . The P = (−)J -states contain the spin singlet and triplet-uncoupled
states(η = +), and the P = −(−)J -states contain the spin triplet-coupled states (η = −).

In the soft-core model [1] the spin singlet-triplet transitions are neglected. This because
in NN the mass differences are small and gV

13f
V
24 − fV

13g
V
24 = 0, one can neglect V6 and hence

the spin singlet-triplet transitions. However, for the hyperon-nucleon and cascade-nucleon
channels this is not the case and these transitions can be significant, especially in hypernuclei
[13]. Therefore we include the corresponding potentials in this work. Below we list the partial
wave matrix elements for η = ± for the different V α Pα, (α = 1, ...., 6). Here we restrict
ourselves to the matrix elements 6= 0.
1. central P1 = 1:

(qf ; L′S ′J ′M ′|V (1)P1|qi; LSJM) = 4π δJ ′J δM ′M F J,η
1 (L′ S′, L S) , (36)

with F J,η
1 (L′ S ′, L S) = δL′L δS′S V (1)

L (x)

2. spin-spin P2 = σ1 · σ2:

(qf ; L′S ′J ′M ′|V (2)P2|qi; LSJM) = 4π δJ ′J δM ′M F J,η
2 (L′ S′, L S) , (37)

with F J,η
2 (L′ S ′, L S) = δL′L δS′S [2S(S + 1)− 3] V (2)

L (x)

3. tensor P3 = (σ1 · k)(σ2 · k)− 1
3(σ1 · σ2)k2:

(qf ; L′S ′J ′M ′|V (3)P3|qi; LSJM) =
8π
3

(q2
f + q2

i ) δJ ′J δM ′M F J,η
3 (i, j) , (38)

where i = S ′ and j = S for η = +, respectively i = L′ and j = L for η = −.
(i) triplet uncoupled: L = L′ = J, S = S ′ = 1

F J,+
3 (1, 1) =

[

V (3)
J − 1

2
sin 2ψ

(2J + 3
2J + 1

V (3)
J−1 +

2J − 1
2J + 1

V (3)
J+1

)]

(39)

(ii) triplet coupled: L = J ± 1, L′ = J ± 1, S = S′ = 1

F J,−
3 (J − 1, J − 1) =

J − 1
2J + 1

[

−V (3)
J−1 +

1
2

sin 2ψ·

×
{2J − 3

2J − 1
V (3)

J +
2J + 1
2J − 1

V (3)
J−2

}]

F J,−
3 (J − 1, J + 1) = −3

√

J(J + 1)

2J + 1

[

− sin 2ψ V (3)
J +

+
(

cos2 ψV (3)
J−1 + sin2 ψV (3)

J+1

)]
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F J,−
3 (J + 1, J − 1) = −3

√

J(J + 1)

2J + 1

[

− sin 2ψ V (3)
J +

+
(

sin2 ψV (3)
J−1 + cos2 ψV (3)

J+1

)]

F J,−
3 (J + 1, J + 1) =

J + 2
2J + 1

[

−V (3)
J+1 +

1
2

sin 2ψ·

×
{2J + 5

2J + 3
V (3)

J +
2J + 1
2J + 3

V (3)
J+2

}]

(40)

where we introduced

cos ψ =
qi

√

q2
f + q2

i

, sin ψ =
qf

√

q2
f + q2

i

(41)

4. spin-orbit P4 = i
2(σ1 + σ2) · n:

(qf ; L′S′J ′M ′|V (4)P4|qi; LSJM) = 4π qfqiδJ ′J δM ′M F J,η
4 (i, j) . (42)

(i) triplet uncoupled: L = L′ = J, S = S ′ = 1

F J,+
4 (1, 1) = −

(

V (4)
J−1 − V (4)

J+1

)

/(2J + 1) (43)

(ii) triplet coupled: L = J ± 1, L′ = J ± 1, S = S ′ = 1

F J,−
4 (J − 1, J − 1) =

(J − 1)
(2J − 1)

(

V (4)
J−2 − V (4)

J

)

F J,−
4 (J + 1, J + 1) = − (J + 2)

(2J + 3)

(

V (4)
J − V (4)

J+2

)

(44)

5. quadratic-spin-orbit P5 = (σ1 · n)(σ2 · n):

(qf ; L′S ′J ′M ′|V (5)P5|qi; LSJM) = 4πq2
fq

2
i δJ ′JδM ′MF J,η

5 (i, j) (45)

(i) singlet: L = L′ = J, S = S′ = 0

F J,+
5 (0, 0) = e(5,+)

0,0 V (5)
J−2 + f (5,+)

0,0 V (5)
J + g(5,+)

0,0 V (5)
J+2 (46)

(ii) triplet uncoupled: L = L′ = J, S = S ′ = 1

F J,+
5 (1, 1) = e(5,+)

1,1 V (5)
J−2 + f (5,+)

1,1 V (5)
J + g(5,+)

1,1 V (5)
J+2 (47)

(iv) triplet coupled:

F J,−
5 (J − 1, J − 1) = e(5,−)

J−1,J−1 V (5)
J−3 + f (5,−)

J−1,J−1 V (5)
J−1 + g(5,−)

J−1,J−1 V (5)
J+1

F J,−
5 (J ± 1, J ∓ 1) = −f (5,−)

J+1,J−1

[

V (5)
J+1 − V (5)

J−1

]

F J,−
5 (J + 1, J + 1) = e(5,−)

J+1,J+1 V (5)
J−1 + f (5,−)

J+1,J+1 V (5)
J+1 + g(5,−)

J+1,J+1 V (5)
J+3 (48)
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where the coefficients e(5,+)
S′,S and e(5,−)

L′,L etc. are given in appendix C.
6. antisymmetric spin-orbit P6 = i

2(σ1 − σ2) · n:

(qf ; L′S ′J ′M ′|V (6)P6|qi; LSJM) = 4π qfqiδJ ′J δM ′M F J,η
6 (S′, S) . (49)

(i) singlet-triplet uncoupled: L = L′ = J, S = 0, S′ = 1

F J,+
6 (1, 0) = F J,+

6 (0, 1) =

√

J(J + 1)

2J + 1

(

V (6)
J−1 − V (6)

J+1

)

. (50)

With the matrix elements of this section, the partial waves for the potentials can be readily
derived. This will be done in the next sections for the pseudo-scalar, the vector, the scalar,
and the diffractive potentials. Henceforth, we will use the following shorthand notation [8]
for the potentials:
(i) P = (−)J :

V J
0,0 = V J,+(0, 0) , V J

0,2 = V J,+(0, 1)

V J
2,0 = V J,+(1, 0) , V J

2,2 = V J,+(1, 1) (51)

(ii) P = −(−)J :

V J
1,1 = V J,−(J − 1, J − 1) , V J

1,3 = V J,−(J − 1, J + 1)

V J
3,1 = V J,−(J + 1, J − 1) , V J

3,3 = V J,−(J + 1, J + 1) (52)

where it is always understood that the final and initial state momenta are respectively qf

and qi. So V J
0,0 = V J

0,0(qf , qi) etc. Since

V J
2,0(qf , qi) = V J

0,2(qi, qf ) , V J
3,1(qf , qi) = V J

1,3(qi, qf ) (53)

we will give in case of the off-diagonal terms only the explicit expressions for V J
0,2(qf , qi) and

V J
1,3(qf , qi).
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V. PSEUDO-SCALAR-MESON POTENTIALS

With the coefficients X(P )
α and Y (P )

α of appendix A, the basic partial wave projections
are

V (σ)
L (x) =

1
2qiqf

[(

X(P )
σ + xY (P )

σ

)

UL(F, x)− Y (P )
σ RL(F )

]

V (T )
L (x) =

1
2qiqf

X(P )
T UL(F, x) (54)

The momentum space partial wave potentials are

V J
0,0(P ) = −12πV (σ)

J

V J
2,2(P ) = 4π

[

V (σ)
J +

2
3
(q2

f + q2
i )

{

V (T )
J −

−1
2

sin 2ψ
(2J + 3

2J + 1
V (T )

J−1 +
2J − 1
2J + 1

V (T )
J+1

)}]

V J
1,1(P ) = 4π

[

V (σ)
J−1 +

2
3
(q2

f + q2
i )

J − 1
2J + 1

{

−V (T )
J−1+

+
1
2

sin 2ψ
(2J − 3

2J − 1
V (T )

J +
2J + 1
2J − 1

V (T )
J−2

)}]

V J
1,3(P ) = −8π (q2

f + q2
i )

√

J(J + 1

2J + 1

[

− sin 2ψ V (T )
J +

+
(

cos2 ψ V (T )
J−1 + sin2 ψ V (T )

J+1

)]

V J
3,3(P ) = 4π

[

V (σ)
J+1 +

2
3
(q2

f + q2
i )

J + 2
2J + 1

{

−V (T )
J+1 +

1
2

sin 2ψ·

×
(2J + 5

2J + 3
V (T )

J +
2J + 1
2J + 3

V (T )
J+2

)}]

(55)
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VI. VECTOR-MESON POTENTIALS

With the coefficients X(V )
α , Y (V )

α , and Z(V )
α of appendix A, the basic partial wave projec-

tions are

V (C)
L (x) =

1
2qiqf

[(

X(V )
C + xY (V )

C + x2Z(V )
C

)

UL(F, x)−
(

Y (V )
C + xZ(V )

C

)

·

×RL(F )− Z(V )
C SL(F )

]

V (σ)
L (x) =

1
2qiqf

[(

X(V )
σ + xY (V )

σ + x2Z(V )
σ

)

UL(F, x)−
(

Y (V )
σ + xZ(V )

σ

)

·

×RL(F )− Z(V )
σ SL(F )

]

V (T )
L (x) =

1
2qiqf

[(

X(V )
T + xY (V )

T

)

UL(F, x)− Y (V )
T RL(F )

]

V (SO)
L (x) =

1
2qiqf

[(

X(V )
SO + xY (V )

SO

)

UL(F, x)− Y (V )
SO RL(F )

]

V (Q)
L (x) =

1
2qiqf

X(V )
Q UL(F, x)

V (ASO)
L (x) =

1
2qiqf

[(

X(V )
ASO + xY (V )

ASO

)

UL(F, x)− Y (V )
ASORL(F )

]

(56)

The momentum space partial wave potentials are

V J
0,0(V ) = 4π

[(

V (C)
J − 3V (σ)

J

)

+ q2
fq

2
i

(

e(5,+)
0,0 V (Q)

J−2 + f (5,+)
0,0 V (Q)

J + g(5,+)
0,0 V (Q)

J+2

)]

V J
0,2(V ) = 4πqfqi

√

J(J + 1)

2J + 1

(

V (ASO)
J−1 − V (ASO)

J+1

)

V J
2,2(V ) = 4π

[

(

V (C)
J + V (σ)

J

)

+
2
3
(q2

f + q2
i )·

×
{

V (T )
J − 1

2
sin 2ψ

(2J + 3
2J + 1

V (T )
J−1 +

2J − 1
2J + 1

V (T )
J+1

)}

−qfqi

(

V (SO)
J−1 − V (SO)

J+1

)

/(2J + 1)

+q2
fq

2
i

(

e(5,+)
1,1 V (Q)

J−2 + f (5,+)
1,1 V (Q)

J + g(5,+)
1,1 V (Q)

J+2

)]

V J
1,1(V ) = 4π

[

(

V (C)
J−1 + V (σ)

J−1

)

+
2
3
(q2

f + q2
i )

J − 1
2J + 1

{

−V (T )
J−1+

+
1
2

sin 2ψ
(2J − 3

2J − 1
V (T )

J +
2J + 1
2J − 1

V (T )
J−2

)}
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+qfqi (J − 1)
(

V (SO)
J−2 − V (SO)

J

)

/(2J − 1)

+q2
fq

2
i

(

e(5,−)
J−1,J−1 V (Q)

J−3 + f (5,−)
J−1,J−1 V (Q)

J−1 + g(5,−)
J−1,J−1 V (Q)

J+1

)]

V J
1,3(V ) = −4π



2(q2
f + q2

i )

√

J(J + 1

2J + 1

{

− sin 2ψV (T )
J +

+
(

cos2 ψ V (T )
J−1 + sin2 ψ V (T )

J+1

)}

+q2
fq

2
i f

(5,−)
J+1,J−1

(

V (Q)
J+1 − V (Q)

J−1

)]

V J
3,3(V ) = 4π

[

(

V (C)
J+1 + V (σ)

J+1

)

+
2
3
(q2

f + q2
i )

J + 2
2J + 1

{

−V (T )
J+1+

+
1
2

sin 2ψ
(2J + 5

2J + 3
V (T )

J +
2J + 1
2J + 3

V (T )
J+2

)}

−qfqi (J + 2)
(

V (SO)
J − V (SO)

J+2

)

/(2J + 3)

+q2
fq

2
i

(

e(5,−)
J+1,J+1 V (Q)

J−1 + f (5,−)
J+1,J+1 V (Q)

J+1 + g(5,−)
J+1,J+1 V (Q)

J+3

)]

(57)
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VII. SCALAR-MESON POTENTIALS

With the coefficients X(S)
α and Y (S)

α of appendix A, the basic partial wave projections are

V (C)
L (x) =

1
2qiqf

[(

X(S)
C + xY (S)

C

)

UL(F, x)− Y (S)
C RL(F )

]

V (SO)
L (x) =

1
2qiqf

X(S)
SO UL(F, x)

V (Q)
L (x) =

1
2qiqf

X(S)
Q UL(F, x)

V (ASO)
L (x) =

1
2qiqf

X(S)
ASO UL(F, x) (58)

The momentum space partial wave potentials are

V J
0,0(S) = 4π

[

V (C)
J + q2

fq
2
i

(

e(5,+)
0,0 V (Q)

J−2 + f (5,+)
0,0 V (Q)

J + g(5,+)
0,0 V (Q)

J+2

)]

V J
0,2(S) = 4πqfqi

√

J(J + 1)

2J + 1

(

V (ASO)
J−1 − V (ASO)

J+1

)

V J
2,2(S) = 4π

[

V (C)
J − qfqi

(

V (SO)
J−1 − V (SO)

J+1

)

/(2J + 1)

+q2
fq

2
i

(

e(5,+)
1,1 V (Q)

J−2 + f (5,+)
1,1 V (Q)

J + g(5,+)
1,1 V (Q)

J+2

)]

V J
1,1(S) = 4π

[

V (C)
J−1 + qfqi (J − 1)

(

V (SO)
J−2 − V (SO)

J

)

/(2J − 1)

+q2
fq

2
i

(

e(5,−)
J−1,J−1 V (Q)

J−3 + f (5,−)
J−1,J−1 V (Q)

J−1 + g(5,−)
J−1,J−1 V (Q)

J+1

)]

V J
1,3(S) = −4πq2

fq
2
i f

(5,−)
J+1,J−1

(

V (Q)
J+1 − V (Q)

J−1

)

V J
3,3(S) = 4π

[

V (C)
J+1 − qfqi (J + 2)

(

V (SO)
J − V (SO)

J+2

)

/(2J + 3)

+q2
fq

2
i

(

e(5,−)
J+1,J+1 V (Q)

J−1 + f (5,−)
J+1,J+1 V (Q)

J+1 + g(5,−)
J+1,J+1 V (Q)

J+3

)]

(59)
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VIII. DIFFRACTIVE POTENTIALS

With the coefficients X(S)
α and Y (S)

α of appendix A, the basic partial wave projections are

V (C)
L (x) =

1
M2

[

X(D)
C RL(F ) + Y (D)

C SL(F )
]

V (SO)
L (x) =

1
M2 X(D)

SO RL(F )

V (Q)
L (x) =

1
M2 X(D)

Q RL(F )

V (ASO)
L (x) =

1
M2 X(D)

ASO RL(F ) (60)

The momentum space partial wave potentials are

V J
0,0(D) = 4π

[

V (C)
J + q2

fq
2
i

(

e(5,+)
0,0 V (Q)

J−2 + f (5,+)
0,0 V (Q)

J + g(5,+)
0,0 V (Q)

J+2

)]

V J
0,2(D) = 4πqfqi

(

V (ASO)
J−1 − V (ASO)

J+1

)

/(2J + 1)

V J
2,2(D) = 4π

[

V (C)
J − qfqi

(

V (SO)
J−1 − V (SO)

J

)

/(2J − 1)

+q2
fq

2
i

(

e(5,+)
1,1 V (Q)

J−2 + f (5,+)
1,1 V (Q)

J + g(5,+)
1,1 V (Q)

J+2

)]

V J
1,1(D) = 4π

[

V (C)
J−1 + qfqi (J − 1)

(

V (SO)
J−2 − V (SO)

J

)

+q2
fq

2
i

(

e(5,−)
J−1,J−1 V (Q)

J−3 + f (5,−)
J−1,J−1 V (Q)

J−1 + g(5,−)
J−1,J−1 V (Q)

J+1

)]

V J
1,3(D) = −4πq2

fq
2
i f

(5,−)
J+1,J−1

(

V (Q)
J+1 − V (Q)

J−1

)

V J
3,3(D) = 4π

[

V (C)
J+1 − qfqi (J + 2)

(

V (SO)
J − V (SO)

J+2

)

/(2J + 3)

+q2
fq

2
i

(

e(5,−)
J+1,J+1 V (Q)

J−1 + f (5,−)
J+1,J+1 V (Q)

J+1 + g(5,−)
J+1,J+1 V (Q)

J+3

)]

(61)
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IX. QUADRATIC SPIN-ORBIT POTENTIALS

In [1] and [2] the potential in configuration space has for the quadratic-spin-orbit the
Q12-operator. In going from momentum space to configuration space by the Fourier trans-
formation, several non-local terms were neglected at this point. In order to reproduce the
results of [1] and [2] exactly in momentum space, we must evaluate the inverse Fourier
transformation for the Q12-operator. This inverse Fourier transformation is carried through
explicitly in appendix D. There it appears that upon Fourier transforming the soft-core
potentials VQ(r) Q12 for the different exchanges one gets the result that

ṼQ(k,q) = V5(k2) P5 + ∆ṼQ(k,q)

∆ṼQ(k,q) = −
{

2(S · qf )(S · qi)− i(qf × qi) · S
}

g̃(k2)

+ {σ1 · σ2 + 1} (qf · qi) g̃(k2) , (62)

From appendix C it appears that the relation between g̃(k2) and V5(k2) is given by

dg̃(k2)/dk2 =
1
2

V5(k2) =
1
2

∑

X

Ω(X)
5 ∆(X)(k2,m2, Λ2) , (63)

since Ω5 does not depend on k2. In order to obtain the exact momentum space potentials
corresponding to the soft-core ones, we must include in addition to those given in the fore-
going sections, also the contributions due to ∆ṼQ(k,q). With the results of appendix B and
C, the partial wave projection of ∆VQ(k,q) can be written down straightforwardly. We find
(i) vector-meson:

∆V J
0,0(V ) = −4π qfqi X(V )

Q

{ 2
2J + 1

(

Jg̃(V )
J−1 + (J + 1)g̃(V )

J+1

)

}

(F, x)

∆V J
2,2(V ) = 4π qfqi X(V )

Q

{ 1
2J + 1

(

−g̃(V )
J−1 + g̃(V )

J+1

)

}

(F, x)

∆V J
1,1(V ) = 4π qfqi X(V )

Q

{

J − 1
2J − 1

g̃(V )
J−2 +

2J2 − J + 1
(2J − 1)(2J + 1)

g̃(V )
J

}

(F, x)

∆V J
1,3(V ) = 4π qfqi X(V )

Q

2
√

J(J + 1)

2J + 1
g̃(V )

J (F, x)

∆V J
3,3(V ) = 4π qfqi X(V )

Q

{

(2J2 + 5J + 4)
(2J + 1)(2J + 3)

g̃(V )
J +

J + 2
2J + 3

g̃(V )
J+2

}

(F, x)

(64)

(ii) scalar-meson:

∆V J
0,0(S) = −4π qfqi X(S)

Q

{ 2
2J + 1

(

Jg̃(S)
J−1 + (J + 1)g̃(S)

J+1

)

}

(F, x)
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∆V J
2,2(S) = 4π qfqi X(S)

Q

{ 1
2J + 1

(

−g̃(S)
J−1 + g̃(S)

J+1

)

}

(F, x)

∆V J
1,1(S) = 4π qfqi X(S)

Q

{

J − 1
2J − 1

g̃(S)
J−2 +

2J2 − J + 1
(2J − 1)(2J + 1)

g̃(S)
J

}

(F, x)

∆V J
1,3(S) = 4π qfqi X(S)

Q

2
√

J(J + 1)

2J + 1
g̃(S)

J (F, x)

∆V J
3,3(S) = 4π qfqi X(S)

Q

{

(2J2 + 5J + 4)
(2J + 1)(2J + 3)

g̃(S)
J +

J + 2
2J + 3

g̃(S)
J+2

}

(F, x)

(65)

(iii) diffractive:

∆V J
0,0(D) = −4π qfqi X(D)

Q

{ 2
2J + 1

(

Jg̃(D)
J−1 + (J + 1)g̃(D)

J+1

)

}

(F, x)

∆V J
2,2(D) = 4π qfqi X(D)

Q

{ 1
2J + 1

(

−g̃(D)
J−1 + g̃(D)

J+1

)

}

(F, x)

∆V J
1,1(D) = 4π qfqi X(D)

Q

{

J − 1
2J − 1

g̃(D)
J−2 +

(2J2 − J + 1)
(2J − 1)(2J + 1)

g̃(D)
J

}

(F, x)

∆V J
1,3(D) = 4π qfqi X(D)

Q

2
√

J(J + 1)

2J + 1
g̃(D)

J (F, x)

∆V J
3,3(D) = 4π qfqiX

(D)
Q

{

(2J2 + 5J + 4)
(2j + 1)(2J + 3)

g̃(D)
J +

J + 2
2J + 3

g̃(D)
J+2

}

(F, x)

(66)

The connection between g̃J and the V (Q)
J is rather simple as can be seen from appendix C.

In fact for J 6= 0 one has

g̃J(x) =
qfqi

2J + 1

[

h̃J+1(x)− h̃J−1(x)
]

(67)

where h̃J±1 is given in (C8). Using this relation it is straightforward to check that the
contributions from the quadratic spin-orbit operators to the sum V J

5 (X)+∆V J
5 (X) vanishes.

This is in accordance with the fact that the Q12-operator has no off-diagonal matrix elements
in configuration space.
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X. CONCLUSION AND RESULTS.

The formulas given in this paper have been checked numerically in two steps. First
we have constructed a momentum space program for plane waves using the formulas of
section III. Doing the Fourier transformation to configuration space numerically we recovered
the potentials of [1]. Then, we have computed the amplitudes MSS,Mm′m of [6] by the
summation of the partial waves using the formulas of sections IV-IX. These checked with
the same amplitudes as computed by the above mentioned plane wave momentum space
program. Apart from this, Gibson and Stadler [14] have solved the partial wave Lippmann-
Schwinger equation, using our computer code based on this paper, and reproduced the phase
shifts of [1].

In Fig’s (1-11) we show in 3-dimensional plots and in the corresponding altitude charts
the lowest partial wave nucleon-nucleon potentials in momentum space. Horizontally, qi and
qf are plotted logarithmically in MeV from 0 to 105. The potentials are plotted on the
vertical axis in units fm2. These partial waves are the exact momentum space counterparts
of the soft-core Nijmegen model [1].

Finally, we mention that computer programs are available on request.
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APPENDIX A:

(i) Pseudo-scalar-meson exchange:

X(P )
σ = −fP

13f
P
24

(

q2
f + q2

i

3m2
S

)

, Y (P )
σ = fP

13f
P
24

(

2qfqi

3m2
S

)

X(P )
T = −fP

13f
P
24

(

1
m2

S

)

(A1)

(ii) Vector-meson exchange:

X(V )
C = gV

13g
V
24

(

1 +
q2
f + q2

i

4M13M24

)

−
(

gV
13f

V
24

M13

M
+ fV

13g
V
24

M24

M

)

(

q2
f + q2

i

4M13M24

)

+fV
13f

V
24

(q2
f + q2

i )
2

16M2M13M24

Y (V )
C = gV

13g
V
24

( qfqi

M13M24

)

+
(

gV
13f

V
24

M13

M
+ fV

13g
V
24

M24

M

) ( qfqi

2M13M24

)

−fV
13f

V
24

qfqi

4M2

(

q2
f + q2

i

M13M24

)

Z(V )
C = fV

13f
V
24

q2
fq

2
i

4M2M13M24

X(V )
T =

{

(

gV
13 + fV

13
M13

M

) (

gV
24 + fV

24
M24

M

)

− fV
13f

V
24

q2
f + q2

i

8M2

}

/(4M13M24)

Y (V )
T = fV

13f
V
24

qfqi

16M2M13M24

X(V )
SO = −







12gV
13g

V
24 + 8(gV

13f
V
24 + fV

13g
V
24)

√

M13M24

M2 − 3fV
13f

V
24

q2
f + q2

i

M2







/(8M13M24)

Y (V )
SO = −3fV

13f
V
24

qfqi

4M13M24M2

X(V )
Q = −

{

gV
13g

V
24 + 4(gV

13f
V
24 + fV

13g
V
24)
√

M13M24

M
+ 8fV

13f
V
24

M13M24

M2

}

/(16M2
13M

2
24)

X(V )
ASO = −

{(

gV
13g

V
24 + fV

13f
V
24

q2
f + q2

i

4M2

) (

M2
24 −M2

13

4M13M24

)

−
(

gV
13f

V
24 − fV

13g
V
24

)

√

M13M24

M2







/(M13M24)
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Y (V )
ASO = +fV

13f
V
24

qfqi

2M2

(

M2
24 −M2

13

4M2
13M2

24

)

(A2)

The spin-spin coefficients are given in terms of the X(V )
T etc. as follows

X(V )
σ = −2

3

(

q2
f + q2

i

)

X(V )
T , Y (V )

σ =
4
3
qfqi X(V )

T − 2
3

(

q2
f + q2

i

)

Y (V )
T

Z(V )
σ =

4
3
qfqi Y (V )

T (A3)

(iii) Scalar-meson exchange:

X(S)
C = −gS

13g
S
24 , Y (S)

C = gS
13g

S
24

( qfqi

2M13M24

)

X(S)
SO = −gS

13g
S
24

( 1
2M13M24

)

, X(S)
Q = gS

13g
S
24

(

1
16M2

13M2
24

)

X(S)
ASO = −gS

13g
S
24

(

M2
24 −M2

13

4M2
13M2

24

)

(A4)

(iv) Diffractive exchange:

X(D)
C = gD

13g
D
24 , Y (D)

C = −gD
13g

D
24

( qfqi

2M13M24

)

X(D)
SO = gD

13g
D
24

( 1
2M13M24

)

, X(D)
Q = −gD

13g
D
24

(

1
16M2

13M2
24

)

X(D)
ASO = gD

13g
D
24

(

M2
24 −M2

13

4M2
13M2

24

)

(A5)
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APPENDIX B:

The spherical wave functions in momentum space with quantum numbers J , L, S, are
in the SYM-convention [6]

YM
JLS(p̂) = iL CJ L S

M m µY
L
m(p̂)χS

µ (B1)

where χ is the two-nucleon spin wave function [15]. Then

(S · p̂)YM
JLS(p̂) = −

√
6 i (−)L











√

L
2L− 1







L S J
1 1 0

L− 1 S J





YM
JL−1S(p̂)

+

√

L + 1
2L + 3







L S J
1 1 0

L + 1 S J





YM
JL+1S(p̂)











(B2)

where the 9j-symbols differ from [16], formula (6.4.4), in the replacement of the 3j-symbols
by the Clebsch-Gordan coefficients and by leaving out the m33-summation (see [17]). Work-
ing this out explicitly, we find

(S · p̂)YM
JJ−11(p̂) = −i aJ YM

JJ1(p̂)
(S · p̂)YM

JJ+11(p̂) = i bJ YM
JJ1(p̂) (B3)

(S · p̂)YM
J J 1(p̂) = i aJ YM

JJ−11(p̂)− i bJ YM
JJ+11(p̂) ,

where

aJ = −
√

J + 1
2J + 1

, bJ = −
√

J
2J + 1

. (B4)

Ordering the states according to L = J −1, L = J, L = J +1 , we can write in matrix form






L = J − 1
J

J + 1

∥

∥

∥

∥

∥

∥

∥

S · p̂

∥

∥

∥

∥

∥

∥

∥

L = J − 1
J

J + 1





 =







0 iaJ 0
−iaJ 0 ibJ

0 −ibJ 0





 . (B5)

Similarly, using for −i(q̂f × q̂i) · S for sperical components the formula

− i(q̂f × q̂i)n = −4π
3

√
2 C111

klnY 1
k (q̂f )Y

1
l (q̂i) , (B6)

one can work out the partial wave matrix elements involving this operator.
From the results above one can derive the following useful partial wave projections for the
spin triplet states:
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(L′1J |V (k2) (S · q̂i)
2 |L1J) = 4π











a2
JVJ−1 0 −aJbJVJ−1

0 VJ 0

−aJbJVJ+1 0 b2
JVJ+1











(L′1J |(S · q̂f )
2V (k2)|L1J) = 4π











a2
JVJ−1 0 −aJbJVJ+1

0 VJ 0

−aJbJVJ−1 0 b2
JVJ+1











(L′1J |(S · q̂f )V (k2)(S · q̂i)|L1J) = 4π











a2
JVJ 0 −aJbJVJ

0 a2
JVJ−1 + b2

JVJ+1 0

−aJbJVJ 0 b2
JVJ











and

(L′1J | − i(q̂f × q̂i) · SV (k2)|L1J) =
4π

2J + 1



















(J − 1) (VJ−2 − VJ) , L = L′ = J − 1

− (VJ−1 − VJ+1) , L = L′ = J

−(J + 2) (VJ − VJ+2) , L = L′ = J + 1

(B7)

Using the identity

(σ1 · a)(σ2 · a) = 2(S · a)2 − a2 , (B8)

the tensor and the quadratic spin-orbit operators can be written as

(i)P3 = (σ1 · k)(σ2 · k)− 1
3
(σ1 · σ2) =

1
3

[

q2
i S12(q̂i) + q2

f S12(q̂f )
]

−4
(

S · qf

)

(S · qi) + 2i
(

qf × qi

)

· S +
4
3

(

qf · qi

)

S2 (B9)

(ii)P5 = [σ1 · k× q] [σ2 · k× q] =
(

2S2 − 1
) (

qf × qi

)2

+2
[(

S · qf

)

(S · qi)− i
(

qf × qi

)

· S
] (

qf · qi

)

−2q2
fq

2
i

[

(

S · q̂f

)2
+ (S · q̂i)

2
]

, (B10)

where the momentum-space tensor-operator S12 is defined as

S12(p̂) = 3(σ1 · p̂)(σ2 · p̂)− (σ1 · σ2) . (B11)

For the evaluation partial wave projection of the P5-operator we need in addition the matrix
element
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(L′S′J ′|a2V (k2)|LSJ) = 4πq2
fq

2
i δJ ′,JδL′,LδS′,S

[

2
L2 + L− 1

(2L− 1)(2L + 3)
VL+

− L(L− 1)
(2L− 1)(2L + 1)

VL−2 −
(L + 1)(L + 2)

(2L + 1)(2L + 3)
VL+2

]

(B12)

where

a2 =
(

qi × qf

)2
= q2

fq
2
i

(

1− z2
)

(B13)

From the formulas given in this appendix the partial wave projections of the several potential
forms, as given in sections V-VIII can be derived in a straightforward manner. In case of an
extra factor

(

qf · qi

)

, as occurs for example in the second line of (B10), we simply use the
expansion

(

qf · qi

)

V (k2) = qfqi

∞
∑

L=0

(2L + 1)ṼL(x)PL(cos θ) (B14)

where

ṼL =
1

2L + 1
[(L + 1)VL+1 + LVL−1] . (B15)
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APPENDIX C:

In this appendix we derive the inverse Fourier transformation for the Q12-operator. Start-
ing from

ṼQ(k,q) =
∫

d3r′
∫

d3r eip′·r′V (r′, r)Q e−ip·r , (C1)

with the local configuration space potential

VQ(r′, r) = δ3(r′ − r) f(r) Q12

Q12 =
1
2

(σ1 · L σ2 · L + σ2 · L σ1 · L) , (C2)

and using

rif(r) = −∇ig(r) , rirjf(r) =
[

−∇i∇j + δij

(

1
r

d
dr

)]

h(r) , (C3)

one finds upon carrying through the Fourier transformation (C1)

ṼQ(k,q) = [σ1 · q× k] [σ2 · q× k] h̃(k2)−
{(1

4
k2 − q2

)

(σ1 · σ2) +

+
[

(σ1 · q) (σ2 · q)− 1
4

(σ1 · k) (σ2 · k)
]}

g̃(k2)

≡ h̃(k2)P5 + ∆ṼQ(k,q) , (C4)

where h̃(k2) and g̃(k2) are the Fourier transforms of respectively h(r) and g(r). Basically,
i.e. apart from coupling constants etc.,

h(r) =
[ m
4π

φ0
C(r)

]

, g(r) =
(

1
r

d
dr

)

[ m
4π

φ0
C(r)

]

, (C5)

In that case we have

h̃(k2) = ∆(X)(k2,m2, Λ2) (C6)

where X = P, V , or S. The function ∆(X) is given in (20). From (C5) one can derive that
dg̃(k2)/dk2 = (1/2) h̃(k2), which leads to the Fourier transforms

g̃(k2) =











−1
2 exp (m2/Λ2) E1

[

(k2 + m2)/Λ2
]

, (X = P, V, S)

−(2m2
P /M2) exp(−k2/4m2

P ) , (X = D) ,
(C7)

where E1 is the exponential integral [18]. The partial wave projection of h̃(k2) is

h̃J(x) =











(1/2qfqi) UJ(F, x) , (X = P, V, S)

(1/M2)RJ(FD) , (X = D) .
(C8)
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The partial wave projection of g̃(k2) can be shown to be

g̃J(x) =
qfqi

2J + 1

[

h̃J+1(x)− h̃J−1(x)
]

+ g̃(x, z = −1)δJ0 , (C9)

where for J = 0 it is understood that h̃−1 = h̃0.
To facilitate the partial wave projection, we rewrite ∆ṼQ(k,q) in terms of the total spin

operator S. After a little algebra we get

∆ṼQ(k,q) = −
{

2(S · qf )(S · qi)− i(qf × qi) · S
}

g̃(k2)

+ {σ1 · σ2 + 1} (qf · qi) g̃(k2) .
(C10)

Using now the results of appendix B, the partial wave projection of ∆VQ(k,q) can readily
be obtained.
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APPENDIX D:

Here we give the coefficients for the partial wave projection of the quadratic-spin-orbit
operator.
(i) singlet and triplet uncoupled:

F J,+
5 (0, 0) = e(5,+)

0,0 V (5)
J−2 + f (5,+)

0,0 V (5)
J + g(5,+)

0,0 V (5)
J+2

F J,+
5 (1, 1) = e(5,+)

1,1 V (5)
J−2 + f (5,+)

1,1 V (5)
J + g(5,+)

1,1 V (5)
J+2 , (D1)

where

e(5,+)
0,0 = +

J (J − 1)
(2J − 1) (2J + 1)

, e(5,+)
1,1 = +

(J − 1) (J + 2)
(2J − 1) (2J + 1)

f (5,+)
0,0 = − 2(J2 + J − 1)

(2J − 1) (2J + 3)
, f (5,+)

1,1 = − 2(J − 1) (J + 2)
(2J − 1) (2J + 3)

g(5,+)
0,0 = +

(J + 1) (J + 2)
(2J + 1) (2J + 3)

, g(5,+)
1,1 = +

(J − 1) (J + 2)
(2J + 1) (2J + 3)

. (D2)

(ii) triplet coupled:

F J,−
5 (J − 1, J − 1) = e(5,−)

J−1,J−1 V (5)
J−3 + f (5,−)

J−1,J−1 V (5)
J−1 + g(5,−)

J−1,J−1 V (5)
J+1

F J,−
5 (J ± 1, J ∓ 1) = −f (5,−)

J+1,J−1

[

V (5)
J+1 − V (5)

J−1

]

F J,−
5 (J + 1, J + 1) = e(5,−)

J+1,J+1 V (5)
J−1 + f (5,−)

J+1,J+1 V (5)
J+1 + g(5,−)

J+1,J+1 V (5)
J+3 (D3)

where

e(5,−)
J−1,J−1 = − (J − 1) (J − 2)

(2J − 1) (2J − 3)
, e(5,−)

J+1,J+1 = − J (2J2 + 7J + 7)
(2J + 1)2 (2J + 3)

,

g(5,−)
J−1,J−1 = −(2J2 − 3J + 2)(J + 1)

(2J − 1) (2J + 1)2 , g(5,−)
J+1,J+1 = − (J + 2) (J + 3)

(2J + 3) (2J + 5)
, (D4)

f (5,−)
J−1,J−1 = 2

(2J3 − 3J2 − 2J + 2)
(2J + 1)2 (2J − 3)

,

f (5,−)
J+1,J−1 = 2

√

J(J + 1)

(2J + 1)2 ,

f (5,−)
J+1,J+1 = 2

(2J3 + 9J2 + 10J + 1)
(2J + 1)2 (2J + 5)

. (D5)
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




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FIGURES

FIG. 1. 1S0 partial wave.

FIG. 2. 3P0 partial wave.

FIG. 3. 3P1 partial wave.

FIG. 4. 3P2 partial wave.

FIG. 5. 3P2 −→ 3F2 partial wave.

FIG. 6. 3F2 −→ 3P2 partial wave.

FIG. 7. 3S1 partial wave.

FIG. 8. 3S1 −→ 3D1 partial wave.

FIG. 9. 3D1 −→ 3S1 partial wave.

FIG. 10. 3D1 partial wave.

FIG. 11. 1P1 partial wave.
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