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Chapter 1

Introduction

The strong force acting between mesons and baryons, in particular the pion-nucleon, kaon-
nucleon and antikaon-nucleon force, has been the subject of investigation for some decades,
experimentally as well as theoretically. Experimentally the strong force can be studied by
scattering a meson beam of a nuclear target and measuring the scattering observables, i.e. total
cross sections (σ ), differential cross sections (dσ/d�), polarizations (P) etc..

The effect of the interaction on the asymptotic radial wave function is a phase shift with
respect to the asymptotic radial wave function in absence of the interaction, for each partial
wave. The empirical phase shifts are obtained from an analysis of the scattering observables,
such an analysis judges the validity of all scattering data and gives a compact representation of
these data. Although in principle an infinite number of phase shifts need to be determined from
the data, the strong interaction is short-ranged and only the lower partial wave phase shifts will
suffice. In constructing theoretical models for the strong interaction, it is much easier to use a
phase shift analysis than the scattering observables themselves. A large number of scattering
experiments have been performed to investigate the pion-nucleon interaction and the different
pion-nucleon phase shift analyses give quite accurate and consistent results. The most recent
pion-nucleon phase shift analysis has been performed by Arndt et al. [1], more information on
the pion-nucleon scattering data base is found here.

However, the situation for the kaon-nucleon interaction is different from the pion-nucleon
interaction. The kaon-nucleon scattering observables are known to less accuracy, especially
at low energies, due to the relatively low flux of the kaon beams. Consequently, the different
kaon-nucleon phase shift analyses do not give quite accurate and maybe not totally consistent
results. This lack of empirical knowledge makes it more difficult to construct theoretical kaon-
nucleon models. The most recent kaon-nucleon phase shift analysis has been performed by
Hyslop et al. [2], here more information on the kaon-nucleon scattering data base can be found.

Recently there has been a revival of interest in the kaon-nucleon and antikaon-nucleon in-
teraction. An exotic resonance in the isospin zero kaon-nucleon system has been observed last
summer [3], this experiment, however, was not a simple scattering experiment and a resonance
has never been seen in the present kaon-nucleon scattering data.

The construction of the K-factory at the Japan Proton Accelerator Research Complex (J-
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PARC), a joint project of JAERI and KEK, is an interesting prospect. One of the major beams
at this complex is a kaon beam, having a much higher intensity (ca. ten times) than the
presently available kaon beams, for example at Brookhaven National Laboratory and KEK.
In the near future more and accurate experimental data on the kaon-nucleon and antikaon-
nucleon interaction will be obtained here. Other new scattering data could be delivered by
the DA8NE facility at Frascati [4], giving stronger constraints on kaon-nucleon models and
hopefully a better understanding of the role of SU f (3) in meson-baryon interactions. Akaishi
and Yamazaki [5] have done theoretical research on the possibility of nuclear anti-kaon bound
states in nuclei in the framework of the Brueckner-Hartree-Fock theory using a phenomeno-
logical antikaon-nucleon model.

In view of these experimental and theoretical developments it would be desirable to have a
realistic kaon-nucleon model at one’s disposal.

The subject of this thesis is the construction of a dynamical model for the pion-nucleon
and kaon-nucleon (K+N ) interactions. First a soft-core meson- and baryon-exchange model
for the pion-nucleon interaction is derived, showing that the soft-core approach of the Nijme-
gen group is not only successful for baryon-baryon (N N and Y N ) interactions but also for
meson-baryon interactions. The rich and accurate pion-nucleon scattering data base is used to
determine the nonstrange coupling constants. Several other pion-nucleon models already exist
and our soft-core pion-nucleon model, besides the value in its own right, mainly serves as a
natural starting point for the construction of a soft-core kaon-nucleon model. This model is
an SU f (3) extension of the soft-core pion-nucleon model, similar to the successful Nijmegen
soft-core one-boson-exchange nucleon-nucleon and hyperon-nucleon models [6] and [7]. In
this way several parameters in the kaon-nucleon model are determined by the pion-nucleon
model.

The approach for the strong low- and intermediate-energy hadron-hadron interactions [8,
9, 10], used by the Nijmegen group, is schematically outlined in Figure 1.1. The starting
point is the Standard Model, in which strong interactions occur between the six quarks and
the gluons, and integrating out the heavier quarks to arrive at an effective Quantum Chromo
Dynamics (QCD) for the light quarks (u,d,s) only. Generally accepted, the vacuum of QCD be-
comes unstable for momenta transfer q2 ≤32

χ SB ' 1GeV2 and the chiral symmetry is broken
spontaneously (χSB). The vacuum goes through a phase transition and generates constituent
quark masses (mq ≈ 300 MeV) and reduces the strong coupling constant αs . The pseudoscalar
mesons are viewed as the Nambu-Goldstone bosons originating from the χSB, which makes
it natural to assume the presence of a meson-cloud around the constituent quarks.

This provides a natural basis for an approach to the interaction between mesons and baryons
using effective baryon-meson Lagrangians. At low- and intermediate-energies we do not
consider a mixed phase of hadrons and quarks using the resonating-group method (RGM)
[11, 12, 13, 14, 15], but restrict our selves to the hadronic phase only. Furthermore heavy
baryons and mesons can be integrated out, using for example the renormalization method in
the manner of Wilson [16], and an effective field theory, with meson and baryon masses with
M≤ 1.5 GeV, is used to construct a soft-core meson-baryon model for low- and intermediate-
energy interactions.
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Figure 1.1: Overview of the theoretical basis for the soft-core meson-baryon interactions.
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In the soft-core meson-baryon model the one-meson-exchange and one-baryon-exchange
potentials are obtained from field theoretical Feynman diagrams in momentum space using
effective interaction Hamiltonians, together with the meson-baryon Green function they con-
stitute the kernel of the two-particle integral equation for the amplitude, which is a three-
dimensional reduction of the fully covariant (four-dimensional) Bethe-Salpeter equation [17].
Form factors are introduced to take into account the extended size of the hadrons and to make
the integral equation of the Fredholm type. The Coulomb interaction, playing a role at very
low energies only and which is important in charge symmetry breaking (CSB) studies, will be
neglected in this thesis. The integral equation for the amplitude is solved on the partial wave
basis, in this way only one-dimensional integrals need to be performed to find the amplitude
and the corresponding scattering observables or phase shifts for each partial wave.

The major differences between the existing pion-nucleon and kaon-nucleon models and
the soft-core meson-baryon model presented in this thesis are briefly discussed below. Form
factors of the Gaussian type are used in the soft-core approach in this thesis, while monopole
type form factors and other form factors are used for the pion-nucleon model by Pascalutsa and
Tjon [18] and the kaon-nucleon model by Hoffmann et al. [19]. The Roper resonance in the
pion-nucleon system is, at least partially, considered as a three-quark state and treated in the
same way as the nucleon and is included explicitly in the potential. However, we renormalize
the Roper contribution at its pole, while Pascalutsa and Tjon [18] renormalize it at the nucleon
pole.

An other difference is our treatment of the scalar meson σ , we consider it to belong to
an SU f (3) nonet, while in all other models it is considered to effectively represent correlated
two-pion exchange. Also we include Pomeron exchange, where the physical nature of the
Pomeron can be seen in the light of QCD as a two-gluon exchange effect [20, 21], in order to
comply with the soft-pion theorems for low-energy pion-nucleon scattering [22, 23].

Furthermore the exchange of tensor mesons is included in the soft-core meson-baryon
model to find a good description of the kaon-nucleon scattering data, we use only one-particle
exchanges to find this description while Hoffmann et al. [19] need to consider two-particle
exchanges in their kaon-nucleon model.

The contents of this thesis are as follows. The definition of the field theoretical one-meson-
exchange and one-baryon-exchange potentials in the context of a three-dimensional integral
equation, a relativistic generalization of the Lippmann-Schwinger equation, is reviewed in
Chapter 2. We introduce the usual potential forms in Pauli-spinor space, where we include the
central (C) and the spin-orbit (SO) potentials, which are the only relevant potentials in case
of spin-1 spin- 1

2 interactions. And the relations between the relativistic and center-of-mass
amplitudes are given.

The integral equation for the amplitude is solved on the partial wave basis in order to find
the partial wave phase shifts, which are compared with the empirical phase shifts. Therefore
we perform the basic partial wave projections, in particular those for the spinor invariants, in
Chapter 3. And the relations between the partial wave amplitudes, the phase shifts and the
scattering observables, σ , dσ/d� and P , for spin-1 spin 1

2 scattering are given. The partial



7

wave basis is chosen according to the convention of [24].
The effective baryon-baryon-meson and meson-meson-meson interaction Hamiltonians

from which the one-meson-exchange and one-baryon-exchange Feynman diagrams are de-
rived, are given in Chapter 4. The explicit expressions for the momentum space Feynman
diagrams for scalar meson-, vector meson-, tensor meson- and baryon-exchanges as well as
their partial wave projections are also listed in this chapter and the SU f (3) relations between
the coupling constants used in the pion-nucleon and kaon-nucleon interactions are shown.

The pion-nucleon total cross section shows several resonances, the1(1232), Roper(1440),
etc. in the considered energy range. These resonances are considered as, at least partially, gen-
uine three-quark states and are therefore treated in the same way as the nucleon and explicitly
included in our potential. The renormalization procedure we use to include the s-channel
Feynman diagrams for the resonances in the pion-nucleon potential is described in Chapter 5.

An overview of the recent theoretical investigation of the pion-nucleon interaction is given
in Chapter 6. Here also our soft-core pion-nucleon model is discussed and the results of the fit
to the empirical phase shifts of the lower partial waves are presented.

The soft-core pion-nucleon model is, via SU f (3)-symmetry, extended to the soft-core
kaon-nucleon model in Chapter 7. Some other kaon-nucleon models are discussed and com-
pared with our model. The results of the fit to the empirical phase shifts are given, since the
different phase shift analyses are not always consistent, also the model calculation of some
scattering observables is given. The soft-core kaon-nucleon model is used to give a theoretical
estimate for the upper limit of the decay width of the recently discovered exotic resonance in
the isospin zero kaon-nucleon system.

Finally the summary gives an overview of the research in this thesis and its main results.
Also, some suggestions for improvement and extension of the present soft-core meson-baryon
model are given. In the appendices added, details are given on the calculation of the partial
wave matrix elements (Appendix A), the isospin factors for pion-nucleon and kaon-nucleon
interactions (Appendix B), the one-particle exchange Feynman diagrams (Appendix C), the
expansion coefficients, X , Y and Z , of the partial wave potentials in x = cosθ for the different
exchanges (Appendix D) and finally the Haftel-Tabakin method used to deal numerically with
singularities in the Green function (Appendix E).
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Chapter 2

The meson-baryon potential and
amplitude

The field theoretical one-particle-exchange meson-baryon potentials in the context of a two-
particle equation are defined in this chapter. We approximate the Bethe-Salpeter equation by
assuming ”dynamical pair suppression”, hence neglecting the propagation of negative-energy
states and by integrating out the time variable, we end up with a three-dimensional integral
equation for the meson-baryon amplitude in the center of mass system. The relations between
the center of mass and the relativistic amplitudes are given in the last section of this chapter.

2.1 Kinematics and relativistic amplitudes

In this thesis we consider the meson-baryon or more specific the pion-nucleon and kaon-
nucleon reactions

Pi (q)+ Bi (p,s)→ P f (q
′)+ B f (p

′,s′) , (2.1)

where P stands for the pseudoscalar mesons, and B stands for the baryons. We will refer to
Pi and P f as particles 1 and 3 and to Bi and B f as particles 2 and 4. The four momentum of

particle i is pi = (Ei ,pi ) where Ei =
√

p2
i +M2

i is the energy and Mi is the mass of particle
i . In our convention the transition amplitude matrix M is related to the S-matrix via

〈 f |S|i〉 = 〈 f |i〉− i(2π)4δ4(P f − Pi )〈 f |M|i〉 , (2.2)

in this convention a negative potential corresponds with attraction and a positive potential with
repulsion. Here Pi = p+q and P f = p′+q ′ represent the total four momentum for the initial
state |i〉 and the final state | f 〉. The latter refer to the two-particle states, which we normalize
in the following way, see e.g. [25, 26],

〈p′1,p′2|p1,p2〉 = (2π)32E(p1)δ
3(p′1−p1) · (2π)32E(p2)δ

3(p′2−p2) . (2.3)

With this normalization, the unpolarized differential cross section in the center of mass (CM)
system is given by (

dσ

d�

)

C M
= p f

pi

1

2

∑∣∣∣∣
〈 f |M|i〉
8π
√

s

∣∣∣∣
2

, (2.4)
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where
∑

stands for the summation over the spin of the final baryon.
Since in this work, the scattering particles are always on the mass-shell, i.e. p2

i = m2
i ,

parity conservation and Lorentz invariance implies that the matrix elements of the M-operator
for meson-baryon interactions, which is a 4×4-matrix sandwiched between Dirac spinors, can
be written in terms of two independent amplitudes

〈 f |M|i〉 = ū B′(p′,s f )

[
A f i (s, t,u)+ 1

2

( 6q ′+ 6q) B f i (s, t,u)

]
u B(p,si ) , (2.5)

where f and i stand for the two-particle channels πN ,K N ,πY,ηY , and η′Y . In the Dirac
spinors s f ,si are the magnetic spin variables, which will be specified later. The functions
A f i (s, t,u) and B f i (s, t,u) are Lorentz scalars, and depend on the Mandelstam invariants

s = (p+q)2 = (p′+q ′)2 ,
t = (q ′−q)2 = (p− p′)2 ,
u = (p−q ′)2 = (p′−q)2 , (2.6)

which satisfy the well-known (on-mass-shell) relation s + t + u = ∑4
i=1 m2

i . The total and
relative four-momenta (Pc and kc) of the initial, final, and intermediate channel (c = i, f,n)
are defined by

Pc = pc+qc , kc = µc,2 pc−µc,1 qc , (2.7)

where the weights are arbitrary besides the condition µc,1+µc,2 = 1. For each channel the
four-momenta of the baryons and pseudoscalar mesons (pc and qc) in terms of Pc and kc are

pc = µc,1 Pc+ kc , qc = µc,2 Pc− kc . (2.8)

In this work we will use µc,1 = µc,2 = 1
2 . In the center-of-mass system (CM-system) we have

for on-mass-shell momenta

pc = (E(pc),pc) , qc = (E(pc),−pc) ,

Pc = (Wc,0) , kc = (µ2 E(pc)−µ1E(pc),pc) , (2.9)

where the total energy is Wc =√s = E(pc)+E(pc). Obviously the relative three-momentum
is equal to the center-of-mass three-momentum of the baryon.

In general Feynman diagrams, in particular in the Green functions, the particles are off-
mass-shell. In the following the three-momenta for the initial and the final states are denoted
respectively by qi and q f . Because of translation invariance Pi = P f and so

√
s = Wi = W f .

As introduced here, the total energies in the CM-system are Wi = E(qi )+E(qi ), and W f =
E(q f )+E(q f ).

Often it is convenient to express energies and momenta in terms of the Mandelstam vari-
ables. Useful relations for the baryon and meson energies and the the CM three-momentum
squared are

E = s+M−µ
2
√

s
, E = s−M+µ

2
√

s
, (2.10)
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p2 = 1

4s

[(
s−M2−µ2

)2−4M2µ2
]
, (2.11)

where M denotes the baryon mass and µ denotes the meson mass. The CM scattering angle is
given by

cos(θ) = 1

2pp′
[
t+ p2+ p′2− (E− E ′

)2]
, (2.12)

and the laboratory kinetic energy of the meson beam is

Tlab = s− (M+µ)2
2M

. (2.13)

2.2 Relativistic two-particle equations

The Bethe-Salpeter equation, a full two-particle relativistic scattering equation, for the M-
amplitudes reads

M f i (q f ,qi ; P) = M irr
f i (q f ,qi ; P)+

∑

n

∫
d4kn

×M irr
f n (q f ,kn; P) G(kn; P) Mni (kn,qi ; P) , (2.14)

where the interaction kernel is denoted by M irr , and G is the two-particle Green function. The
contributions to the kernel M irr come from the meson-baryon irreducible Feynman diagrams.
The reducible diagrams are generated by the integral equation. In deriving Eq. (2.14) the inte-
gration over the momenta of the intermediate particles can be replaced by an integration over
the total and relative momenta

∫ ∫
d4 pnd4qn→

∫ ∫
d4 Pnd4kn . Then, using the conservation

of the total four-momentum, one can perform
∫

d4 Pc and separate an overall (2π)4δ4(P f − Pi )

factor. The meson-baryon Green function is given in terms of the one-particle Green functions

G(kn; P)= i

(2π)4

[
1

γ
(
µn,1 P+ k

)−Mn

](a)[
1

(
µn,2 P− k

)2−mn

](b)
. (2.15)

It is instructive to separate the positive and the negative energy components of the propagator.
For that purpose, we rewrite the one-particle propagators as follows. For the spin- 1

2 baryons
the off-mass-shell propagator can be written in terms of the Dirac spinors as

6 p+M

p2−M2+ iδ
= M

E(p)

[
3+(p)

p0− E(p)+ iδ
− 3−(−p)

p0+ E(p)− iδ

]
, (2.16)

where the projection operators 3+(p) and 3−(p) on the positive- and negative-energy states
are [27]

2M3+(p) =
∑

s

u(p,s)⊗ ū(p,s)=6 p+M ,

2M3−(p) = −
∑

s

v(p,s)⊗ v̄(p,s)=− 6 p+M , (2.17)
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and u(p,s) and v(p,s) are the (on-mass-shell) Dirac spinors for spin- 1
2 particles. For the

meson propagator similar to Eq. (2.16) one has the identity

1

q2−m2+ iδ
= 1

2E(q)

[
1

q0−E(q)+ iδ
− 1

q0+E(q)− iδ

]
. (2.18)

Then, in the CM-system, where P= 0 and P0 = W , the meson-baryon Green function can be
written as

G(kn; P) = i

(2π)4

[
M

2E(kn)E(kn)

]

×
[

3+(kn)

µn,1W + k0
n− E(kn)+ iδ

− 3−(−kn)

µn,1W + k0
n+ E(kn)− iδ

]

×
[

1

µn,2W − k0
n−E(kn)+ iδ

− 1

µn,2W − k0
n+E(kn)− iδ

]
. (2.19)

Multiplying out Eq. (2.19), writing the ensuing terms using an obvious short hand notation,
the contribution of the different propagating components is displayed fully

G(kn; P) = G++(kn;W )+G+−(kn;W )+G−+(kn;W )

+G−−(kn;W ) , (2.20)

where the subscripts indicate the positive (+) and negative (−) energy single particle states.
For example the first term in the Green function only connects positive energy states with each
other. Considering similarly the amplitudes

Mβ,α
i j : M++,++i j , M++,+−i j , M++,−+i j , M++,−−i j , (2.21)

where the subscripts i and j refer to the different two-particle channels, one obtains from Eqs.
(2.14), (2.20) and (2.21), the full relativistic scattering equation

Mβ,α
f i (q f ,qi ; P) = (M irr )

β,α
f i (q f ,qi ; P)+

∑

n

∫
d4kn(M

irr )
β,γ
f n (q f ,kn; P)

×Gγ
n (kn; P) Mγ,α

ni (kn,qi ; P) . (2.22)

For the calculation of experimental data we need the scattering amplitude sandwiched between
positive energy states. Written explicitly for α =++ and β =++, Eq. (2.22) reads

M++,++f,i (q f ,qi ; P)= (M irr )
++,++
f i (q f ,qi ; P)+

∑

n

∫
d4kn

×
{
(M irr )

++,++
f n (q f ,kn; P) G++n (kn; P) M++,++ni (kn,qi ; P)

+(M irr )
++,+−
f n (q f ,kn; P) G+−n (kn; P) M+−,++ni (kn,qi ; P)

+(M irr )
++,−+
f n (q f ,kn; P) G−+n (kn; P) M−+,++ni (kn,qi ; P)

+(M irr )
++,−−
f n (q f ,kn; P) G−−n (kn; P) M−−,++ni (kn,qi ; P)

}
. (2.23)
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Similar coupled equations hold for the other amplitudes. In all we have 24 = 16 amplitudes,
which are coupled as illustrated in Eq. (2.23).

The complexity of the previous equation can be reduced considerably if we assume "dy-
namical pair-suppression", i.e. if we neglect the contribution of negative energy states. Then
the full scattering equation Eq. (2.23) reduces to the four-dimensional integral equation

M++,++f i (q f ,qi ; P)= (M irr )
++,++
f i (q f ,qi ; P)+

∑

n

∫
d4kn

×(M irr )
++,++
f n (q f ,kn; P) G++n (kn; P) M++,++ni (kn,qi ; P) , (2.24)

with the positive energy Green function

G++(kn; P) = i

(2π)4

[
M

2E(kn)E(kn)

]
3+(kn)[

µ1W + k0
n− E(kn)+ iδ

]

× 1[
µ2W − k0

n−E(kn)+ iδ
] . (2.25)

We note that this simplification in principle brings about a hopefully tolerable breach of rel-
ativistic invariance. On the other hand in Feynman diagrams particles go off-mass-shell, and
the off-mass-shell behavior is not really known for mesons and baryons, certainly not if a trun-
cated kernel is used, which is always the case. Then it might be better to allow positive energy
states only.

2.3 Three-dimensional two-particle equations

Three-dimensional integral equations for the amplitudes can be derived in various ways. The
methods assume 2-particle unitarity as a basic ingredient. The derivation for the meson-baryon
systems follows the same procedure as that for the baryon-baryon channels. For the latter see
e.g. references [28, 29, 30, 31, 32, 33, 34]. In [35] the derivation is based entirely on two-
particle unitarity and the analyticity properties of the amplitudes, using the N/D-formalism.
In the latter approach the in essence Regge pole nature of meson-exchange can be apprehended
most easily.

2.3.1 On-mass-shell approximation

The simplest way to reduce the four-dimensional integral equation, Eq. (2.23), to a three-
dimensional one is to put the intermediate particles on the mass-shell, i.e. p0

n = E(kn) =√
k2

n+M2
n , q0

n = E(kn) =
√

k2
n+m2

n . It can readily be shown from Eq. (2.8) that the zero
components of the relative and total momenta kn and Pn are given by

k0
n = µn,2 E(kn)−µn,1E(kn) ,

P0
n = E(kn)+E(kn) . (2.26)
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T = V + V G0 T

1

Figure 2.1: Diagrammatic representation of the meson-baryon scattering equation Eq. (2.29).
The solid line denotes the baryon and the dashed line denotes the meson.

If we neglect the k0
n-dependence of the amplitudes, and evaluate them at the value given by

Eq. (2.26), the dependence of the four-dimensional equation on k0
n only occurs in the Green

function, and the k0
n-integration of the Green function can be done. We can define the k0

n-
independent amplitudes

Mni (kn,qi ;W ) = Mni (k̃n,qi ; P) ,
W f n(q f ,kn;W ) = M irr

f n (q f , k̃n; P) , (2.27)

where k̃0
n = µn,2 E(kn)−µn,1E(kn). Now, the k0

n-integration in Eq. (2.23) can be carried
through, this leads to

∫ ∞

−∞
dkn0 G++n (kn; P)= 1

(2π)3
2M3+(kn)

4En(kn)En(kn)
· 1

W − E(kn)−E(kn)+ iδ
. (2.28)

The four-dimensional integral equation, Eq. (2.24), now results in the three-dimensional inte-
gral equation for the amplitudes sandwiched between Dirac spinors, which is also derived in
[34],

T f i (q f ,qi ;W ) = V f i (q f ,qi ;W )+
∑

n

∫
d3kn

(2π)3
V f n(q f ,kn;W )

×G0(kn,W )Tni (kn,qi ;W ) , (2.29)

where the T -matrix, the potential and the Green function are defined by

T f i (q f ,qi ;W ) = ū(q f )M f i (q f ,qi ;W )u(qi ) ,

V f i (q f ,qi ;W ) = ū(q f ) W f i (q f ,qi ;W )u(qi ) ,

G0(kn;W ) = 1

4E(kn)E(kn)
[W − (E(kn)+E(kn))+ iδ]−1 , (2.30)

with the total energy in the C M system W = E(q)+ E(q). The integral equation for the
T -matrix, Eq. (2.29), is schematically given in Figure 2.1.

We remark that the three-dimensional integral equation for the amplitude, Eq. (2.29), is
here obtained as an approximation of the Bethe-Salpeter equation, but in the formulation of
Quantum Field Theory (QFT) as developed by Kadyshevski [36, 37, 38, 39] this integral equa-
tion is obtained without making any approximation. In this formulation of QFT all particles, in
particular the intermediate particles, are always on the mass-shell in contrast to the formalism



2.3 Three-dimensional two-particle equations 15

of Feynman. Hence a covariant form of pair-suppression can be introduced phenomenologi-
cally.

Until this section the intermediate particles were in principle off mass-shell and the total
four momentum was conserved. Now we have put the intermediate particles on mass-shell,
but now in principle they are off energy-shell, which means that

√
s 6= E(kn)+ E(kn). And

the total four momentum in not conserved, but the total three momentum is conserved.
Note that if the intermediate state is on energy-shell, i.e. W = E(kn)+ E(kn), the two

poles of the Green function, Eq. (2.25), coincide. The value of k0
n at which this ”pinching”

occurs is given by the on mass-shell value, Eq. (2.26),

k0
n = µn,2 E(kn)−µn,1E(kn)± iδ . (2.31)

The contribution to the integral around this value of k0
n will be dominant, due to the pinching

of the poles. This is the rationale for the ”on-mass-shell approximation”.

2.3.2 Potentials for the 3-d integral equation

In order to calculate cross sections or phase shifts we need to solve Eq. (2.29), which is
a complex integral equation for the T -matrix, even for physical momenta. It is possible to
transform Eq. (2.29) into a Lippmann-Schwinger equation (which can be Fourier-transformed
into coordinate space) as will be seen in the next section. However we do our calculations
always in momentum space, so we do not need to solve the Lippmann-Schwinger equation but
we will always solve Eq. (2.29).

In the OBEP-approximation only second-order irreducible Feynman diagrams contributing
to the kernel i.e. W = M irr(2) are included. Which we employ here.

Using rotational invariance and parity conservation we expand the T -matrix, which is a
2×2-matrix in Pauli-spinor space, into a complete set of Pauli-spinor invariants. Introducing
the momentum vectors

q= 1

2
(q f +qi ) , k= q f −qi , n̂= q̂i × q̂ f = q×k

|q×k| , (2.32)

where q f and qi are the final and initial CM-three-momenta respectively, there are only two in-
dependent spinor invariants Pα, rotational invariant and invariant under parity transformations.
We choose for the operators Pα in spin-space

P1 = 1 , P2 = σ ·qi ×q f , (2.33)

corresponding to the central and spin-orbit piece of the amplitude, now the expansion of the
T -matrix in spinor invariants reads

T =
2∑

1

Tα(q2
f ,q

2
i ,q f ·qi ) Pα

= f (q f ,qi )+ i g(q f ,qi )
(
σ · n̂) . (2.34)
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For the partial wave projection we found it convenient to rewrite the T -matrix in terms of the
amplitudes F and G

T = F
(
q f ,qi

)+ (σ · q̂ f ) G
(
q f ,qi

)
(σ · q̂i ) . (2.35)

The relation between the ”spin-nonflip” and ”spin-flip” amplitudes f,g and the amplitudes
F,G is readily found to be

F = f + (q̂ f · q̂i ) g , G =−g . (2.36)

The connection between the non-relativistic amplitudes F and G defined in Eq. (2.35) and the
relativistic amplitudes A and B defined in Eq. (2.5) can be obtained in a straightforward way
using the explicit representation of the Dirac spinors, as will be shown in Section 2.4. Similar
to Eq. (2.34) we expand the potentials V . We neglect the dependence of the potentials on k ·q.
Then, the expansion in Eq. (2.34) applies also to the potentials, i.e.

V =
2∑

1

Vα(q2
f ,q

2
i ,q f ·qi ) Pα

= VC(q f ,qi )+ i VSO(q f ,qi ) (σ ·n) . (2.37)

2.3.3 Lippmann-Schwinger equation

In order to arrive at a Lippmann-Schwinger equation, one chooses a new Green function
g(k;s) which satisfies a dispersion relation in p2(s) rather than in s [28]. Then one obtains

g(kn;s)= −1

2[E(kn)+E(kn)]
(k2

n−q2
n− iδ)−1 , (2.38)

where qn is the on-energy-shell momentum. This Green function is then used in the integral
equation Eq. (2.29) instead of the Green function G0(kn;s). So the corrections to 〈 f |W |i〉
due to the transformation of the Green functions are neglected here, they are of higher order
in the couplings and are usually discarded in an OBE-approach. With the substitution of g for
G0, Eq. (2.28) becomes identical to Eq. (2.19) of [28]. From now on we follow Section II of
[28] in detail, the transformation to the non-relativistic normalization of the two-particle states
leads to states with

(p′1,s
′
1;p′2,s′2|p1,s1;p2,s2)= (2π)6δ3(p′1−p1)δ

3(p′2−p2)δs′1,s1
δs′2,s1

. (2.39)

For these states we define the non-relativistic T -matrix by

( f |T |i) = {4µ34(E3+ E4)}− 1
2 〈 f |M|i〉{4µ12(E1+ E2)}− 1

2

≡ N f (q f ) 〈 f |M|i〉 Ni (qi ) , (2.40)

where µ12 and µ34 are the reduced masses for respectively the initial and final state. Then we
get from Eq. (2.29) the Lippmann-Schwinger equation

(3,4|T |1,2)= (3,4|V|1,2) +

+
∑

n

∫
d3kn

(2π)3
(3,4|V|n1,n2)

2µn1,n2

q2
n−k2

n+ iδ
(n1,n2|T |1,2) , (2.41)
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where analogously to the T -matrix, Eq. (2.40), the potential V is defined as

( f |V|i) = {4µ34(E3+ E4)}− 1
2 〈 f |W |i〉{4µ12(E1+ E2)}− 1

2

≡ N f (q f ) 〈 f |W |i〉 Ni (qi ) . (2.42)

If in the low-energy approximation, the energies are expanded in terms of the momenta squared,
the Lippmann-Schwinger equation in momentum space can in principle be Fourier-transformed
into the equivalent Schrödinger equation in configuration space. However our calculations are
always in momentum space, so we always solve Eq. (2.29).

2.4 Relation between relativistic- and CM-amplitudes

The relation between the relativistic amplitudes A and B and the non-relativistic amplitudes
F and G is found making use of the representation of the Dirac spinors [27]. Since in the
three-dimensional integral equation, Eq. (2.29), off-energy shell amplitudes appear, we now
distinguish between the CM-energies of the final and initial states, defined by

W 2
f ≡ s f = (p′+q ′)2 , W 2

i ≡ si = (p+q)2 . (2.43)

Then, a straightforward calculation of the operators 1 and 6Q between Dirac spinors gives the
corresponding operators between Pauli spinors.

ū(p′,s′)u(p,s) =
√
(E ′+M ′)(E+M) χ ′ †

{
1− σ ·p′ σ ·p

(E ′+M ′)(E+M)

}
χ ,

ū(p′,s′) 6Q u(p,s) =
√
(E ′+M ′)(E+M) χ ′ †

{
1

2

[
(W ′−M ′)+ (W −M)

]

+1

2

[
(W ′+M ′)+ (W +M)

] σ ·p′ σ ·p
(E ′+M ′)(E+M)

}
χ , (2.44)

with

Qµ = 1

2

(
q ′+q

)µ
. (2.45)

In Eq. (2.44) we used the shorthand notations E ′ = E(p′) etc. for the baryon variables. The
meson variables were eliminated using q0 = W − E etc. From the expressions in Eqs. (2.44),
(2.5) and (2.35) we immediately obtain the relations between the amplitudes F , G and A,B

F(p′,p) =
√
(E ′+M ′)(E+M)

{
A(s, t,u) +

1

2

[
(W ′−M ′)+ (W −M)

]
B(s, t,u)

}
,

G(p′,p) =
√
(E ′−M ′)(E−M)

{
− A(s, t,u) +

1

2

[
(W ′+M ′)+ (W +M)

]
B(s, t,u)

}
. (2.46)
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Chapter 3

The partial wave equation

The meson-baryon model is fitted to the partial wave analyses of the pion-nucleon and kaon-
nucleon scattering data, for this purpose the integral equation for the meson-baryon amplitude
must be solved on the partial wave basis. This chapter deals with the transformation of the
integral equation on the plane wave basis to the integral equation on the partial wave (LSJ) ba-
sis. From the unitarity of the scattering matrix, the relation between the partial wave amplitude
and the partial wave phase shifts is derived.

3.1 Partial wave analysis
1 The states for the meson-baryon system are characterized by J, L , where J is the total angu-
lar momentum and L the orbital angular momentum. The latter, for fixed J -value, can assume
the values L = J∓ 1

2 , since the spin of the baryons is S= 1
2 . Distinguishing between the partial

waves with parity P = (−)J−1/2 and P = (−)J+1/2, using rotational invariance, we can write
the potential matrix elements on the LSJ-basis in the following way

(i) P = (−)J−1/2, L+ = J −1/2:

(q f ; L ′ J ′M ′| V |qi ; L J M)= 4π V J,L+(L ′, L)δJ ′ J δM ′M δL ′L , (3.1)

(ii) P = (−)J+1/2, L− = J +1/2:

(q f ; L ′ J ′M ′| V |qi ; L J M)= 4π V J,L−(L ′, L)δJ ′ J δM ′M δL ′L . (3.2)

Because of parity conservation in strong interactions, the L+ = J −1/2 and the L− = J +1/2
waves obviously are decoupled. So mixing between states with different angular momentum
never occurs.

The spherical wave functions in momentum space with quantum numbers J,M, L , S= 1/2
are

YM
J,L( p̂,s)=

(
p̂,s|J M; L 1/2

)=
∑

m,µ

C L 1/2 J
m µ M Y L

m ( p̂) χ
(1/2)
µ (s) , (3.3)

1In this chapter we use the non-relativistic normalization Eq. (2.39) of the one-particle states.
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where s is a spin variable for the baryons. For example, s denotes the helicity of the baryon,
or the projection of the spin along the normal n̂ to the scattering plane, or the projection of the
spin along the z-axis. The latter spin variable we will use in this thesis. Then, in Eq. (3.3) we
have χ (1/2)µ (s)= δs,µ. The central and non-central potential matrix elements on the L S J -basis
are derived in detail in Appendix A.1, the results are

1. Central P1 = 1:

(
q f ; L ′ J ′M ′|F(q f ,qi )|qi ; L J M

)=
∑

s f ,si

∫ d3q ′f
(2π)3

∫
d3q ′i
(2π)3

(
q f ; L ′ J ′M ′|q′ f ,s f

)

×(q′ f ,s f |Fop|q′i ,si
) (

q′i ,si |qi , L J M
)= 4πFL

(
q f ,qi

)
δL ′LδJ ′,J δM ′,M , (3.4)

2. Non-central P ′2 = (σ · q̂ f )(σ · q̂i ):

(
q f ; L ′ J ′M ′|G(q f ,qi )|qi ; L J M

)=
∑

s f ,si

∫ d3q ′f
(2π)3

∫
d3q ′i
(2π)3

(
q ′f ; L ′ J ′M ′|q f ,s f

)

×(q′ f ,s f |Gop|q′i ,si
) (

q′i ,si |qi , L J M
)= 4π

∑

L ′
aL f ,L ′GL ′

(
q f ,qi

)
aL ′,L i

×δJ ′,J δM ′,M , (3.5)

where the partial wave projections FL and G L as well as the matrix aL ′,L are defined in Ap-
pendix A. The partial wave potentials V J,L+ and V J,L− in Eqs. (3.1) and (3.2) can be ex-
pressed in terms of the partial wave expansions of F and G. For this purpose we write the
results of Eqs. (3.4) and (3.5) in matrix form in L = (J ±1/2)-space, as expected from parity
conservation, we find the diagonal matrix

(
V J,L+ 0

0 V J,L−

)
=

(
FJ−1/2+G J+1/2 0

0 FJ+1/2+G J−1/2

)
, (3.6)

which is equivalent to the compact expression

V J,L± = FL±+G L±±1 . (3.7)

The partial wave potentials can also be expressed in terms of the partial wave projections of the
central and spin-orbit potential. The relation between F and G and the central and spin-orbit
potentials is given by Eq. (2.36),

F = V C + cosθV SO , G =−V SO . (3.8)

Knowing from Appendix A.1 that the partial wave projections of F and G are given by

FL(q f ,qi ) = 1

2

∫ 1

−1
d cosθF(q f ,qi )PL(cosθ) ,

GL(q f ,qi ) = 1

2

∫ 1

−1
d cosθG(q f ,qi )PL(cosθ) , (3.9)
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we find the partial wave potentials in terms of the partial wave projections of the central and
spin-orbit potentials

L+ = 0 : V J,L+ = V C
L+ ,

L± ≥ 1 : V J,L± = V C
L±+

L±+1

2L±+1
V SO

L±+1+
L±

2L±+1
V SO

L±−1−V SO
L±±1 . (3.10)

3.2 Partial wave integral equations and the unitarity rela-
tions

3.2.1 Partial wave integral equations

The integral equation Eq. (2.29) we write first explicitly in terms of the plane wave states

(
q f ,s f |T (

√
s)|qi ,si

) = (
q f ,s f |V |qi ,s

) +
∑

n

∫
d3kn

(2π)3
(
q f ,s f |V |kn,sn

)

× G0(kn,
√

s)
(
kn,sn|T (

√
s)|qi ,si

)
, (3.11)

where, apart from spin-space, the amplitude T , the Green function G0 and the potential V are
matrices in the two-particle channel space. The partial wave T -matrix defined by

TJ,L(q f ,qi )= 〈q f , L f ; J M|T (√s)|qi , L i ; J M〉 , with L = L i = L f , (3.12)

which is independent of Jz = M due to rotation invariance, is related to the T -matrix on the
plane wave basis by

TJ,L(q f ,qi ) =
∑

s f ,si

∫ d3q ′f
(2π)3

∫
d3q ′i
(2π)3

〈q f , L; J M|q′f ,s f 〉

×〈q′ f ,s f |T (
√

s)|q′i ,si 〉 〈q′i ,si |qi , L; J M〉 . (3.13)

Now, using the completeness relation for the spherical wave functions YM
L J ( p̂,s), defined by

Eq. (3.3), ∑

L ,J,M

YM
L J (q̂ f ,s f )YM ∗

L J (q̂i ,si )= δ(q̂ f − q̂i ) δs f ,si , (3.14)

the completeness relation for the |q, L; J M〉-states reads

∑

L ,J,M

∫ ∞

0

q2dq

(2π)3
|q, L; J M) (q, L; J M| = 1 . (3.15)

It is straightforward to derive that

∑

sn

∫
d3kn

(2π)3
|kn,sn〉 G0(kn,

√
s) 〈kn,sn| =

=
∑

L ,J,M

∫ ∞

0

k2
ndkn

(2π)3
|kn, L; J M)G0(kn,

√
s) (kn, L; J M| , (3.16)
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due to the fact that the Green function is diagonal in the spins and invariant under rotations,
i.e. also diagonal in L and J . Using these results, the integral equation for the partial wave
amplitude follows, i.e.

TJ,L(q f ,qi ;
√

s)= VJ,L(q f ,qi ;
√

s) +
∑

n

∫ ∞

0

k2
ndkn

(2π)3
VJ,L(q f ,qn;

√
s) G0(kn,

√
s)TJ,L(qn,qi ;

√
s) . (3.17)

3.2.2 Partial wave unitarity relations, phase shifts

From the unitarity of the S-matrix, S† S = 1, the M-matrix in Eq. (2.2) satisfies the condition

2=〈 f |M|i〉 = −(2π)4
∑

n

δ4(q f − kn) 〈 f |M†|n〉〈n|M|i〉 . (3.18)

In deriving Eq. (3.18) one factors out a δ4(q f −qi ), so that q f = kn = qi , where qi = (Ei ,qi )

etc., is always understood. The previous equation for the CM-amplitudes can be written more
explicitly, see for example Eq. (II.1.14) of [34], as

2=(q f ,s f |M|qi ,si
) = −i

(
q f ,s f |M−M†|qi ,si

)

= − 1

(2π)2
∑

n

∫
d3kn

4E(kn)E(kn)

(
q f ,s f |M†|kn,sn

)

× δ(√s− E(kn)−E(kn))
(
kn,sn|M |qi ,si

)
, (3.19)

where the summation
∑

n is over all intermediate two-particle channels coupled to the initial
and final state. Here, si , s f , and sn are the spin labels for the initial, final, and intermediate
states. The momentum of the intermediate state kn is such that E(kn)+ E(kn) = √s. The
partial wave amplitudes then satisfy the relation

2=ML ,J (q f ,qi )=
(
q f , L; J M|M−M†|qi , L; J M

)=
∑

s f ,si

∫ d3q ′f
(2π)3

∫
d3q ′i
(2π)3

×
(

q f , L; J M|q′f ,s f

)(
q′f ,s f |M−M†|q′i ,si

)(
q′i ,si |qi , L; J M

)
.

Inserting Eq. (3.19) and doing the momentum integrations gives

2=ML ,J (q f ,qi ) = − 1

(2π)2
∑

n

∫
d3kn

1

4E(kn)E(kn)

(
q f , L; J M|M†|kn,sn

)

×δ(√s− E(kn)−E(kn)) (kn,sn|M|qi , L; J M)

= − 1

(2π)2
∑

n

∫
dknk2

n

4E(kn)E(kn)

∑

L ′,J ′,M ′

×(q f , L; J M|M†|kn, L ′; J ′M ′) E(qn)E(qn)

qn
√

s
δ(kn−qn)

×(kn, L ′; J ′M ′|M|qi , L; J M
)
, (3.20)
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in the last line we used Eq. (3.16), and qn is the on energy-shell momentum of the intermediate
state. Finally performing the integral and knowing that L , J,M are conserved we find the
unitarity relation for the partial wave amplitude

2=ML ,J (q f ,qi ) = −
∑

n

qn

16π2
√

s

(
q f , L; J M|M†|kn, L; J M

)

× (kn, L; J M|M|qi , L; J M) . (3.21)

Introducing the partial wave amplitudes FL .J by the definition

ML ,J (
√

s)=−32π2√s FL ,J (
√

s) , (3.22)

we find the simple unitarity relation for these amplitudes

=FL ,J =
∑

c

kc FL ,J (q f ,qc)
† FL ,J (qc,qi ) . (3.23)

For the single channel case Kc = qi = q f = q , phase shifts can be defined for the partial wave
amplitude FL ,J in the usual way

FL ,J = 1

q
sinδL ,J (q)exp

(
iδL ,J (q)

)
. (3.24)

The relation of FL ,J with the partial wave S-matrix is

SL ,J = e2iδL ,J = 1+2iq FL ,J . (3.25)

We note that the partial wave projection of the M-matrix is related to the partial wave amplitude
FL ,J by

ML = 1

2

∫ 1

−1
dx PL(x)M = 1

4π
ML ,J =−8π

√
s FL ,J . (3.26)

Now the expression for the differential cross section becomes

dσ

d�
=

∣∣∣ f̃
∣∣∣
2+|g̃|2 , (3.27)

where the spin-nonflip and spin-flip amplitudes f̃ and g̃ are given by

f̃ = f

8π
√

s
=
∑

L

[
(L+1)FL+,J + L FL−,J

]
PL(cosθ) ,

g̃ = g

8π
√

s
=
∑

L

[
FL+,J − FL−,J

]
sinθ

d PL(cosθ)

d cosθ
. (3.28)

The expressions for the total cross section, which is found by integrating the differential cross
section, and the polarization are

σ = 4π
∑

J

2J +1

2

(∣∣FL+,J
∣∣2+ ∣∣FL−,J

∣∣2
)
,

P(θ) =
2=
(

f̃ g̃∗
)

∣∣∣ f̃
∣∣∣
2+|g̃|2

. (3.29)
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Chapter 4

Baryon- and meson-exchange potentials

The effective local interaction Hamiltonians that are used to calculate the one-hadron-exchange
potentials are defined in this chapter. The Lorentz structure of the interaction is given and the
SU f (3) structure is reviewed , since we extend the soft-core pion-nucleon model to the soft-
core kaon-nucleon model. The amplitudes of the one-hadron-exchange Feynman diagrams are
derived in detail and a partial wave projection is made to find the partial wave potentials.

4.1 Meson-baryon channels and SU f (3)

We consider in this thesis the pion-nucleon and kaon-nucleon interactions, they make up only a
subset of all meson-baryon interactions. Because the soft-core kaon-nucleon model is derived
from the soft-core pion-nucleon model, using SU f (3) symmetry, we define an SU f (3) invari-
ant interaction Hamiltonian describing the baryon-baryon-meson and meson-meson-meson
vertices. The Lorentz structure of the baryon-baryon-meson interaction is analyzed in the next
section, here we deal with its SU f (3) structure. In order to find the interaction Hamiltonian

we define the octet irreducible representation (irrep) of SU f (3) for the J P = 1
2
+

baryons and
the octet and singlet irreducible representations of SU f (3) for the mesons. Using the phase

convention of [40], the J P = 1
2
+

baryon octet irrep can be written as traceless 3×3 matrix

B =




60√
2
+ 3√

6
6+ p

6− 60√
2
+ 3√

6
n

−4− 40 − 23√
6


 , (4.1)

similarly the pseudoscalar meson octet irrep can be written as

P8 =




π0√
2
+ η8√

6
π+ K+

π− π0√
2
+ η8√

6
K 0

K− K 0 −2η8√
6


 , (4.2)
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while the pseudoscalar meson singlet irrep is the 3× 3 diagonal matrix P1 with the elements
η1/
√

3 on the diagonal. The meson nonet, having a nonzero trace, is given by

P = P8+P1 . (4.3)

The physical mesons η and η′ are superpositions of the octet and singlet mesons η8 and η1,
usually written as

η′ = sinθ η8+ cosθ η1 ,

η = cosθ η8− sinθ η1 . (4.4)

Similar expressions hold for the physical coupling constant of the η and η′. The octets and
singlets for the scalar and vector mesons are defined in the same way and the expressions for
the physical (ω,ϕ) and (σ , f0) are analogous to (η′,η). From these octets and nonets, SU f (3)-
invariant baryon-baryon-meson interaction Hamiltonians can be constructed, using the invari-
ants Tr

(
B̄PB

)
, Tr

(
B̄BP

)
and Tr

(
B̄B
)

Tr (P). We take the antisymmetric (F) and symmetric
(D) octet couplings and the singlet (S) coupling

[
B̄BP

]
F = Tr

(
B̄PB

)−Tr
(
B̄BP

)= Tr
(
B̄P8B

)−Tr
(
B̄BP8

)
,

[
B̄BP

]
D = Tr

(
B̄PB

)+Tr
(
B̄BP

)− 2

3
Tr
(
B̄B
)

Tr (P)
= Tr

(
B̄P8B

)+Tr
(
B̄BP8

)
,

[
B̄BP

]
S = Tr

(
B̄B
)

Tr (P)= Tr
(
B̄B
)

Tr (P1) . (4.5)

The SU f (3)-invariant baryon-baryon-meson interaction Hamiltonian is a linear combination
of these quantities and defined according to [40]

mπ+H = f8
√

2
(
α
[
B̄BP

]
F + (1−α)

[
B̄BP

]
D

)+ f1

√
1

3

[
B̄BP

]
S . (4.6)

Here, α is the F/(F + D)-ratio. The most general interaction Hamiltonian that is invariant
under isospin transformations is given by

mπ+H1 =
[

fN Nη1

(
N̄ N

)+ f33η1

(
3̄3

)+ f66η1

(
6̄ ·6)+ f44η1

(
4̄4

)]
η1 ,

mπ+H8 = fN Nπ
(
N̄τ N

) ·π− i f66π
(
6̄× 6̄) ·π

+ f36π
(
3̄6+ 6̄3) ·π+ f44π

(
4̄τ4

) ·π
+ f3N K

[(
N̄ K

)
3+ 3̄(K̄ N

)]+ f43K
[(
4̄Kc

)
3+ 3̄(K̄c4

)]

+ f6N K
[
6̄ · (K̄τ N

)+ (N̄τK
) ·6]

+ f64K
[
6̄ · (K̄cτ4

)+ (4̄τKc
) ·6]+ fN Nη8

(
N̄ N

)
η8

+ f33η8

(
3̄3

)
η8+ f66η8

(
6̄ ·6)η8+ f44η8

(
4̄4

)
η8 , (4.7)

for the singlet and octet coupling respectively, and f N Nπ = f8 and fN Nη1 = f33η1 = f66η1 =
f44η1 = f1. We have introduced the isospin doublets
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N =
(

p
n

)
, 4=

(
40

4−
)
, K =

(
K+
K 0

)
, K =

(
K̄ 0

−K−
)
, (4.8)

the phases have been chosen according to [40], such that the inner product of the isovectors 6
and π is

6 ·π =6+π−+60π0+6−π+ . (4.9)

The interaction Hamiltonians in Eq. (4.7) are invariant under SU f (3) transformations if the
coupling constants are expressed in terms of the octet coupling f8 ≡ f and α as, [40],

fN Nπ = f fN Nη8 = 1√
3
(4α−1) f f3N K = − 1√

3
(1+2α) f

f44π = −(1−2α) f f44η8 = − 1√
3
(1+2α) f f43K = 1√

3
(4α−1) f

f36π = 2√
3
(1−α) f f66η8 = 2√

3
(1−α) f f6N K = (1−2α) f

f66π = 2α f f33η8 = − 2√
3
(1−α) f f46K = − f ,

(4.10)

and the singlet coupling f1 as

fN Nη1 = f33η1 = f66η1 = f44η1 = f1 . (4.11)

The baryon-baryon-meson vertices are thus characterized by only four parameters if SU f (3)-
symmetry is assumed, the octet coupling constant f8, the singlet coupling constant f1, the
F/(F + D)-ratio α and the mixing angle, which gives the relation between the physical and
octet and singlet isoscalar mesons. The meson-meson-meson vertex as well as the Lorentz
structure of the baryon-baryon-meson vertex is discussed in the next section.

We remark that the soft-core model the SU f (3)-symmetry is broken dynamically, since we
use the physical masses for the baryons and mesons. The SU f (3)-symmetry for the coupling
constants is not necessarily exact, in fact, we allow for a breaking in the soft-core kaon nucleon
model, Chapter 7.

4.2 The interaction Hamiltonians

The potentials we use are obtained from the t-channel one-meson-exchange (OBE) and the u-
and s-channel baryon-exchange Feynman diagrams. In the t-channel we consider the exchange
of vector- and scalar-mesons and in the u- and s-channel we consider the exchange of J P = 1

2
+

and 3
2
+

-baryons. In this work we also include Pomeron exchange diagrams, where the physical
nature of the Pomeron can be understood in the light of QCD as a two-gluon- exchange effect,
see [20, 21]. The contribution of the Pomeron will almost completely cancel the contribution
of the isoscalar scalar meson σ .

The OBE Feynman diagrams for meson-baryon interactions contain a meson-baryon-baryon
vertex and a meson-meson-meson vertex. These vertices are determined by the effective local
interaction Hamiltonian densities. The Lorentz structure of the local interaction densities for
the meson-baryon-baryon (MBB) vertices we use are listed below 1

1The couplings defined in this section are according to the ’Compilation of Coupling Constants and Low
Energy Parameters’, [41]
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a. J PC = 0−+ Pseudoscalar-mesons:
For the pseudoscalar-mesons we use the pseudovector interaction Hamiltionian

HPV = f

mπ+
ψ̄ f γ5γµψi ∂

µφP , (4.12)

which is scaled with the charged-pion mass in order to have a dimensionless pseudovec-
tor coupling constant.

b. J PC = 1−− Vector-mesons:
The interaction Hamiltonian is given in terms of the electric and magnetic interaction

HV = gV ψ̄ f γµψi φ
µ
V +

fV

4Mψ̄ f σµνψi
(
∂µφνV − ∂νφµV

)
, (4.13)

where usually the proton mass is used for M to scale the magnetic part of the inter-
action Hamiltonian. The antisymmetric tensor operator used here, is defined as σµν =
i
2

[
γµ,γν

]
.

c. J PC = 0++ Scalar-mesons:
HS = gS ψ̄ fψi φS . (4.14)

Since we include Pomeron exchange in the soft-core model, the scalar-meson exchange
is canceled for the greater part, hence it is possible to satisfy the soft-pion theorem while
including scalar-meson exchange.

d. J PC = 2++ Tensor-mesons:
For the tensor-mesons we use the interaction Hamiltonian

HT =
[

i

4
ψ̄ f

(
γµ
↔
∂ν +γν

↔
∂µ

)
ψi · F1− 1

4

(
ψ̄ f

↔
∂µ
↔
∂ν ψi

)
· F2

]
·φµνT , (4.15)

where the coupling constants F1 and F2 are related to the dimensionless Pauli coupling
constants by GT,1 =MF1 and GT,2 =M2 F2. Using the Gordon decomposition the
Pauli coupling constants are related to the Dirac coupling constants by gT =GT,1+GT,2

and fT =−GT,2.

e. J P = 3
2
+

Resonance-Baryon-Pseudoscalar-meson coupling:

The local interaction density for the J P = 3
2
+

Resonance -Nucleon-Pseudoscalar-meson
(Y ∗N P) interaction is

HY ∗N P =−i

(
f ∗Y ∗N P

mπ+

)
ψ̄N ψY ∗,µ · ∂µφP , (4.16)

where the charged-pion mass makes the coupling dimensionless. We use the Rarita-
Schwinger formalism for the spin-3/2 resonances, see e.g. [26, 42].
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f. J P = 1
2
−

Resonance-Baryon-Pseudoscalar-meson coupling:

The local interaction Hamiltionian for the J P = 1
2
−

Resonance-Nucleon-Pseudoscalar-
meson (RN P) interaction is

HRN P = f ∗RN P

mπ+
ψ̄NγµψR ∂

µφP , (4.17)

where ψR denotes the J P = 1
2
−

resonance, which has opposite parity to the nucleon.

The J P = 1
2
−

resonances we consider in this work are the S11(1555) in the πN system
and the 3(1405) in the K N system.

Here φ denotes the pseudoscalar-, vector-, scalar-, and tensor-meson fields respectively and
ψ denotes the baryon fields. The Pomeron-baryon-baryon interaction density we use, has the
same Lorentz structure as the scalar-mesons.

We note that, making use of the Dirac equation
(
γ µ∂µ+M

)
ψ = 0, the pseudovector

interaction Hamiltonian density in Eq. (4.12) is ’equivalent’ to the pseudoscalar density
HP S = i g ψ̄ f γ5ψi φP for on-mass-shell particles. The coupling constants are then related
according to g/(MB f +MBi )= f/mπ+ .

Analogous we find that the vector coupling Hamiltonian density in Eq. (4.17) is ’equiv-
alent’ to the scalar density HP S = i g ψ̄ fψi φP for on-mass-shell particles. The coupling
constants are in this case related according to g∗RN P/(MN −MR)= f ∗RN P/mπ+ .

Concerning the flavor structure of the interaction densities, we assume that the coupling
constants are related via SU f (3) symmetry, as outlined in the previous section. However the
potentials will break the SU f (3) symmetry dynamically, since we use the physical masses of
the particles. The isospin factors are discussed in Appendix B and listed in Tables 6.1 and 7.1
for pion-nucleon and kaon-nucleon interactions respectively.

The SU f (3) invariant local interaction densities we use for the triple-meson (MMM) ver-
tices are are given below.

(i) J PC = 1−− Vector-mesons:

HP PV = g′P PV fabc V a
µ Pb ↔

∂
µ

Pc = −ig′P PV√
2

T r P
(
∂µP ·Vµ−Vµ ∂µP

)

= g′P PV

[
ρµ ·

(
π× ↔∂

µ

π+ i K †τ
↔
∂
µ

K

)
+

(
i K ∗†µ τK · ↔∂

µ

π+H.c.

)
+√3

(
i K ∗†µ K

↔
∂
µ

η+H.c.

)
+

√
3 iϕ8,µ K † ↔

∂
µ

K

]
, (4.18)

where H.c. stands for the Hermitian conjugate of the preceding term, and we use the

usual notation for the derivative
↔
∂
µ

acting on the pseudoscalar-mesons, Pb
↔
∂
µ

Pc ≡
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Pb (∂µPc)− (∂µPb
) · Pc. The coupling of the vector-mesons to the pseudoscalar-

mesons is SU f (3) antisymmetric, the symmetric coupling can be excluded by invok-
ing a generalized Bose symmetry for the pseudoscalar-mesons, interchanging the two
pseudoscalar-mesons leavesHP PV invariant.

The coupling constant for the decay of a ρ-meson into two pions is defined as gππρ =
2 g′P PV , which can be estimated using the decay width of the ρ-meson, see subsection
6.3.1.

(ii) J PC = 0++ Scalar-mesons:

HP P S = g′P P S

[
dabc Sa Pb Pc]= g′P P S√

2
gP P S T r P (P ·S+S ·P)

= g′P P S

[
a0 ·

(
πη+

√
3

2
K †τK

)
+
√

3

2

(
K †

0τK ·π+H.c.
)

−1

2

(
K †

0 Kη+H.c.
)
+ 1

2
f0
(
π ·π−K †K −ηη)

]
. (4.19)

For the scalar-mesons we have a symmetric coupling. The dimensionless coupling con-
stant for the decay of the σ -meson into two pions is defined as gππσ = g′P P S/mπ+ ,
which can be estimated using the decay width of the σ -meson, see subsection 6.3.1.

(iii) J PC = 2++ Tensor-mesons:

HP PT = 2g′P PT /mπ+
[
dabc f a

µν

(
∂µPb) · (∂νPc)]

= 2gP PT /mπ+

[
a
µν
2 ·

(
∂µπ∂νη+

√
3

2
∂µK †τ∂νK

)

+
√

3

2

(
Kµν†

2 τ∂µK · ∂νπ+H.c.
)
− 1

2

(
Kµν†

2 ∂µK∂νη+H.c.
)

+1

2
f µν2

(
∂µπ · ∂νπ− ∂µK †∂νK − ∂µη∂νη

)]
. (4.20)

The coupling constant for the decay of the f2-meson into two pions is given by gππ f2 =
gP PT , which is estimated in subsection 6.3.1.

Some numerical values for the previous coupling constants are given by Nagels et al. [43].

4.3 The relativistic invariant amplitudes

Using the previously defined interaction Hamiltonians, we give, besides the isospin factors, the
contributions to the relativistic invariant amplitudes A(s, t,u) and B(s, t,u) in Eq. (2.5) for the
elastic (e.g. πN and K N ) channels, i.e. Mi = M f ≡ M , mi =m f =m, where M f and MI are
the final and initial baryon masses and m f and mi are the final and initial pseudoscalar-meson
masses respectively. A detailed derivation of these amplitudes for the general mass case is
given in Appendix C.
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4.3.1 Baryon-exchange amplitudes

For J P = 1
2
+

baryon-exchange the relativistic amplitudes are

Aps(s, t,u) = −g(ps)
14 g(ps)

23
MB−M

u−M2
B+ iε

,

Bps(s, t,u) = −g(ps)
14 g(ps)

23
1

u−M2
B+ iε

,

Apv(s, t,u) = −
f (pv)14 f (pv)23 /m2

π+

u−M2
B+ iε

[
u (M+MB)−M3−M2MB

]
,

Bpv(s, t,u) = −
f (pv)14 f (pv)23 /m2

π+

u−M2
B+ iε

[
u+2M MB+M2

]
, (4.21)

for pseudoscalar (ps) and pseudovector (pv) coupling respectively, MB is the mass of the
exchanged baryon. The J P = 1

2
+

baryon direct pole gives rise to the relativistic amplitudes

Aps(s, t,u) = −g(ps)
14 g(ps)

23
MB−M

s−M2
B+ iε

,

Bps(s, t,u) = g(ps)
14 g(ps)

23
1

s−M2
B+ iε

,

Apv(s, t,u) = −
f (pv)14 f (pv)23 /m2

π+

s−M2
B+ iε

[
s (M+MB)−M3−M2MB

]
,

Bpv(s, t,u) =
f (pv)14 f (pv)23 /m2

π+

s−M2
B+ iε

[
s+2M MB+M2

]
, (4.22)

for pseudoscalar and pseudovector coupling respectively. For J P = 1
2
−

baryon-exchange the
relativistic amplitudes are

As(s, t,u) = g∗(s)14 g∗(s)23
MB+M

u−M2
B+ iε

,

Bs(s, t,u) = −g∗(s)14 g∗(s)23
1

u−M2
B+ iε

,

Av(s, t,u) =
f ∗(v)14 f ∗(v)23 /m2

π+

u−M2
B+ iε

[
u (−M+MB)+M3−M2 MB

]
,

Bv(s, t,u) =
f ∗(v)14 f ∗(v)23 /m2

π+

u−M2
B+ iε

[
−u+2M MB−M2

]
, (4.23)
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for scalar (s) and vector (v) coupling respectively, MB is the mass of the exchanged baryon.
The J P = 1

2
−

baryon direct pole gives rise to the relativistic amplitudes

As(s, t,u) = g∗(s)14 g∗(s)23
MB+M

s−M2
B+ iε

,

Bs(s, t,u) = g∗(s)14 g∗(s)23
1

s−M2
B+ iε

,

Av(s, t,u) =
f ∗(v)14 f ∗(v)23 /m2

π+

s−M2
B+ iε

[
s (−M+MB)+M3−M2 MB

]
,

Bv(s, t,u) = −
f ∗(v)14 f ∗(v)23 /m2

π+

s−M2
B+ iε

[
−s+2M MB−M2

]
, (4.24)

for scalar and vector coupling respectively. The J P = 3
2
+

resonance-exchange relativistic
amplitudes are more complicated

AY ∗(s, t,u) = f ∗14 f ∗23

m2
π+
· 1

u−M2
Y ∗+ iε

·
{

1

2

[
t−2m2

]
(M+MY ∗) + 1

3
MY ∗

[
u−M2

]

+ 1

6MY ∗

{
−u2+2Mu (M+MY ∗)−2M3 MY ∗−M4+m4

}

+ 1

6M2
Y ∗

[
M2−m2−u

]2
(M+MY ∗)

}
,

BY ∗(s, t,u) = f ∗14 f ∗23

m2
π+
· 1

u−M2
Y ∗+ iε

·
{
−1

2

[
t−2m2

]

+ 1

3MY ∗

{
(M+MY ∗)

(
2M MY ∗−m2

)
−uM+M3

}

− 1

6M2
Y ∗

[
u−M2+m2

]2
}
, (4.25)

where MY ∗ is the mass of the exchanged resonance. The J P = 3
2
+

resonance direct pole gives
rise to the relativistic amplitudes

AY ∗(s, t,u) = f ∗14 f ∗23

m2
π+
· 1

s−M2
Y ∗+ iε

·
{

1

2

[
t−2m2

]
(M+MY ∗) + 1

3
MY ∗

[
s−M2

]

+ 1

6MY ∗

{
−s2+2Ms (M+MY ∗)−2M3 MY ∗−M4+m4

}

+ 1

6M2
Y ∗

[
M2−m2− s

]2
(M+MY ∗)

}
,

BY ∗(s, t,u) = − f ∗14 f ∗23

m2
π+
· 1

s−M2
Y ∗+ iε

·
{
−1

2

[
t−2m2

]
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+ 1

3MY ∗

{
(M+MY ∗)

(
2M MY ∗−m2

)
− s M+M3

}

− 1

6M2
Y ∗

[
s−M2+m2

]2
}
. (4.26)

4.3.2 Meson- and Pomeron-exchange amplitudes

The relativistic amplitudes for the t-channel Pomeron-exchange, scalar-meson-exchange, vector-
meson- and tensor-meson-exchange are

AP(s, t,u) = gP P P gP
1

M , BP(s, t,u)= 0 ,

AS(s, t,u) = gP P S gS · 1

t−m2
S+ iε

, BS(s, t,u)= 0 ,

AV (s, t,u) = gP PV · 1

t−m2
V + iε

· fV

2M (s−u) ,

BV (s, t,u) = −2gP PV · 1

t−m2
V + iε

·
(

gV + M

M fV

)
,

AT (s, t,u) = gP PT

mπ+
· 1

t−m2
T + iε

·
{

1

4
(s−u)2 F2

−1

6

[
4m2− t

] [
2M F1+ 1

2

(
4M2− t

)
F2

]}
,

BT (s, t,u) = gP PT

mπ+
· 1

t−m2
T + iε

· (s−u) F1 , (4.27)

where mS , mV and mT are the masses of the exchanged scalar-meson, vector-meson and
tensor-meson respectively. The coupling constant gP PV for the K Kϕ vertex is gP PV =√

3g′P PV , etc..
Here we notice that for the meson-exchange and Pomeron-exchange amplitudes an extra

factor 2 must be added to the amplitudes if both the initial and final state contain a π or η,
this is not the case for any other combination of pseudoscalar-mesons in the initial and final
state. For elastic πN scattering for example, an extra factor 2 is added to the ρ-exchange,
Pomeron-exchange and σ -exchange amplitudes.

4.4 Partial wave potentials

As discussed in Chapter 3 we solve the integral equation for the T -matrix on the partial wave
basis, Eq. (3.17). And we fit the soft-core model to the πN partial wave analysis [1] and the
K N partial wave analysis [2]. For this purpose we need to calculate the partial wave projection
of the potentials, Eqs. (3.7) and (2.46). In our approximation, the potentials are given by the
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invariant amplitudes A and B, given by Eqs. (4.21)–(4.27), of the one-meson-exchange and
one-baryon-exchange Feynman diagrams.

Until this point, we did not mention the need for form factors to regulate the high energy
behavior, i.e. the short distance behavior, of the potentials, but in fact the kernel of the integral
equation without form factors does not satisfy the Fredholm condition,

∫ ∫
dp dk |K (p,k)|2<

∞, in general.
Furthermore we have derived our one-meson-exchange and one-baryon-exchange poten-

tials from Quantum Field Theory, which is in principle only valid for point particles, while
mesons and baryons have an internal structure. Therefore we need to take into account the
extended size of the mesons and baryons by means of a form factor. Since the ground state
wave functions of the quarks are Gaussian, form factors of the Gaussian type are used in the
soft-core model. For t-channel exchanges we multiply the potentials by the form factor

F(3)= e−(k f−ki )
2/32

, (4.28)

where ki and k f are the CM three-momenta for the initial and final state respectively, i.e. at
both vertices we have used the difference between the final and initial three-momenta. 3 is a
cut-off mass, which will be determined in the fit to the experimental phases.

For u- and s-channel exchanges, the difference between the final and initial three-momenta
of the baryon is used, giving the form factor

F(3)= e−(k
2
f+k2

i )/23
2
. (4.29)

This form factor obviously does not depend on the scattering angle θ , which makes the partial
wave projection easier. For the u- and t-channel we rewrite the denominators of the potentials
in the form

1

t−m2
= −1

2p f pi

1

zt − x
,

1

u−m2
= −1

2p f pi

1

zu+ x
, (4.30)

where x = cos(θ) and θ is the angle between the final and initial three-momenta k f and ki .
Here we have defined the zt and zu factors

zt = 1

2p f pi

[
m2+ p2

f + p2
i −

1

4

[
Ei − E f −ωi +ω f

]2
]
,

zu = 1

2p f pi

[
m2+ p2

f + p2
i −

1

4

[
Ei + E f −ωi −ω f

]2
]
, (4.31)

where E f,i are the baryon energies, ω f,i are the meson energies and m the mass of the ex-
changed particle. For positive and real momenta, i.e. for open channels, we have z > 1. Now
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it is clear that the potentials V (α) of Eq. (2.37), where α stands for central or spin-orbit, can be
expanded in x as 2

V (α)(p f ,pi ) = 1

2p f pi

(
X (α)+ xY (α)+ x2 Z (α)

) F(3t)

zt − x
,

V (α)(p f ,pi ) = 1

2p f pi

(
X (α)+ xY (α)+ x2 Z (α)

) F(3u)

zu+ x
,

V (α)(p f ,pi ) =
(

X (α)+ xY (α)
) F(3s)

s−M2
B

, (4.32)

for t-, u- and s-channel exchanges respectively, for all particles that are exchanged. The coeffi-
cients X (α), Y (α) and Z (α) can be found easily by writing out the x-dependence of the invariant
amplitudes A and B, they are listed in Appendix D for each type of exchange.

The partial wave potentials V (α)
L are found by inverting the partial wave expansion Eq.

(A.3), giving

V (α)
L (p f , pi )= 1

2

∫ 1

−1
dx PL(x)V

(α)(p f ,pi ) . (4.33)

The partial wave potentials now take the form

V (α)
L (p f , pi ) = 1

2p f pi

[(
X (α)+ zt Y

(α)+ z2
t Z (α)

)
UL(3t , zt)

−
(

Y (α)+ zt Z (α)
)

RL(3t , zt)− Z (α)SL(3t , zt)
]
,

V (α)
L (p f , pi ) = (−1)L

2p f pi

[(
X (α)− zuY (α)+ z2

u Z (α)
)

UL(3u, zu)

−
(
−Y (α)+ zu Z (α)

)
RL(3u, zu)− Z (α)SL(3u, zu)

]
,

V (α)
L (p f , pi ) =

(
X (α)

F(3s)

s−M2
B

δL ,0+Y (α)
F(3s)

s−M2
B

1

3
δL ,1

)
, (4.34)

for t-, u-, and s-channel exchanges respectively. We have defined the basic partial wave pro-
jections UL , RL , SL and TL in terms of the Legendre polynomials PL(x) and the form factors

UL(3, z) = 1

2

∫ 1

−1
dx

PL(x)F(3)

z− x
,

RL(3, z) = 1

2

∫ 1

−1
dx PL(x)F(3) ,

SL(3, z) = 1

2

∫ 1

−1
dx PL(x)x F(3) ,

2In case of more complicated exchanges, e.g. J PC = 3
2
+

-resonance, the expansions of the potentials have an
additional term of higher order in x , for the t- and u-channel x 3U (α), and for the s-channel x2 Z (α).

We notice that a similar expansion for F and G instead of V (C) and V (SO) would be a little simpler. However
we will use the central and spin-orbit potentials in light of a momentum space version of the soft-core model.
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TL(3, z) = 1

2

∫ 1

−1
dx PL(x)x

2 F(3) . (4.35)

The factor (−)L appearing in the u-channel partial wave potentials, which is the result of
changing the integration variable x→−x in the Legendre polynomial, is typical for exchange
forces. In this way it can be seen that the total partial wave potential is a linear combination
of a direct and an exchange potential, V (±) = Vd ± Ve and the corresponding T -matrix is
T (±) = Td ± Te. The amplitude Te itself does not satisfy an integral equation, but the two
linear combinations T (±) = Td ±Te do.

We notice that if the form factor does not depend on x (in case of u-channel potentials) or
if we consider the limit 3→∞, i.e. F(3)→ 1, the basic partial wave projections defined in
Eq. (4.35) are proportional to the simple functions

UL(3, z) ∝ QL(z) ,

RL(3, z) ∝ δL ,0 ,

SL(3, z) ∝ 1

3
δL ,1 ,

TL(3, z) ∝ 1

3
δL ,0+ 2

15
δL ,2 , (4.36)

where QL(z) is the Legendre function of the second kind, which is an analytic function of its
argument except for a cut on the real axis running from –1 to 1, as is clear from Eq. (4.35). In
view of Eq. (4.31), the cut is entered only for on-energy-shell potentials below threshold, but
we always calculate the on-energy-shell potentials above threshold, so we will never reach the
cut.

In the soft-core model for the πN interaction we will include s-channel baryon-exchange
diagrams, which are in principle separable diagrams, having the form

V
(

p f , pi
)= 0

(
p f
)
0(pi )√

s±Me
. (4.37)

Writing out the partial wave potentials of Eq. (3.7) or (3.10), using Eq. (4.34), for example for
the nucleon pole (P11-wave), the delta resonance pole (P33-wave) and the S11-resonance pole
(S11-wave) explicitly

V11 = f 2

m2
π+

3
p f pi√

(Ei +Mi )
(
E f +M f

)
(√

s+M f
)(√

s+Mi
)

√
s−Me

,

V33 = f 2
πN1

m2
π+

1

3

√
(Ei +Mi )

(
E f +M f

)
p f pi

1√
s−Me

,

V11 =
f 2
πN S11

m2
π+

3
√
(Ei +Mi )

(
E f +M f

) (√s−M f
)(√

s−Mi
)

√
s−Me

, (4.38)
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we see that these potentials are of the separable kind indeed and that they have a pole at the
physical mass of the exchanged particle.

For the partial wave potentials we have used the notation V2I,2J , where I is the total isospin
and J is the total angular momentum. The first V11 in Eq. (4.38) is the P-wave nucleon pole
potential, the second is the S-wave S11-resonance pole potential with opposite parity. We note
that the P-wave potentials are proportional to p f pi as expected.

We need to be careful in including the s-channel diagrams in a model that has been renor-
malized, i.e. in which (renormalized) physical coupling constants and masses are used. It
is not possible to simply add the s-channel diagrams to the other ones, because iterations of
s-channel diagrams will give contributions to the vertex and self-energy.

The way these diagrams are included in the soft-core model is described in Chapter 5, here
we show that bare masses and coupling constants should be used in the s-channel diagrams
and that these bare parameters are determined by requiring that (i) the T -matrix has a pole
at the physical mass

√
s = Me, (ii) the residue at the pole is given by the physical coupling

constant.
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Chapter 5

Renormalization

The Lagrangians used are effective Lagrangians, expressed in terms of the physical coupling
constants and masses. Then, in principle, counter-terms should be added to the Lagrangian and
fixed by renormalization conditions. This is particularly to the point in channels where there
occur bound-states and resonances. For example, the famous 133-resonance at M1 = 1232
MeV in the pion-nucleon system. The 133-pole diagram gets "dressed" when it is iterated
with other graph’s upon insertion in an integral equation. Also, it appears that by using only u-
channel and t-channel forces it is impossible to describe the experimental pion-nucleon phases
above resonance in the P33-wave. From the viewpoint of the quark-model this is natural,
because here the 133-resonance is, at least partly, a genuine three-quark state, and should not
be described as a pure pion-nucleon resonance, but should be treated at the same footing as the
nucleons. We take the same attitude to the other meson-baryon resonances as the P11(1440),
the S11(1535), the D13(1700) etc. Therefore, we treat these resonances as follows. As we
will see later, the resonance diagrams split nicely into a pole part, having a (

√
s−MB+ iε)−1-

factor, and a non-pole part having a (
√

s+MB− iε)−1-factor. Here, MB is the so-called "bare"
mass. As we will see in the following, the pole-position will move to

√
s = MR , where MR is

the physical mass of the resonance. This determines the bare mass MB .
To implement these ideas, we follow Haymaker [44]. We write the total potential V as a

sum of a potential containing poles and a potential not containing poles V (p′,p)= Vs(p′,p)+
Vu(p′,p) 1, see Figure 5.1, where

Vs(p′,p)=
∑

i

0i (p′) 1i (P) 0i (p) (5.1)

is the pole part of the s-channel baryon exchanges. In Eq. (5.1) the right hand side is written
in terms of the so-called ’bare’ couplings and masses. We have 1i (P) = (√s−M0+ iε)−1.
(Here, and in the following, we denote the bare mass MB by M0.) The other part and the
t-channel and u-channel exchanges are contained in Vu(p′,p). In the following, we treat
explicitly the cases when there is only one s-channel bound state or resonance present. It
is easy to generalize this to the case with more s-channel poles. Following [44] we define two

1Note that in this chapter we have exclusively partial wave matrix elements. Notice also that in [44] the V -
and T -matrices differ a (-)-sign with those used here.



40 Renormalization

V
s

+

V
u

1

Figure 5.1: The pole potential Vs contains s-channel diagrams, the non-pole potential Vu con-
tains t- and u-channel diagrams.

T -matrices T j , j = 1,2 by

T j = V j +V j G T , T = T1+T2 , (5.2)

where V1 := Vs and V2 := Vu . The amplitude T j is the sum of all graphs in the iteration of T
in which‘ the potential V j "acts last". Defining Tu as the T -matrix for the Vu interaction alone,
i.e.

Tu = Vu+Vu G Tu , (5.3)

it is shown in [44] that

T1 = Tu+Tu G T2 , T2 = Ts+Ts G Tu , (5.4)

with
Ts = Vs+Vs H1 Ts , H1 = G+G Tu G . (5.5)

Taking together these results one obtains for the total T -matrix the expression

T = Tu+Ts+Tu G Ts+Ts G Tu+Tu G Ts G Tu . (5.6)

Since Vs is a separable potential, the solution for Ts can be written as follows

Ts(p′,p)= 0(p′) 0(p)
1(P)−1−6(P) ≡ 0(p

′) 1∗(P) 0(p) , (5.7)

where we introduced the shorthand 1 = 1B , and defined the self-energy 6 and the dressed
propagator 1∗ by

6(P) =
∫

d̃q ′
∫

d̃q ′′ 0(q′) H1(q′,q′′; P) 0(q′′) ,

1∗(P) = 1(P)

1−1(P) 6(P) =1(P)+1(P) 6(P) 1
∗(P) , (5.8)

where d̃q ′ = d3q ′/(2π)3 etc.. Inserting Eqs. (5.7) and (5.8) in Eq. (5.6), and exploiting time-
reversal and parity invariance which gives Tu(p′,p)= Tu(p,p′), one finds the expressions for
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the total amplitude, dressed vertex and self-energy

T (p′,p) = Tu(p′,p)+0∗(p′) 1∗(P) 0∗(p) , (5.9)

0∗(p) = 0(p)+
∫

d̃q 0(q) G(q, P) Tu(q,p) , (5.10)

6(P) =
∫

d̃q 0(q) G(q, P) 0∗(q) , (5.11)

where the dressed resonance propagator 1∗(P) is given by

1∗(P)−1 =1(P)−1−6(P) . (5.12)

The equations above show that the complete T -matrix can be computed in a straightforward
manner, using the full-off-shell T -matrix Tu(p′, p), defined in Eq. (5.3). The renormalized
pole position

√
s = MR is determined by the condition

0=1∗(√s = MR)
−1 =1(√s = MR)

−1−6(√s = MR) . (5.13)

A diagrammatic representation of the previous derived equations for the meson-baryon ampli-
tude, potential, dressed vertex and dressed propagator is given in Figure 5.2.

5.1 Partial wave analysis

The partial wave expansions for the vertex functions 0 and 0∗ read

0(p)=√4π
∑

L ,M

0L(p) YL ,M(p̂) , 0∗(p)=
√

4π
∑

L ,M

0∗L(p) YL ,M(p̂) , (5.14)

and the partial wave expansions for the amplitude T reads

T (q,p)= 4π
∑

L ,M

TL(q, p) Y ∗L ,M(q̂) YL ,M(p̂) . (5.15)

Then, the partial wave projection of the integrals in Eqs. (5.10) and (5.11) become

0∗L(p) = 0L(p)+ 1

2π2

∫
q2dq 0L(q) G(q, P) Tu,L(q, p) ,

6L(P) = 1

2π2

∫
q2dq 0L(q) G(q, P) 0∗L(q) . (5.16)

In the following subsections it is understood that we deal with the partial wave quantities. We
suppress the angular momenta labels for notational convenience.
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a

b

c

d

e

f

T = V + V G T

V = Vu
+

∑
i Γ

∆i

Γ

T = Tu
+

∑
i Γ∗

∆∗

i

Γ∗

Tu
= Vu

+ Vu G Tu

Γ
∗ = Γ + Tu G Γ

∆∗
−1

i

[ ]−1 =

∆
−1

i

[ ]−1 – Γ G Γ
∗

1

Figure 5.2: The integral equation for the amplitude in case of a non-pole and pole potential,
a. integral equation for the amplitude Eq. (2.29), b. the potential in terms of the non-pole
and pole potential, c. the amplitude in terms of the non-pole and pole amplitude Eq. (5.9), d.
integral equation for the non-pole amplitude Eq. (5.3), e. equation for the dressed vertex Eq.
(5.10), f. equation for the dressed propagator Eq. (5.12).
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5.2 Multiplicative renormalization parameters

To start, in Eq. (5.9) the second part on the right hand side we consider to be given in terms
of the bare resonance mass M0 and the bare 1Nπ -coupling g0. We consider only the wave
function and1Nπ -vertex renormalization for the resonance, and use the multiplicative renor-
malization method. Then, since the total Lagrangian is unchanged and hermitian, unitarity is
preserved. The Z-transformation for the resonance field reads 90,µ =

√
Z29r,µ, and for the

1Nπ -coupling g0 = Zg gr , where the subscripts r and 0 refer to respectively the ’renormal-
ized, and ’bare’ field. Applied to the 1Nπ interaction this gives

LI ∼ g0
[
9̄0,µ ψ

]
∂µφ = Zg

√
Z2 gr

[
9̄r,µ ψ

]
∂µφ , (5.17)

where gr = f1Nπ is the renormalized, i.e. the physical, and g0 the unrenormalized, i.e. the
bare coupling. Introducing the renormalization constant Z1 = Zg

√
Z2, we have

LI ∼ Z1gr
[
9̄r,µ ψ

]
∂µφ = gr

[
9̄r,µ ψ

]
∂µφ+ (Z1−1)gr

[
9̄r,µ ψ

]
∂µφ . (5.18)

From the form of Eq. (5.10) it is useful at this stage to distinguish functions with the bare and
physical couplings g0 and gr . Therefore, we introduce the vertex functions

0∗u,r (p)= 0u,r (p)+
∫

d̃q 0u,r (q) G(q) Tu(q, p) , (5.19)

with the definitions

0u,r (p)= g0,r 0̄(p) , 0
∗
u,r (p)= g0,r 0̄

∗(p) , (5.20)

implying the relations

0u(p)= Zg 0r (p) , 0
∗
u(p)= Zg 0

∗
r (p) , 6u(p)= Z2

g 6r (p) . (5.21)

(i) Resonance renormalization

Working out this renormalization scheme for the baryon resonances, we start, in Eq. (5.9) with
the second part on the right hand side as given in terms of the bare resonance mass M0 and
bare 1Nπ -coupling g0. We write this part of the amplitude as

Tres(p
′, p)= 0∗u(p′)

1√
s−M0−6u(

√
s)
0∗u(p) . (5.22)

Next, we develop the denominator around the renormalized, i.e. the physical, resonance mass
MR and rearrange terms. We get

Tres(p
′, p) = 0∗u(p

′)
{√

s−M0−6u(MR)− (
√

s−MR)
∂6u

∂
√

s
. . .

}−1

0∗u(p)

= 0∗u(p
′)
{
(
√

s−MR)− (
√

s−MR)
∂6u

∂
√

s
. . .

}−1

0∗u(p)

= 0∗u(p′) Z2 0
∗
u(p)

(
√

s−MR)− 1
2(
√

s−MR)2 · Z2∂26u/(∂
√

s)2 . . .
. (5.23)
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Here, we have introduced the renormalization constant Z2 defined by

Z2 ≡
(

1− ∂6u

∂
√

s

∣∣∣∣√
s=MR

)−1

=
(

1− Z2
g
∂6r

∂
√

s

)−1

= 1+ Z2
1
∂6r

∂
√

s
. (5.24)

Note that the derivatives in Eq. (5.23) w.r.t.
√

s are evaluated at the point
√

s = MR , as is
indicated in Eq. (5.24).

Now we require that the residue at the resonance pole is given in terms of the physical
coupling, i.e. gr . In terms of the ’renormalized’ quantities the amplitude Tres of Eq. (5.22)
reads

Tres(p
′, p)= 0∗ren(p

′)
1

√
s−MR−6(2)ren(

√
s)
0∗ren(p) . (5.25)

Here we have defined the ’renormalized’ self-energy and the ’renormalized’ dressed vertex

6(2)ren ≡ Z26
(2)
u ,0∗ren(p)≡

√
Z20

∗
u(p) . (5.26)

The renormalized self-energy in the last expression in Eq. (5.23) and its first derivative are
defined to be zero at the resonance position

√
s = MR and is given by

6(2)ren(
√

s) ≡ 1

2
(
√

s−MR)
2 ∂

26ren

(∂
√

s)2

∣∣∣∣√
s=MR

+ . . .

= 6ren(
√

s)−6ren(MR)− (
√

s−MR)
∂6ren

∂
√

s

∣∣∣∣√
s=MR

. (5.27)

We notice that the imaginary part of the self-energy is not changed by the wave function
renormalization. It is straightforward to include =6(√s)in the resonance mass MR as well as
in 6ren(

√
s).

The computation of the amplitude Tres(p′, p), Eq. (5.25), using renormalized quantities
only runs as follows. From Eqs. (5.21) and (5.26) and the definition Z1 = Zg

√
Z2 the renor-

malized vertex is given by
0∗ren(p)= Z10

∗
r (p) . (5.28)

Notice that 0∗r (pR)=
∣∣0∗r (pR)

∣∣exp(iϕ∗r (pR)), and that this phase can be ignored when defin-
ing the effective decay Lagrangian in Eq. (5.18). The renormalization condition for the vertex
is that at the pole position (

√
s = MR) the renormalized vertex is given in terms of the physical

coupling constant

∣∣0∗ren(p = pR)
∣∣= gr

pR√
3

√
ER+M = Z1

∣∣gr 0̄
∗(p = pR)

∣∣ , (5.29)

which determines Z1 and, by Eq. (5.24), Z2 and Zg, now the renormalized self-energy and
the renormalized dressed vertex are known by Eq. (5.26). In passing we note that the coupling
gr = f1Nπ/mπ , and the other factors in the second expression of Eq. (5.29) are specific for a
P33-wave resonance.
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As is clear from this section one can either express all quantities in terms of the bare pa-
rameters (M0,g0) or in terms of the renormalized parameters (MR,gr ).

For the second part of this statement we now express the bare quantities in terms of the
renormalized ones. From Eqs. (5.24) and (5.29) we know Zg, thus

g2
0 = Z2

gg2
r . (5.30)

In the following, we denote the real part of the resonance mass by MR . Also, we want to
renormalize at a point which is experimentally accessible. Therefore, we choose for the renor-
malization point the real part of the resonance position,

√
s = MR , so actually we consider the

real part of the self energy, <6, in the previous derivations and from Eq. (5.23) we have

MR = M0− g2
0 <6̄(MR) , (5.31)

giving the bare mass in terms of the renormalized quantities

M0 = MR− Z2
gg2

r <6̄(MR) . (5.32)

This concludes the demonstration that one may start with the physical parameters and
compute the bare parameters (g0,M0). Of course, in exploiting M0 in order to force the pole
position at the chosen

√
s = MR to be reasonable one must have M0 > 0.

(ii) Nucleon pole renormalization

The renormalization of the nucleon pole is completely analogous to the resonance renormal-
ization, except for the renormalization point, which is now the nucleon mass and thus below
the pion-nucleon threshold. Here the Green function has no pole and is real. This implies that
<6(√sN )=6(√sN ), in contrast to the resonance case discussed above. All quantities in the
expression for the self-energy, Eq. (5.11), are real at the nucleon pole.

The renormalization condition for the vertex, analogous to Eq. (5.29), is that at the nucleon
pole position (

√
s = MN ) the renormalized vertex is given in terms of the physical coupling

constant
∣∣0∗ren(p = i pN )

∣∣=
∣∣∣∣∣gr

√
3 i pN√

EN +M

∣∣∣∣∣= Z1
∣∣gr 0̄

∗(p = i pN )
∣∣ , (5.33)

in case of ps-coupling and

∣∣0∗ren(p = i pN )
∣∣=

∣∣∣∣∣
fr

mπ

√
3 i pN√

EN +M
(
√

s+M)

∣∣∣∣∣= Z1
∣∣gr 0̄

∗(p = i pN )
∣∣ , (5.34)

in case of pv-coupling, which determines the renormalization constant Z1. In passing we note
that the factor in the second expression of Eqs. (5.33) and (5.34) is specific for a P11-wave
nucleon pole. Since the nucleon pole position lies below the pion-nucleon threshold, 0∗(i pN )

and in Eq. (5.10) 0(i pN ) and Tu(q, i pN ) are imaginary.
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5.3 Generalization to the multi-pole case

In case of multiple pole contributions we have the generalized expression for the pole potential
Eq. (5.1)

Vs(p′,p)=
∑

i

0i (p′) 1i (P) 0i (p) . (5.35)

From Eq. (5.5) one finds, using Eq. (5.35) that the pole amplitude Ts can be written as

Ts(p′,p)=
∑

i

0i (p′) 1i (P) Ai (p) . (5.36)

Substituting this again in Eq. (5.5) one finds
[
1−1

i (P)δi j −
∫ ∫

0i (p′′) H1(p′′,p′) 0 j (p′)
]
1 j (P)A j (p)= 0i (p) , (5.37)

which can be solved, and leads to the separable Ts-matrix

Ts(p′,p) =
∑

i j

0i (p′)
(
1−1(P)−

∫ ∫
0(p′′) H1(p′′,p′) 0(p′)

)−1

i j
0 j (p)

≡
∑

i j

0i (p′)
(
1−1(P)−6(P)

)−1

i j
0 j (p) , (5.38)

which obviously is a generalization of Eq. (5.7). In Eq. (5.38) the quantities 1−1(P), 0(p),
and H1(p′,p) stand respectively for a diagonal matrix, a vector, and a constant in resonance-
space. Above, we have introduced the generalized self-energy in resonance-space as

6i j (P)=
∫ ∫

0i (p′′) H1(p′′,p′) 0 j (p′) . (5.39)

5.4 Baryon mixing

In this paragraph we consider the case of two different nucleon states, called N1 and N2. Apart
from their masses they have identical quantum numbers. In particular, this applies to the (I =
1
2 , J P = 1

2
+
)-states N (940) and N (1440), i.e. the P11-wave. Obviously, the resonance-space is

two-dimensional. Starting with the ’bare’ states N1 and N2 these states will communicate with
each other through the transition to the πN -states, and will themselves not be eigenstates of the
strong Hamiltonian. The eigenstates of the strong Hamiltonian are identified with the physical
states N (940) and N (1440), which are mixtures of N1 and N2. To perform the renormalization
similarly to the case with only one resonance, we have in order to define the physical couplings
at the physical states to diagonalize the propagator. This can be achieved using a complex
orthogonal 2×2-matrixO,OÕ= ÕO= 1. We can write, similar to Pascalutsa and Tjon [18],

O =
(

cosχ sinχ
−sinχ cosχ

)
, (5.40)
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where χ is the complex (N1,N2)-mixing angle. Now, since N1 and N2 have the same quan-
tum numbers, apart from their couplings and masses, their πN -vertices are isomorphic. This
implies that the self-energy matrix in Eq. (5.39) can be written as 2

(
611(P) 612(P)
621(P) 622(P)

)

u
=
(

g2
N1 Nπ gN1 NπgN2 Nπ

gN1 NπgN2 Nπ g2
N2 Nπ

)

u

· 6̄(P) , (5.41)

while for the vertices we have
(
0N1

0N2

)

u
=
(

gN1 Nπ

gN2 Nπ

)

u
· 0̄ . (5.42)

The propagator in Eq. (5.38) is diagonalized by the angle

χ(P) = 1

2
arctan

{
2

(
gN1 Nπ

gN2 Nπ
− gN2 Nπ

gN1 Nπ
− MN2−MN1

gN1 NπgN2 Nπ6(P)

)−1

u

}
. (5.43)

We write 6 =6u in the following for notational convenience. The corresponding eigenvalues
are

1∗(P)−1(±) = √s− 1

2
(M0,1+M0,2)−6(±, P) ,

6(±, P) = 1

2

[
(611+622)±

√(
M0,2−M0,1+622−611

)2+462
12

]
. (5.44)

Here, we denoted the unrenormalized masses by M0,1 = MN1 for the nucleon, and by M0,2 =
MN2 for the Roper-resonance. Likewise, the unrenormalized couplings are denoted as g0,1 ≡
gN1 Nπ,u and g0,2 ≡ gN2 Nπ,u . Then, for example 6i, j (P) = g0,i g0, j 6̄(P). The resonance
amplitude Tres is a generalization of the second term in Eq. (5.9) and can be rewritten as
follows

Tres(p
′, p) =

∑

i j

0∗i (p
′) 1∗i j (P)0

∗
j (p)

=
∑

i

(
0∗(p′)O

)
i

(
Õ1∗(P)O

)
i j

(
Õ0∗(p)

)
j

=
∑

α=±

(
0∗(p′)O

)
α

d−1
α (P)

(
Õ0∗(p)

)
α
, (5.45)

where the diagonalized propagator is

dα(P) =
√

s− 1

2
(M0,1+M0,2)−6(α, P) . (5.46)

Unlike in [45] we renormalize the eigenstate α = (−) at the nucleon pole, and the eigenstate
α = (+) at the Roper-resonance position. That is the reason why we formulate the procedure

2Notice that we distinguish the nucleon in the πN -state from N1,2-states.
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in terms of the ’bare’ or unrenormalized parameters and not directly in terms of the physical
parameters. This way we can utilize Eqs. (5.41) and (5.42). As we will see, we get four
equations from the renormalization conditions on the masses and couplings, with the set of
four unknowns

{
M0,1,M0,2,g0,1,g0,2

}
.

For both α-solutions we have, using M0 = (M0,1+M0,2)/2, that the resonance amplitude
is

Tres(α) = 0∗u(α, p′)
1√

s−M0−6(α,√s)
0∗u(α, p)

= 0∗u(α, p′)
{√

s−M0−6(α,MR(α))− (
√

s−MR(α))
∂6(α)

∂
√

s
. . .

}−1

0∗u(α, p)

= 0∗u(α, p′)
{
(
√

s−MR(α))− (
√

s−MR(α))
∂6(α)

∂
√

s
. . .

}−1

0∗u(α, p)

= 0∗u(α, p′) Z(α) 0∗u(α, p)

(
√

s−MR(α)− 1
2(
√

s−MR(α))2 · Z(α)∂26(α)/(∂
√

s)2 . . .
, (5.47)

here we introduced the renormalization constants Z(α) defined by

Z(α)≡
(

1− ∂6(α)
∂
√

s

∣∣∣∣√
s=MR(α)

)−1

. (5.48)

Also we can define 6ren(α, p)≡ Z(α)6(α, p) similar to Eq. (5.26). Analogous to Eq. (5.27)
we introduce the ’renormalized’ self-energy by

6(2)ren(α,
√

s) = 6ren(α,
√

s)−6ren(α,MR(α))− (
√

s−MR(α))
∂6ren(α)

∂
√

s

∣∣∣∣√
s=MR(α)

= 1

2
(
√

s−MR(α))
2 ∂

26ren(α)

(∂
√

s)2

∣∣∣∣√
s=MR(α)

+ . . . . (5.49)

The resonance amplitude Tres(α) in Eq. (5.47) in terms of the renormalized quantities reads

Tres(α) = 0∗ren(α, p′)
1

√
s−MR(α)−6(2)ren(α,

√
s)
0∗ren(α, p) , (5.50)

where the renormalized vertex is

0∗ren(α, p)≡
√

Z(α) 0∗u(α, p) . (5.51)

The renormalization is now performed by application of the following renormalization condi-
tions:

(i) Mass-renormalization: The physical masses MR(α) are given implicitly by

MR(α)= M0+6
(
α,
√

s = MR(α)
)
, (α =±) . (5.52)
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(ii) Coupling-renormalization: The physical coupling constants gr (α) are given by
∣∣∣∣ lim√

s→MR(α)

(√
s−MR(α)

)
Tres(α)

∣∣∣∣ =
∣∣0∗ren(α, pR)

∣∣2

= Z(α)
∣∣0∗u(α, pR)

∣∣2 ≡ ḡ2
r (α) . (5.53)

Eqs. (5.52) and (5.53) constitute four equations. These can be solved for the four bare param-
eters

{
M0,1,M0,2,g0,1,g0,2

}
using as input the physical masses and coupling constants. We

get

g0,1 = g0,1
[
gr (+),gr (−);MR(+),MR(−)

]
,

g0,2 = g0,2
[
gr (+),gr (−);MR(+),MR(−)

]
,

M0,1 = M0,1
[
gr (+),gr (−);MR(+),MR(−)

]
,

M0,2 = M0,2
[
gr (+),gr (−);MR(+),MR(−)

]
. (5.54)

From these we obtain the renormalization constants:

Zg(−)≡ g0,1/gr (−) , Zg(+)≡ g0,2/gr (+) . (5.55)

Notice that after the diagonalization of the propagator we have two uncoupled systems α =±.
Therefore, it is natural to define, in analogy with the single resonance case, the Z1(α)-factors
by

0∗ren(α, p)=
√

Z2(α) 0
∗
u(α, p)≡ Z1(α) Z−1

g (α) 0∗u(α, p)≡ Z1(α) 0
∗
r (α, p) , (5.56)

where Z2(α) ≡ Z(α). Rotating back to the basis (N1,N2) we find the Z -transformation on
the original basis before the diagonalization of the propagator. This Z -transformation on the
unmixed fields is a 2×2-matrix. Note, that in Eqs. (5.55) and (5.56) we have defined several
Z -factors suggestively. In order to find out how these constants are related to the Z -matrices
alluded to above, we would have to work out this Z -transformation in detail. This we do not
attempt, since it is not really necessary here.

From the input of the four physical parameters {MR(α),gr (α)} one computes the bare
parameters. Using the latter one computes 6ren(α,

√
s) and 0∗ren(α, p). This defines the reso-

nance part of the amplitudes unambiguously.

The four equations in Eqs. (5.52) and (5.53) can be solved numerically as follows. We
write them schematically in the form

0= ai − fi (x1, x2, x3, x4) (i = 1,2,3,4) , (5.57)

where the x-components are the unrenormalized parameters, and the a-components the renor-
malized parameters. The solution of the equations is achieved by minimization of the squared
distances χ2

i = (ai − fi (x))2. Variation of the unrenormalized parameters from a set of start
initial values x0 = (x1(0), . . . , x4(0) gives

χi (x0+1x)≈ χi (x0)+ ∂χi

∂x p

∣∣∣∣
x=x0

1x p . (5.58)
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Then the squared distance is

χ2(x0+1x)=
∑

i

χ2
i (x0+1x) ≈

∑

i

χ2
i (x0)+2

∑

i

χi (x0)
∑

p

∂χi

∂x p
1x p

+
∑

p,q

(∑

i

∂χi

∂x p

∂χi

∂xq

)
1x p1xq . (5.59)

Searching for a minimum, we require 0= ∂χ 2/∂1xk , which gives the equations

0=
∑

i

χi (x0)
∂χi

∂xk
+
∑

q

∑

i

∂χi

∂xq

∂χi

∂xk
1xq . (5.60)

Introducing the matrix α by

αk,q =
∑

i

∂χi

∂xk

∂χi

∂xq
, (5.61)

we get an estimate for 1x p by solving the linear equations

1x p =−
(
α−1

)
pq

∑

i

χi (x0)
∂χi

∂xq
. (5.62)

Now one checks in the new point x = x0+1x the total χ2. When this is not small enough one
iterates further, until a minimum is reached.
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Chapter 6

The πN interaction

In this chapter we show the results of the fit of the soft-core πN model to the most recent
energy-dependent phase shift analysis (SM95) of Arndt et al. [1], which incorporates scatter-
ing data up to laboratory kinetic energy Tlab = 2.1 GeV . We find a good agreement between
the calculated and empirical phase shifts, up to Tlab = 600 MeV for the lower partial waves.

The results of the fit to the Arndt phase shifts are shown in Figure 6.5. The soft-core πN
model phase shifts are also compared with the Karlsruhe-Helsinki phase shift analysis (KH80),
Koch and Pietarinen [46], in Figure 6.6. The fitted and fixed parameters of the soft-core model
are given in Tables 6.3 and 6.4.

Some results of the renormalization procedure for the s-channel diagrams, discussed in
Chapter 5, are given. The bare coupling constants and masses are listed in Table 6.4, and the
energy dependence of the renormalized self energy of the nucleon and 1 are shown in Figure
6.4.

6.1 Introduction

The interaction between a pion and a nucleon has been investigated experimentally as well
as theoretically for many years. For the early literature we would like to refer to Chew and
Low [47], who presented one of the best early models that described the low energy P-wave
scattering successfully, Hamilton [48] and the book of Bransden and Moorhouse [49].

Although the underlying dynamics of strong hadron interactions in general and the πN
interaction specifically are believed to be given by quark-gluon interactions, it is in principle
not possible to use these degrees of freedom to describe the low and intermediate energy
strong interactions. This problem is related to the phase transition between low energy and
high energy strong interactions and the nonperturbative nature of confinement. Instead an
effective theory with meson and baryon degrees of freedom must be used to describe strong
interaction phenomena at low and intermediate energies, at these energies the detailed quark-
gluon structure of hadrons is expected to be unimportant.

In particular meson-exchange models have proven to be very successful in describing the
low and intermediate energy baryon-baryon interactions for the N N and Y N channels [50,
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51, 52]. Similarly it is expected that this approach can also successfully be applied to the
meson-baryon sector, i.e. πN , K N , K̄ N , etc...

The last decade the low and intermediate energy πN interaction has been studied theo-
retically, analogous to the N N interaction, in the framework of meson-exchange by several
authors [53, 54, 55, 56, 57, 58, 18]. The K N interaction has been investigated in this frame-
work only by the Jülich group [59, 19] and in this thesis. In the same way as the Nijmegen
soft-core Y N model was derived in the past as an SU f (3) extension of the Nijmegen soft-core
N N model, we present a soft-core K N model which is an SU f (3) extension of the soft-core
πN model given in this chapter. This will be discussed in the next chapter.

The above πN meson-exchange models have in common that besides the nucleon pole
terms also the 1 pole terms are included explicitly, i.e. the 1 is not considered to be purely
dynamically generated as a quasi-bound πN state, which might be possible if the πN po-
tential is sufficiently attractive in the P33 wave. This possibility was investigated in the past
by [60, 61]. From the quark model point of view the 1 resonance and other resonances are
fundamental three-quark states and should be treated on the same footing as the nucleons.

We remark that the exact treatment of the propagator of the 1 and its coupling to πN is
different in each model, Schütz et al [55]. use the same coupling and propagator for the 1 as
we do.

The above πN models differ, however, in the treatment of the other resonances, P11(1440),
S11(1535), etc... Gross and Surya [54] include the Roper resonance P11(1440) explicitly but
the S11(1535) resonance is generated dynamically in their model, which gives a good descrip-
tion of the experimental data up to Tlab = 600 MeV. Schütz et al. [55] do not include the Roper
resonance explicitly but generate it dynamically. However their model describes the πN data
only up to Tlab = 380 MeV, and in this energy region the Roper is not expected to contribute
much. Pascalutsa and Tjon [18] include the above resonances explicitly in their model in order
to find a proper description of the experimental data up to Tlab = 600 MeV.

The resonances that are relevant in the energy region we consider, the1(1232), P11(1440)
and S11(1535), are included explicitly in the soft-core πN model, using the renormalization
method described in Chapter 5.

Several other approaches to the πN interaction can be found in the literature, quark mod-
els have been used to describe πN scattering [62]. Also models in the framework of chiral
perturbation theory exist, however, heavier degrees of freedom, such as vector mesons, are in-
tegrated out in this framework. We do not integrate out these degrees of freedom, but include
them explicitly in the soft-core model.

For the πN interaction accurate experimental data exist over a wide range of energy and
both energy-dependent and energy-independent phase shift analyses of that data have been
made, [1, 46]. Several partial wave analyses for the πN interaction as well as for other inter-
actions are available at http://gwdac.phys.gwu.edu/ (SAID).

http://gwdac.phys.gwu.edu/
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6.2 The soft-core πN model

Our potential for the πN -interactions consists of the one-meson-exchange and one-baryon-
exchange Feynman diagrams, derived from effective meson-baryon interaction Hamiltonians,
see Chapter 4. The diagrams contributing to the πN potential are given in Figure 6.1. The
partial wave potentials together with the pion-nucleon Green function constitute the kernel of
the integral equation for the partial wave T -matrix, Eq. (3.17), which is solved numerically to
find the observable quantities or the phase shifts. We solve the partial wave T -matrix by matrix
inversion and we use the method introduced by Haftel and Tabakin [63] to deal numerically
with singularities in the physical region in the Green function, for details we refer to Appendix
E.

N, N∗, ∆

+

N, N∗, ∆

+
ρ, σ, f0, P

f2, f
′

2

1

Figure 6.1: Contributions to the πN potential from the s-, u- and t-channel Feynman diagrams.
The external dashed and solid lines are always the π and N respectively.

The interaction Hamiltonians from which the Feynman diagrams are derived, given in
Chapter 4, are explicitly given below for the πN system. We use the pseudovector coupling
for the N Nπ vertex

HN Nπ = fN Nπ

mπ+

(
N̄γ5γµτ N

) · ∂µπ , (6.1)

the same structure is used for the Roper, and for the S11(1535) we use a similar coupling
where the γ5 is omitted. The N Nπ coupling constant is quite well determined and is fixed in
the fitting procedure. For the N1π vertex we use the conventional coupling

HN1π = fN1π

mπ+

(
N̄T1µ

) · ∂µπ+H.c. , (6.2)

where T is the transition operator between isospin- 1
2 isospin-3

2 states [42]. The only vector
meson exchanged in πN scattering is the ρ. The N Nρ and ππρ couplings we use are

HN Nρ = gN Nρ
(
N̄γµτ N

) ·ρµ+ fN Nρ

4M
(
N̄σµντ N

) · (∂µρν− ∂νρµ) ,

Hππρ = gππρ
2
ρµ ·π×

↔
∂
µ

π , (6.3)
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we remark that the vector meson dominance model predicts the ratio of the tensor and vector
coupling to be κρ = fN Nρ

gN Nρ
= 3.7, but in πN models it appears to be considerably lower [53, 57,

58, 18]. We also find a lower value for κρ , see Table 6.3. The scalar meson couplings have the
simple structure

HN Nσ = gN Nσ N̄ Nσ , (6.4)

Hππσ = gππσ
2

mπ+σπ ·π . (6.5)

In contrast with the other πN models, we consider the scalar mesons as genuine SU f (3)
octet particles. Therefore not only the σ is exchanged but also the f0(975) having the same
structure for the coupling, both giving an attractive contribution. The contribution of σ ex-
change is, however, much larger than the contribution of f0 exchange. A repulsive contribu-
tion is obtained from Pomeron exchange, also having the same structure for the coupling. The
contributions of the Pomeron and the scalar mesons cancel each other almost completely, as
can be seen in the figures for the partial wave potentials, Figure 6.3. This cancellation is im-
portant in order to comply with the soft-pion theorems for low-energy pion-nucleon scattering
[22, 23]. The σ and the ρ are treated as broad mesons, for details about the treatment we refer
to [64].

The σ is not considered as an SU f (3) particle in the other πN models, but e.g. as an effec-
tive representation of correlated two-pion exchange [55, 56, 18], in that case its contribution
may be repulsive in some partial waves.

We consider the exchange of the two isoscalar tensor mesons f2 and f ′2, the structure of
the couplings we use is

HN N f2 =
[

i F1N N f2

4
N̄

(
γµ
↔
∂ν +γν

↔
∂µ

)
N − F2N N f2

4
N̄
↔
∂µ
↔
∂ν N

]
f µν2 ,

Hππ f2 =
gππ f2

mπ+
f µν2

(
∂µπ · ∂νπ

)
, (6.6)

and the coupling of f ′2 is similar to the f2 coupling. Similar as for the scalar mesons f0 and σ ,
the f ′2 contribution is very small compared to the f2 contribution.

The spin-space structure of the amplitudes resulting from these interaction Hamiltonians is
given in Chapter 4. The isospin structure results in the isospin factors for a given total isospin
of the πN system, listed in Table 6.1, see also Appendix B for a derivation of the isospin
factors. The spin-space amplitudes of Chapter 4 need to be multiplied by these isospin factors
to find the complete πN amplitude. The masses, coupling constants and cut-off masses of the
soft-core πN model that were fixed or fitted to the experimental data are given in Table 6.3.

Summarizing we consider in the t-channel the exchanges of the scalar mesons σ , f0, the
Pomeron, the vector meson ρ and the tensor mesons f2 and f ′2 , and in the u- and s-channel
the exchanges of the baryons N, 1, N ∗ (Roper) and S11. The exchanges are given diagram-
matically in Figure 6.1.

The latter two resonances were included in soft-core πN model to give a good description
of the P11- and S11-wave phase shifts at higher energies, their contribution at lower energies is
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Exchange I = 1
2 I = 3

2
σ, f0, f2, f ′2 1 1

ρ -2 1
N (s− channel) 3 -
N (u− channel) -1 2
1(s− channel) - 1
1(u− channel) 4

3
1
3

Table 6.1: The isospin factors for the various exchanges for a given total isospin I of the πN
system, see Appendix B.

small. These resonances were also included in the model of Pascalutsa and Tjon [18].

It is instructive to examine the relative strength of the contributions of the various ex-
changes for each partial wave. The on shell partial wave potentials are given for each partial
wave in Figure 6.3. The pole contributions for the1, Roper and S11 are omitted from the P33-,
P11- and S11-wave respectively to show the other contributions more clearly.

We remark that for the s-channel diagrams only the positive energy intermediate state
develops a pole and is nonzero only in the partial wave having the same quantum numbers
as the considered particle. The negative energy intermediate state (background contribution),
which is also included in a Feynman diagram, see Figure 6.2, does not have a pole and may
contribute to other waves having the same isospin. These background contributions from the
nucleon and 1 pole to the S11- and S31-wave respectively are not small.

The Pomeron-σ cancellation is clearly seen in all partial waves. The nucleon exchange is
quite strong in the P-waves, except for the P11-wave where the nucleon pole is quite strong
and gives a repulsive contribution, which causes the negative phase shifts at low energies in
this wave. The change of sign of the phase shift in the P11-wave is caused by the attractive ρ
and 1 exchange.

The s-channel1 exchange dominates the P33 -wave, but also a large contribution is present
in the S31-wave and a small contribution in the P31-wave is seen. This contribution results from
the spin-1/2 component of the Rarita-Schwinger propagator. The 1 exchange is present in all

=

a

+

b

1

Figure 6.2: The two time-ordered contributions a and b to the s-channel Feynman graph.
Graph a represents the positive energy intermediate state that develops a pole. Graph b repre-
sents the negative energy intermediate state.
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Figure 6.3: The total πN partial wave potentials VL as a function of Tlab [MeV] are given by
the solid line. For the S11-, P11- and P33-wave the resonance pole and total contributions are
omitted. The various contributions are a. the long dashed line: ρ, b. short dashed line: scalar
mesons and Pomeron, c. the dotted line: nucleon exchange, d. the long dash-dotted line: 1
exchange, e. the short dash-dotted line: tensor mesons, f. the double dashed line: nucleon or
1 pole, g. the triple dashed line: Roper pole.
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Figure 6.4: The renormalized self energy6(2)ren [MeV] of Eqs. (5.49) and (5.27) for the nucleon
and the1 as a function of Tlab [MeV]. The real part is given by the solid line and the imaginary
part is given by the dashed line.
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partial waves. A significant contribution of ρ exchange is seen in all partial waves, except
the P33-wave, which is dominated by nucleon exchange and of course the 1 pole. A modest
contribution from the tensor mesons is seen in all partial waves.

When solving the integral equation for the T -matrix, the propagator and vertices of the
s-channel diagrams get dressed. The renormalization procedure, described in Chapter 5, de-
termines the bare masses and coupling constants in terms of the physical parameters. The
physical parameters and bare parameters obtained from the fitting procedure are given in Ta-
bles 6.3 and 6.4 respectively.

The self-energy of the baryons in the s-channel is renormalized, ensuring a pole at the
physical mass of the baryons. For the nucleon and the 1 we show the energy dependence of
the real and imaginary part of the renormalized self-energy in Figure 6.4. This figure clearly
shows that the real part of the renormalized self-energy of the1 and its derivative vanish at the
1 pole, by definition. This is of course also the case for the nucleon renormalized self-energy,
however, the nucleon pole lies below the πN threshold.

6.3 Results and discussion for πN scattering

We have fitted the soft-core πN model to the energy dependent partial wave analysis of Arndt
et al. [1] up to pion kinetic laboratory energy Tlab= 600 MeV. The results are shown in Figures
6.5 and 6.6, which show the calculated and empirical phase shift for the SM95 [1] and KH80
[46] phase shift analyses respectively. The calculated and empirical scattering lengths for the
S- and P-waves, obtained from the partial wave analyses [1, 46], are listed in Table 6.2.

A good agreement between the soft-core πN model and the empirical phase shifts is found,
but at higher energies some deviations are observed in some partial waves. These deviations
may be caused by inelasticities, which become important at higher energies and have not been
considered in this model. The scattering lengths have been reproduced quite well, except for
the I = 1

2 P-waves, here the soft-core model scattering lengths deviate a little from [1].

First we attempted to generate the 1 resonance in the P33-wave dynamically, however, it
was not possible to find the correct energy behavior for the P33 phase shift. Then we consid-

Scat. length Model SM95 [1] KH80 [46]
S11 0.171 0.172 0.173±0.003
S31 -0.096 -0.097 -0.101±0.004
P11 -0.060 -0.068 -0.081±0.002
P31 -0.037 -0.040 -0.045±0.002
P13 -0.031 -0.021 -0.030±0.002
P33 0.213 0.209 0.214±0.002

Table 6.2: The calculated and empirical πN S-wave and P-wave scattering lengths in units of
m−1
π and m−3

π .
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Figure 6.5: The S-wave and P-wave πN -phase shifts δ [degrees] as a function of Tlab [MeV].
The empirical phases are from the SM95 phase shift analysis, the dots are the multi energy
phase shifts and the triangles with error bars are the single energy phase shifts. The soft-core
πN model is given by the solid lines, the dashed line is the model without tensor mesons.
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Exchange Coupling Constants Mass [MeV] 3 [MeV]

ρ
gN Nρgππρ

4π = 1.333 fN Nρ
gN Nρ
= 2.121 770.00∗ 838.36

σ
gN Nσ gππσ

4π = 26.196∗ 760.00∗ 1126.46
f0

gN N f0 gππ f0
4π = −1.997∗ 975.00∗ 1126.46

f2
gN N f2 gππp2

4π = 0.157∗ fN N f2
gN N f2

= 0.382∗ 1270.00∗ 411.94

f ′2
gN N f ′2

gππ f ′2
4π = 0.003∗

fN N f ′2
gN N f ′2

= 3.393∗ 1525.00∗ 411.94

Pomeron gN N P gππ P
4π = 4.135 315.32

N
f 2
N Nπ
4π = 0.075∗ 938.27∗ 665.37

1
f 2
N1π
4π = 0.478 1254.38 603.22

N ∗ f 2
N N∗π
4π = 0.023 1439.68 665.37

S11
f 2
N S11π

4π = 0.003 1567.14 653.46

Table 6.3: Soft-core πN model parameters: the coupling constants, masses and cut-off masses
of the exchanged particles. Numbers with an asterisk were fixed in the fitting procedure.

ered the 1 resonance, at least partially, as a three-quark state and included it explicitly in the
potential, as is done in the modern pion-nucleon literature, and immediately found the correct
energy behavior for the P33 phase shift. The other resonances have been treated in the same
way.

We use six different cut off masses, which are free parameters in the fitting procedure. For
the nucleon N (938) and the Roper N ∗(1440) resonance we use the same cut off mass, for the
two scalar mesons we use the same cut off mass and also for the two tensor mesons the same
cut off mass is used. The masses of the mesons and the nucleon have been fixed in the fitting
procedure, but the masses of the resonances are free parameters.

Table 6.3 shows that the pole positions of these resonances are not necessarily exactly the
same as the resonance positions, due to the non-resonance part of the amplitude, see Eq. (5.9).
The 1 and Roper resonate at respectively

√
s = 1232 MeV and

√
s = 1440 MeV while the

poles are located at
√

s = 1254 MeV and
√

s = 1440 MeV respectively.
In order to obtain a good fit, we had to introduce an off-mass-shell damping for the u-

channel 1-exchange, we used the factor e
(
u−M2

1

)
γ 2/M2

1 , where γ was a free parameter in the
fitting procedure and was found to be γ = 1.18.

Only the product of two coupling constants are determined in the fitting procedure. There-
fore the triple-meson coupling constants are fixed at the value calculated from their decay
width, see subsection 6.3.1, and the baryon-baryon-meson coupling constant is a free param-
eter in the fitting procedure. The resonance coupling constants are first calculated from their
decay width, see subsection 6.3.1, but are also treated as free parameters. The fitted values
deviate only a little from the calculated values.

The soft-core πN model has 17 free physical fit parameters; 3 meson and Pomeron cou-
pling constants, 6 cut off masses, 4 masses, 3 decay coupling constants and γ . The val-
ues of the coupling constants, listed in Table 6.3, are in good agreement with the litera-
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Exchange Bare Coupling Constants Bare Mass [MeV]

N
f 2
0N Nπ
4π = 0.013 1186.53

1
f 2
0N1π
4π = 0.167 1399.12

N ∗ f 2
0N N∗π

4π = 0.015 1831.21

S11
f 2
0N S11π

4π = 0.018 1774.38

Table 6.4: Renormalization parameters: bare masses and coupling constants. The renormal-
ization conditions determine the bare parameters in terms of the model parameters of Table
6.3 .

ture; gN Nρ = 0.83 and gN Nσ = 2.57 . However, the tensor coupling constant for the ρ,
fN Nρ/gN Nρ = 2.12 is small compared with values obtained in N N models and the vector
dominance value of 3.7. Other πN models, [18, 53], also suffer from this problem. The N Nπ
coupling constant, which is quite well determined in the N N interaction, has been fixed in
the soft-core πN model. We notice that for the tensor mesons we used the coupling constants
gT =MF1+M2 F2 and fT =−M2 F2 in Table 6.3.

The two conditions in the renormalization procedure for the pole contributions result in the
two renormalization constants, listed in Table 6.4, the bare coupling constant and mass. These
constants are determined by the soft-core model, via the renormalization conditions. We found
the bare coupling constants to be smaller than the physical coupling constants except for the
S11 resonance. The bare masses are larger then the physical masses for each type of exchange,
the interaction shifts the bare mass down to the physical mass. Pascalutsa and Tjon [18] find
a larger physical mass than bare mass for the Roper. This is probably caused by the choice of
the renormalization point. They renormalize the Roper contribution at the nucleon pole, we
think it is more natural to perform the renormalization at the Roper pole.

Besides the presented soft-core πN model, we also considered a model that does not con-
tain tensor mesons. We fitted this model to the empirical phase shifts and the results of the
fit are given by the dashed lines in Figures 6.5 and 6.6. We notice that in two partial waves a
noticeable difference can be seen between the two models, the S11 partial wave is described
better by this model than by the soft-core πN model. It is hard to say which model works
better for the P13 partial wave, since the single energy phase shifts have large error bars and
both models are in agreement with the P13 phase shifts. The tensor mesons are important for a
good description of the K N data, this is shown in the next chapter. The πN scattering lengths
are approximately the same for both models.

The parameters belonging to this model are listed in Table 6.5, and the bare masses and
coupling constants are given in Table 6.6. The values of these parameters are essentially the
same as the soft-core πN parameters.

Since the S-wave scattering lengths are reproduced well, the soft-pion theorems for low-
energy pion-nucleon scattering [22, 23] are satisfied in the soft-core πN model, without the
need for a derivative coupling for the ππσ -vertex, as was claimed by Pascalutsa and Tjon
[18]. In view of chiral perturbation theory inspired models, the chiral c1-, c3- and c4-terms are
described implicitly by the soft-core πN model, since this model gives a good description of
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Exchange Coupling Constants Mass 3

ρ
gN Nρgππρ

4π = 1.282 fN Nρ
gN Nρ
= 1.730 770.00∗ 716.82

σ
gN Nσ gππσ

4π = 26.196∗ 760.00∗ 864.22
f0

gN N f0 gππ f0
4π = −1.997∗ 975.00∗ 864.22

Pomeron gN N P gππ P
4π = 4.453 295.73

N
f 2
N Nπ
4π = 0.075∗ 938.27∗ 728.10

1
f 2
N1π
4π = 0.470 1248.54 659.09

N ∗ f 2
N N∗π
4π = 0.021 1440.71 728.10

S11

f
N S2

11π

4π = 0.003 1556.64 482.43

Table 6.5: Parameters of the soft-core πN model without tensor mesons: the coupling con-
stants, masses and cut-off masses (in MeV) of the exchanged particles. Numbers with an
asterisk were fixed in the fitting procedure.

Exchange Bare Coupling Constants Bare Mass

N
f 2
0N Nπ
4π = 0.011 1203.40

1
f 2
0N1π
4π = 0.159 1417.22

N ∗ f 2
0N N∗π

4π = 0.022 1943.64

S11

f
0N S2

11π

4π = 0.016 1601.58

Table 6.6: Renormalization parameters of the soft-core πN model without tensor mesons:
bare masses (in MeV) and coupling constants. The renormalization conditions determine the
bare parameters in terms of the model parameters of Table 6.3.

the empirical phase shifts.

6.3.1 Decay coupling constants

The physical coupling constants of the resonances included in the soft-core πN model can
be estimated by relating the width of the resonance to the T -matrix element of its decay into
two particles, in this case πN . This relation for the two-particle decay is derived in [26], the
two-particle width is

0(p) = p

4M2

∫
d cosθ

4π

∑

σ

|T |2 , (6.7)

where M is the resonance mass and the absolute square of the T -matrix is summed over the
nucleon spin. The decay processes 1→ πN , N ∗→ πN and S11→ πN is considered in or-
der to find an estimate for the coupling constants fπN1, gπN N∗ and gπN S11 respectively. The
T -matrix elements of the various decays in lowest order can be calculated using the interac-
tion Hamiltonians defined in Chapter 4 and Eq. (6.7) gives us the estimates for the coupling
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constants

f 2
πN1

4π
= 3

M1

E+M

m2
π+0

p3
' 0.39 ,

f 2
πN N∗

4π
= 2

3

m2
π+(

MR11+M
)2
(E+M)MR110

p3
' 0.023 ,

f 2
πN S11

4π
= 2

3

m2
π+(

MS11−M
)2

MS11

E+M

0

p
' 0.004 . (6.8)

The numerical values are obtained by using the Breit-Wigner masses and widths from the
Particle Data Group. In fitting the data, the fitted values for the resonance masses and coupling
constants should not differ too much from the values above.

The coupling constant for the decay of the ρ, σ and f2 into two pions can be estimated in
the same way using the triple meson interaction Hamiltonians defined in Chapter 4, we find

g2
ππρ√
4π
= 3

2
m2
ρ

0

p3
' 1.70 ,

g2
ππσ√
4π
= 2

m2
σ

m2
π+

0

p
' 10.6 ,

g2
ππ f2√
4π

= 15

16
m2

f2
m2
π+
0

p5
' 0.224 . (6.9)
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Chapter 7

The K+N interaction

In this chapter we present the soft-core kaon-nucleon (K N ) model, which is obtained by an
SU f (3) extension of the soft-core πN model. With kaons we mean the positive strangeness
kaons K+ = us̄ and K 0 = ds̄. The negative strangeness kaons K− = ūs and K̄ 0 = d̄s are
referred to as antikaons, and are not considered in this thesis.

We show the results of the fit of the soft-core K N model to the energy-dependent phase
shift analysis (SP92) of Hyslop et al. [2], which incorporates scattering data up to laboratory
kinetic energy Tlab = 2.65 GeV. The soft-core model phase shifts are also compared with the
single energy phase shift analyses of Hashimoto [65] and Watts et al. [66]. We find a fair
agreement between the calculated and empirical phase shifts, up to Tlab = 600 MeV for the
lower partial waves. The results of the fit are shown in Figures 7.4 and 7.5 and the fitted and
fixed parameters of the soft-core K N model are given in Table 7.3.

Since the various phase shift analyses [2, 65, 66] are not always consistent and have quite
large error bars, we also give a comparison between the experimental observables (total cross
sections, differential cross sections and polarizations) and their model predictions. The total
elastic cross sections for both the isospin I = 0 and I = 1 channel up to Tlab=600 MeV are
shown in Figure 7.6. The differential cross sections for the elastic processes K+ p→ K+ p
and K+n→ K+n at various values of Tlab can be found in Figures 7.7 and 7.8. For the same
elastic processes, the polarizations at various values of Tlab are shown in Figure 7.9.

7.1 Introduction

Contrary to pions, the kaon (K ) and antikaon (K̄ ) interaction with the nucleons is completely
different. This is due to the difference in strangeness, which is conserved in strong interactions.
Kaons have strangeness S= 1, meaning that they contain an s̄-quark and a u- or d-quark in case
of K+ and K 0 respectively. Antikaons have strangeness s = −1, meaning that they contain
an s-quark and a ū- or d̄-quark in case of K− and K̄ 0 respectively. Since the ū- or d̄-quark of
the antikaon can annihilate with a u- or d-quark of the nucleon, the K̄ N interaction is strong
because low-lying resonances can be produced, giving a large cross section. This situation can
be compared with the 1-resonance in πN interactions.

The s̄-quark of the kaon can not annihilate with one of the quarks of the nucleon in strong
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interactions, therefore three-quark resonances can not be produced, only heavy exotic five-
quark (qqqqq̄) resonances (referred to as Z ∗ in the old literature or the pentaquark 2+ in the
new literature) can be formed, so the K N interaction is weak at energies below the energy of
Z∗. The cross sections are not large and the S-wave phase shifts are repulsive.

However, in four recent photo-production experiments [3, 67, 68, 69] indications are found
for the existence of a narrow exotic S = 1 light resonance in the I = 0 K N system with√

s ' 1540 MeV and 0 ≤ 25 MeV. The existence of such an exotic resonance was predicted
by Diakonov et al. [70], they predicted the exotic resonance to have a mass of about 1530
MeV and a width of less than 15 MeV and spin-parity J P = 1

2
+

.
The existing K N scattering data, which we use to fit the soft-core K N model, does, how-

ever, not show this low-lying exotic resonance. On the other hand, this exotic resonance has
not been searched for at low energies in the scattering experiments. At these energies not much
scattering data exists and a narrow resonance could have escaped detection.

For the early literature on the K+N interaction we would like to refer to the review article
by Dover and Walker [71]. The K+N interaction has been studied a few years ago by the
Jülich group, they presented a model in the meson-exchange framework, Bütgen et al. [59]
and Hoffmann et al. [19], in analogy to the Bonn N N model [72].

In [59] a reasonable description of the empirical phase shifts is obtained, here not only
single particle exchanges, (σ ,ρ,ω,3,6,Y ∗), are included in the K N model, also fourth-order
processes with N ,1,K and K ∗ intermediate states are included in analogy to the Bonn NN
model, in which σ -exchange effectively represents correlated two-pion-exchange. Coupling
constants involving strange particles are obtained from the known N Nπ and ππρ coupling
constants assuming SU (6) symmetry.

However an exception had to be made for the ω-coupling, which had to be increased by
60% in order to find enough short-range repulsion and to obtain a reasonable description of
the S-wave phase shifts, model A. But this also caused too much repulsion in the higher partial
waves and it was concluded that the necessary repulsion had to be of much shorter range.
In model B the ω coupling was kept at its symmetry value and a phenomenological short-
ranged repulsive σ0 with a mass of 1200 MeV was introduced, which led to a more satisfactory
description of the empirical phase shifts.

In [19] the model of [59] is extended by replacing the σ - and ρ-exchange by the correlated
two-pion-exchange. A satisfactory description of the experimental observables up to Tlab=600
MeV, having the same quality as in [59], is achieved. Just as in [59] the phenomenological
short ranged σ0 was needed in this model in order to keep the ω coupling at its symmetry
value. Bütgen et al. suggest that this short ranged σ0 might be seen as a real scalar meson or
perhaps as a real quark-gluon effect.

The most recent quark models for the K N interaction are from Barnes and Swanson [73],
Silvestre-Brac et al. [74, 75] and Lemaire et al. [76, 77]. The agreement of these quark
models with the experimental data is not good. The results of [74]- [77] show that there is
enough repulsion in the S-waves, but the other waves can not be described well.

Recently a hybrid model for the K N interaction was published by Hadjimichef et al. [78].
They used the Jülich model extended by the inclusion of the isovector scalar meson a0(980) ex-
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change, which was taken into account in the Bonn N N model [72], but not in the Jülich K N
models [59, 19]. The short ranged phenomenological σ0 exchange was replaced by quark-
gluon exchange. A nonrelativistic quark model, in which one-gluon-exchange and the inter-
change of the quarks is considered, was used. This quark-gluon exchange is, contrary to the
σ0 exchange, isospin dependent. A satisfactory description of the empirical phase shifts, hav-
ing the same quality as [19], was obtained. However Hadjimichef et al. conjecture that the
short ranged quark-gluon dynamics they include could perhaps be replaced by the exchange
of heavier vector mesons.

Another approach for the K N interaction is given by Lutz and Kolmeitsev [79]. Meson-
baryon interactions in general and K N interactions specifically are studied by means of chiral
Lagrangians in this work. A reasonable description of the K N differential cross sections and
phase shifts was achieved, but only up to Tlab = 360 MeV.

The basis of our K N model is the soft-core πN model, which is a more natural basis than
the N N model [72] in case of the Jülich K N models [59, 19].

7.2 The soft-core K N model

The soft-core model for the K N -interactions is an SU f (3) extension of the soft-core πN
model and consists analogously of the one-meson-exchange and one-baryon-exchange Feyn-
man diagrams, derived from effective meson-baryon interaction Hamiltonians, see Chapter 4.
The various diagrams contributing to the K N potential are given in Figure 7.1.

The interaction Hamiltonians from which the Feynman diagrams for the K N system are
derived, are explicitly given below. We use the pseudovector coupling for the N3K and N6K
vertex

HN3K = fN3K

mπ+

(
N̄γ5γµ∂

µK
)
3+H.c. ,

HN6K = fN6K

mπ+

(
N̄γ5γµτ∂

µK
) ·6+H.c. , (7.1)

the coupling constants are determined by the N Nπ coupling constant and the F/(F + D)-
ratio, αps . For the N6∗K vertex we use, just as for the N1π vertex, the conventional coupling

HN6∗K = fN6∗K
mπ+

(
N̄τ∂µK

) ·6∗µ+H.c. . (7.2)

Since the SU f (3) decuplet occurs only once in the direct product of two octets, there is no
mixing parameter α for this coupling. The N6∗K coupling constant is determined by SU f (3)
to be f 2

N6∗K = f 2
N1π/3. Besides the ρ also the isoscalar vector mesons ω and ϕ are exchanged

in the K N system. The following vector meson couplings are used

HN Nρ = gN Nρ
(
N̄γµτ N

) ·ρµ+ fN Nρ

4M
(
N̄σµντ N

) · (∂µρν− ∂νρµ) ,

HN Nω = gN Nω N̄γµNωµ+ fN Nω

4M N̄σµνN
(
∂µων− ∂νωµ) , (7.3)
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Λ, Σ, Σ∗, Λ(1405)

+ a0, σ, f0, P +
ρ, ω, ϕ

a2, f2, f
′

2

1

Figure 7.1: Contributions to the K N potential from the u- and t-channel Feynman diagrams.
The external dashed and solid lines are always the K and N respectively.

HK Kρ = gK Kρρµ ·
(

i K †τ
↔
∂
µ

K

)
,

HK Kω = gK Kωωµ

(
i K † ↔

∂
µ

K

)
. (7.4)

The coupling of ϕ is similar to the ω coupling. Although we include ϕ exchange its contribu-
tion is negligible compared to ω exchange. The coupling constants gK Kω and gK Kϕ are fixed
by SU f (3) in terms of gππρ and θV . The N Nω coupling constant is a free parameter and the
N Nϕ coupling constant depends on θV , αV and the other two coupling constants. In addition
to σ and f0 exchange, also the isovector scalar meson a0 is exchanged in the K N system,
contrary to the πN system, the following scalar meson couplings are used

HN Na0 = gN Na0

(
N̄τ N

) ·a0 ,
HN Nσ = gN Nσ N̄ Nσ , (7.5)

HK K a0 = gK K a0mπ+a0 ·
(
K †τK

)
,

HK Kσ = gππσmπ+σK †K . (7.6)

The structure of the f0 coupling is the same as the structure of the σ coupling. Concerning the
tensor mesons, besides the exchange of the f2 and the f ′2 also the isovector tensor meson a2 is
exchanged in the K N system. The following tensor meson couplings are used

HN Na2 =
[

i F1N Na2

4
N̄

(
γµ
↔
∂ν +γν

↔
∂µ

)
τ N − F2N Na2

4
N̄
↔
∂µ
↔
∂ν τ N

]
·aµν2 ,

HN N f2 =
[

i F1N N f2

4
N̄

(
γµ
↔
∂ν +γν

↔
∂µ

)
N − F2N N f2

4
N̄
↔
∂µ
↔
∂ν N

]
f µν2 , (7.7)

HK K a2 =
gK K a2

mπ+
a
µν
2 ·

(
∂µK †τ∂νK

)
,

HK K f2 =
gK K f2

mπ+
f µν2

(
∂µK †∂νK

)
. (7.8)
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Exchange I = 0 I = 1
σ, f0,ω,ϕ, f2, f ′2 1 1

a0,ρ,a2 -3 1
3 -1 1
6 3 1

Table 7.1: The isospin factors for the various exchanges for a given total isospin I of the K N
system, see Appendix B.

The coupling of f ′2 is similar to the f2 coupling. A repulsive contribution is obtained from
Pomeron exchange, which is assumed to couple as a singlet and the value of its coupling
constant is determined in the πN system.

The spin-space structure of the amplitudes resulting from these interaction Hamiltonians
is given in Chapter 4. The isospin structure gives the isospin factors for the K N system, listed
in Table 7.1 for the various exchanges, see also Appendix B. The spin-space amplitudes of
Chapter 4 need to be multiplied by these isospin factors to find the complete K N amplitude.
The masses, coupling constants and cut-off masses of the soft-core K N model that were fixed
or fitted to the experimental data are given in Table 7.3.

Summarizing we consider in the t-channel the exchanges of the scalar mesons σ , f0 and
a0, the Pomeron, the vector mesons ω, ϕ and ρ and the tensor mesons a2, f2 and f ′2 , and in
the u-channel the exchanges of the baryons 3, 6, 6∗ and 3(1405). The exchanges are given
diagrammatically in Figure 7.1.

The Coulomb interaction is neglected in the soft-core πN and K N models. Its contribution
to the partial wave phase shifts is in principle relevant at very low energies. However, for
the K N interaction we will not only investigate the phase shifts, but also some scattering
observables. The differential cross section and polarization in the K+ p→ K+ p channel as a
function of the scattering angle clearly show the effect of the Coulomb peak at forward angles,
the differential cross sections blow up and the polarizations go to zero. For the description
of these scattering observables we correct for the Coulomb interaction by replacing the spin-
nonflip and spin-flip scattering amplitudes f̃ and g̃ in Eq. (3.28) by [49, 65]

f̃ =
∑

L

[
(L+1)FL+,J + L FL−,J

]
e2iφL PL(cosθ)+ fC ,

g̃ =
∑

L

[
FL+,J − FL−,J

]
e2iφL sinθ

d PL(cosθ)

d cosθ
. (7.9)

Here fC is the Coulomb amplitude and φL are the Coulomb phase shifts, defined respectively
as

fC = − α

2kv sin2(θ/2)
e−i αv ln

(
sin2(θ/2)

)
,

φL =
L∑

n=1

arctan
( α

nv

)
, (7.10)
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Figure 7.2: The K+N partial wave potentials VL as a function of Tlab [MeV] for the S and P
partial waves are given by the solid line. The various contributions are a. the long dashed line:
vector mesons, b. short dashed line: scalar mesons and Pomeron, c. the dotted line: 3 and
6, d. the long dash-dotted line: 6(1385) and 3(1405), e. the short dash-dotted line: tensor
mesons.
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Figure 7.3: The K+N partial wave potentials VL as a function of Tlab [MeV] for the P and D
partial waves are given by the solid line. The various contributions are a. the long dashed line:
vector mesons, b. short dashed line: scalar mesons and Pomeron, c. the dotted line: 3 and
6, d. the long dash-dotted line: 6(1385) and 3(1405), e. the short dash-dotted line: tensor
mesons.
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where k is the CM momentum, v is the relative velocity of the particles in the CM system, θ
is the CM scattering angle and α is the fine structure constant. We remark that the Coulomb
interaction can in principle be taken into account exactly in momentum space calculations,
using the boundary-matching method originally introduced by Vincent and Phatak [80].

It is instructive to examine the relative strength of the different exchanges, given diagram-
matically in Figure 7.1, that contribute to the partial wave K N potentials. The on-shell partial
wave potentials are given by the solid line in Figures 7.2 and 7.3 for the S, P and D partial
waves.

The largest contribution to the partial wave potentials comes from vector meson exchange,
ω-exchange gives the largest contribution and the isospin splitting of the vector mesons is
caused by ρ-exchange. Especially the S11, P01 and P11 partial waves are dominated by vector
meson exchange.

The cancellation between the scalar mesons and the Pomeron in the K N interaction is less
than in the πN interaction, so the scalar mesons and the Pomeron give a relevant contribution.
Specifically a large repulsive contribution is seen in the S partial waves.

The contribution from 3- and 6-exchange is large in the J = 3
2 P-waves, in the other

partial waves it is smaller. This exchange plays in particular an important role in describing the
rise of the P13 phase shift. The contribution of the strange resonances 6(1385) and 3(1405)
is practically negligible over the whole energy range in all partial waves.

The tensor mesons give a relevant contribution in most partial waves, especially at higher
energies. The inclusion of tensor meson exchange in the K N potential improved the descrip-
tion of the partial wave phase shifts at higher energies.

7.3 Results and discussion for K N scattering

We have fitted the soft-core K N model, an SU f (3) extension of the soft-core πN model, to the
partial wave analysis of Hyslop et al. [2] up to kaon kinetic laboratory energy Tlab = 600 MeV.
The results of the fit are shown in Figures 7.4 and 7.5, which show the calculated and empirical
phase shift for S, P and D partial waves, and in Table 7.2, which shows the calculated and
empirical scattering lengths for the S and P partial waves.

Scat. length Model SP92 [2] [81] [71]
S01 -0.09 0.00 -0.04 0.03± 0.15
S11 -0.28 -0.33 -0.32 -0.30± 0.03
P01 0.137 0.08 0.086
P11 -0.035 -0.16 -0.032
P03 -0.020 -0.13 -0.019
P13 0.059 0.07 0.021

Table 7.2: The calculated and empirical K N S-wave and P-wave scattering lengths in units
of f m and f m3.
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Figure 7.4: The S-wave and P-wave K+N -phase shifts δ [degrees] as a function of Tlab [MeV].
The empirical phases are from the SP92 phase shift analysis: multi energy phase shifts (dots)
single energy phase shifts (filled triangles), [65] single energy phase shifts (open circles), [66]
single energy phase shifts (open squares). The soft-core K N model is given by the solid line,
the dashed line is the model without tensor mesons.
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Figure 7.6: The total elastic K+N cross section σ [mb] as a function of Tlab [MeV] for both
isospin channels. The experimental cross sections are given by [82] (full circles) and [65]
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Figure 7.7: The K+ p→ K+ p differential cross section dσ/d� [mb/sr] as a function of cosθ ,
where θ is the CM scattering angle, at various values of Tlab [MeV]. The experimental differ-
ential cross sections are given by [83]. The soft-core K N model is given by the solid lines, the
dashed line is the model without tensor mesons.
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Figure 7.8: The K+n→ K+n differential cross section dσ/d� [mb/sr] as a function of cosθ ,
where θ is the CM scattering angle, at various values of Tlab [MeV]. The experimental differ-
ential cross sections are given by [84]. The soft-core K N model is given by the solid lines, the
dashed line is the model without tensor mesons.
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A reasonable agreement between the soft-core K N model and the empirical phase shifts
up to Tlab = 600 MeV is obtained, but the energy behavior of the empirical multi energy phase
shifts in the P11, P03 and D03 partial waves is not reproduced well by the soft-core K N model.
This, however, is also the case for the Jülich K N models [19, 78]. The various phase shift
analyses are not very consistent in these partial waves, in particular the behavior of the SP92
multi energy P03 and D03 phase shifts deviate much from the different single energy phase
shifts. The low-energy structure of the multi energy D03 phase shift is not expected, and one
should wonder if this strange structure causes problems for other partial waves in the phase
shift analysis.

The S-wave scattering lengths for both isospin zero and one, listed in Table 7.2, are repro-
duced well. For the P-waves the situation is less clear, the empirical P-wave scattering lengths
found in the two partial wave analyses [2] and [81] are contradictory. The model P13 partial
wave scattering length is in reasonable in agreement with [2]. The P11 and P03 scattering
lengths are in agreement with [81].

Since the various phase shift analyses do not always give consistent results and one should
wonder how well the multi energy SP92 phase shifts represent the experimental data, we also
compared the soft-core K N model with the experimental scattering observables directly. The
total elastic cross section for the isospin zero and one channels as a function of Tlab are shown
in Figure 7.6, the experimental isospin one (K+ p) total elastic cross sections are known quite
accurately, the isospin zero total elastic cross sections are known to less accuracy. The soft-
core K N model reproduces both total elastic cross sections quite well. The differential cross
sections for the channels K+ p→ K+ p and K+n→ K+n, having quite large error bars, are
shown in Figures 7.7 and 7.8 as a function of the scattering angle at various values of Tlab,
they are described well by the soft-core K N model. Finally the polarizations, also having
large error bars, are given in Figure 7.9 for the same channels as a function of the scattering
angle at various values of Tlab, again a good agreement between the model prediction and the
experimental values is seen.

Although the empirical phase shifts are not in all partial waves described very well by the
soft-core K N model, the scattering observables as well as the S-wave scattering lengths (pro-
portional to the total cross sections at threshold) are. We remark that the description of the
experimental scattering data and the phase shifts by the soft-core K N model, containing only
one-particle-exchange processes, is as least as good as that of the Jülich models [19, 78], these
models, however, used two-particle-exchanges to describe the experimental data.

The parameters of the soft-core K N model, coupling constants, meson and baryon masses
and cut off masses, searched and fixed in the fitting procedure are listed in Table 7.3.

The soft-core K N model has six different cut off masses, which are free parameters in the
fitting procedure. For the three scalar mesons we use the same cut off masses, for the vector
mesons we use the same cut off mass for the ρ and ϕ, but allow for a different value for the ω
in order to find a better description of the S11 and P01 partial waves at higher energies. For the
three tensor mesons, necessary to fit the S11 P01 and P13 partial waves simultaneously, we also
use the same cut off mass. For the Pomeron mass we take the value found for the soft-core
πN model, the meson and baryon masses have been fixed in the fitting procedure.
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Exchange Coupling Constants Mass 3

ρ
gN NρgK Kρ

4π = 0.667∗ fN Nρ
gN Nρ
= 5.285 770.00 1563.11

ω
gN NωgK Kω

4π = 2.572 fN Nω
gN Nω
= 0.345 783.00 1804.88

ϕ
gN NϕgK Kϕ

4π = −0.573∗ fN Nϕ
gN Nϕ
= 0.932∗ 1020.00 1563.11

a0
gN Na0 gK K a0

4π = 3.461 980.00 712.27
σ

gN Nσ gK Kσ
4π = 20.676∗ 760.00 712.27

f0
gN N f0 gK K f0

4π = 4.203∗ 975.00 712.27

a2
gN Na2 gK K a2

4π = 0.019
fN Na2
gN Na2

=−3.161 1320.00 853.98

f2
gN N f2 gK K f2

4π = 0.080
fN N f2
gN N f2

= 0.382 1270.00 853.98

f ′2
gN N f ′2

gK K f ′2
4π = 0.022∗

fN N f ′2
gN N f ′2

= 3.393∗ 1525.00 853.98

Pomeron gN N P gK K P
4π = 4.135∗ 315.32∗

3
f 2
3N K
4π = 0.074∗ 1116.00 1029.49

6
f 2
6N K
4π = 0.006∗ 1189.00 1029.49

6∗(1385)
f 2
6∗N K
4π = 0.147∗ 1385.00 1051.82

3(1405) f3(1405)N K
4π = 0.710∗ 1405.00 1051.82

Table 7.3: Soft-core K N model parameters: the coupling constants, masses and cut-off masses
(in MeV) of the exchanged particles. Coupling constants with an asterisk were not searched in
the fitting procedure, but constrained via SU f (3) or simply put to some value used in previous
work. An SU f (3)-breaking factor λ is allowed for the vector and scalar mesons. For the vector
mesons we find λv = 0.764 and for the scalar mesons we find λs = 0.899.

Ideal mixing is assumed for the vector mesons, so θV = 35,26◦, the F/(F+ D) ratios are
fixed to the values in [7], αe

V = 1.0 and αm
V = 0.275, this fixes the PPV coupling constants in

terms of the empirical determined fππρ and leaves gN Nω and fN Nω as fit parameters, the fitted
values are in agreement with the literature. The N Nρ tensor coupling f N Nρ is in principle
determined in the soft-core πN model, but since its value was determined to be very low
we also fit this parameter in the soft-core K N model and we found a larger value than in
the soft-core πN model. We remark that the exchange of the vector meson ϕ is considered
for consistency, but its contribution is negligible. For the scalar mesons gN Nσ and gN N f0 are
determined in the soft-core πN model, we use gN Na0 and θS as fit parameters, all scalar meson
coupling constants are then determined. For the tensor mesons we use the F/(F + D) ratios
αe

T = 1.0 and αm
T = 0.4 and an almost ideal mixing angle θT = 37.50, this fixes the P PT

coupling constants in terms of fππ f2 . We notice that the tensor meson coupling constants
gT =MF1+M2 F2 and fT =−M2 F2 are used in Table 7.3.

The 3N K and 6N K coupling constants are determined by f N Nπ and fixing αP at the
value in [7] αP = 0.355. The Pomeron is considered as an SU f (3)-singlet and its coupling
to the K N system is determined in the soft-core πN model and by SU f (3), the 6∗(1385)
coupling constant is fixed by SU f (3) at the value f6∗N K = fN1π/

√
3, where the N1π cou-
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Exchange Coupling Constants Mass 3

ρ
gN NρgK Kρ

4π = 0.641∗ fN Nρ
gN Nρ
= 5.443 770.00 1547.49

ω
gN NωgK Kω

4π = 2.215 fN Nω
gN Nω
= 0.345 783.00 1704.33

ϕ
gN NϕgK Kϕ

4π = −0.243∗ fN Nϕ
gN Nϕ
= 1.842∗ 1020.00 1547.49

a0
gN Na0 gK K a0

4π = 3.806 980.00 909.18
σ

gN Nσ gK Kσ
4π = 26.068∗ 760.00 909.18

f0
gN N f0 gK K f0

4π = 1.168∗ 975.00 909.18
Pomeron gN N P gK K P

4π = 4.453∗ 295.73∗

3
f 2
3N K
4π = 0.074∗ 1116.00 1041.33

6
f 2
6N K
4π = 0.006∗ 1189.00 1041.33

6∗(1385)
f 2
6∗N K
4π = 0.147∗ 1385.00 629.49

3(1405) f3(1405)N K
4π = 0.710∗ 1405.00 629.49

Table 7.4: Parameters of the soft-core K N model without tensor mesons: the coupling con-
stants, masses and cut-off masses (in MeV) of the exchanged particles. Coupling constants
with an asterisk were not searched in the fitting procedure, but constrained via SU f (3) or sim-
ply put to some value used in previous work. An SU f (3)-breaking factor λ is allowed for the
vector and scalar mesons. For the vector mesons we find λv = 0.918 and for the scalar mesons
we find λs = 0.900.

pling is determined in the soft-core πN model. For the 3(1405) coupling constant we take an
average value from [43]. In the fitting procedure we found that it was desirable to allow for an
SU f (3)-breaking for the scalar- and vector-meson couplings, the breaking factors we found
are λS = 0.899 and λV = 0.764 respectively.

The soft-core K N model has 17 free physical parameters; 8 coupling constants, 1 mixing
angle, 6 cut off masses and 2 SU f (3) breaking parameters. From the πN fit we have gN Nρ =
0.78 and gN Nσ = 2.57, from the K N fit we have gN Nω = 3.03 and gN Na0 = 0.78.

Besides the presented soft-core K N model, we also considered a model that does not
contain tensor mesons. We fitted this model to the empirical phase shifts and the results of the
fit are given by the dashed lines in Figures 7.4 and 7.5. The parameters of this model are listed
in Table 7.4. We remark that in the P13 and D03 partial waves a noticeable difference can be
seen between the two models, these partial waves as well as the S11 and P01 partial waves are
described better by the soft-core K N model, i. e. the model including the tensor mesons. The
total cross sections and K+ p→ K+ p differential cross sections are described better by the
soft-core K N model, while the K+n→ K+n differential cross sections and the polarizations
are described equally well.

Summarizing, the soft-core K N model gives a reasonable description of the empirical
partial wave phase shifts and also the S-wave scattering lengths are reproduced well. The
scattering observables: total elastic cross sections, differential cross sections and polarizations,
which are investigated because the various phase shift analyses are not always consistent, are
described satisfactory by this model.
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7.4 Exotic resonances

Evidence for the existence of a resonance structure in the isospin zero K N system at low
energies has recently been found in various measurements from SPring-8, ITEP, Jefferson Lab
and ELSA [3, 67, 68, 69]. The exotic resonance, a qqqqq̄-state, was called Z ∗ but is now
renamed as 2+. The experimental values for its mass and decay width are

√
s ' 1540 MeV

and 02+ ≤ 25 MeV respectively, which is in good agreement with the theoretical predictions
of Diakonov et al. [70] based on the chiral quark-soliton model, giving

√
s ' 1530 MeV and

02+ ' 15 MeV, isospin I = 0 and spin-parity J P = 1
2
+

.
The present K N scattering data does not explicitly show this resonance structure, but some

fluctuations in the isospin zero scattering data around
√

s = 1540 MeV are present, however
the decay width of the 2+ is expected to be quite small. Arndt et al. [87] have reanalyzed the
K N scattering database and investigated the possibility of a resonance structure in their K N
phase shift analysis, since their last phase shift analysis [2] no new scattering data has become
available. Arndt et al. concluded that the 2+ decay width must indeed be quite small in view
of the present scattering data, they concluded that 02+ is not much larger than a few MeV’s.

In this section the soft-core K N model, describing the experimental data well far beyond
the 2+ resonance region, is used to examine the influence of including this resonance explic-
itly on the total elastic isospin zero K N cross section. The 2+ resonance is assumed to be
present in the P01 partial wave. The procedure for including the 2+ resonance explicitly in
the K N system is completely the same as for the 1(1232) resonance in the πN system, this
renormalization procedure, giving a good description of the πN P33 partial wave, is described
in detail in Chapter 5.

A pole diagram for the 2+ resonance with bare mass and coupling constant M0 and g0 is
added to the K N potential, iteration in the integral equation dresses the vertex and self-energy.
The renormalization procedure ensures a pole at the physical2+ mass and the vanishing of the
self-energy and its first derivative at the pole position. The bare mass and coupling constant are
in the renormalization procedure determined in terms of the physical parameters. The physical
K N2+ coupling constant is calculated using the decay width and Eq. (6.8). We mention that
we did not fit the model which includes the 2+ resonance to the scattering data, but simply
used the soft-core K N model and added the 2+ pole diagram and observed the change in the
cross section.

The total elastic cross sections in the isospin one and zero channels, predicted by the soft-
core K N model, are given in Figure 7.10 by the solid line. Inclusion of the 2+ resonance
leaves of course the isospin one cross section unchanged, but in the isospin zero cross section
a peak appears around

√
s = 1540 MeV or Tlab = 171 MeV. We calculated the influence of

the inclusion of the 2+ resonance on the isospin zero cross section for two values of its decay
width, 02+ = 10 and 25 MeV, respectively corresponding to the short and long dashed curves
in Figure 7.10.

Far away from the resonance position the dashed curves coincide with the solid soft-core
K N curve. It is clear that the smaller the 2+ decay width the narrower the peak and the
more the dashed curve coincides with the solid soft-core K N curve. It is hard to reconcile the
present isospin zero K N scattering data with a 2+ resonance with a decay width larger than
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10 MeV, unless the 2+ resonance lies much closer to threshold, where no scattering data is
available. In both cases new and accurate scattering experiments, especially at low energies
and around

√
s = 1540 MeV, would be desirable.
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Figure 7.10: The 2+(1540) resonance included in the soft-core K N model. The total elastic
K+N cross section σ [mb] is given as a function of Tlab [MeV] for both isospin channels.
The experimental cross sections are given by [82] (full circles) and [65] (empty circles). The
soft-core K N model is given by the solid lines.
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Chapter 8

Summary

This thesis, entitled ”Strong Meson-Baryon Interactions”, investigates the strong interaction
between mesons and baryons at low and intermediate energies, giving a contribution to the
detailed understanding of hadron-hadron interactions in general. The strong meson-baryon
interaction is investigated experimentally by scattering a meson beam of a nuclear target, and
the measured observable quantities are used to construct theoretical models.

In particular the pion-nucleon interaction has been investigated for more than forty years.
High intensity pion beams are available and scattering experiments have been performed at
various laboratories and a very rich scattering data base is now available. The situation for
the kaon-nucleon interaction is, however, different. The scattering experiments have been
performed in the seventies and the beginning of the eighties using kaon beams having a lower
intensity than the pion beams. The kaon-nucleon scattering observables are thus known to
less accuracy, especially at lower energies. More and accurate kaon-nucleon scattering data
are to be expected in the near future, the presently constructed K-factory at the Japan Proton
Accelerator Research Complex (J-PARC) will have at disposal a kaon beam having a much
higher intensity (ca. ten times) than any kaon beam before. New kaon-nucleon scattering data
is also to be expected from the DA8NE facility in Italy.

In the past and present meson-exchange models have proven to be very successful in de-
scribing the nucleon-nucleon (N N ) interaction and the hyperon-nucleon (Y N ) interaction
quantitatively. In this thesis a similar approach is applied to the pion-nucleon (πN ) inter-
action, being mainly a natural basis for an SU f (3)-symmetry extension to the kaon-nucleon
(K N ) interaction. These interactions are, however, different from the N N and Y N interac-
tions in the sense that not only meson-exchanges occur, but also baryon-exchanges in the s-
and u-channel occur. We have derived a soft-core meson- and baryon-exchange model for the
πN and K N interaction analogous to the Nijmegen soft-core one-boson-exchange nucleon-
nucleon and hyperon-nucleon models.

The meson-baryon potentials in the context of a relativistic two-particle equation, the
Bethe-Salpeter equation, are defined in Chapter 2. The potentials consist of one-meson and
one-baryon exchange Feynman diagrams. The Bethe-Salpeter equation is approximated by
assuming ”dynamical pair-suppression”, hence neglecting the propagation of negative energy
states, and by integrating over the time variable, giving a three-dimensional integral equation
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for the scattering amplitude, which is a generalization of the Lippmann-Schwinger equation.
A transformation of this equation on the plane wave basis to the partial wave (LSJ) basis

is described in Chapter 3. A one-dimensional integral equation for the partial wave scattering
amplitude is derived, which is decoupled for each partial wave, because of parity conservation
in strong interactions.

The soft-core πN model presented in this thesis shows that the soft-core approach of the
Nijmegen group not only gives a good description of the N N and Y N data, but also the πN
data are described well in this approach. The soft-core πN model serves as a solid basis for
the soft-core K N model, assumed to be connected via SU f (3)-symmetry. For completeness

the definitions of the octet irreducible representation (irrep) for the J P = 1
2
+

baryons and the
octet and singlet irreps for the mesons as well as the invariant interaction Hamiltonians are
given in Chapter 4. Using these interaction Hamiltonians the one-baryon exchange and one-
meson exchange invariant amplitudes have been derived, these amplitudes define the partial
wave potentials used in the calculations.

In the πN cross section some resonances are present at low and intermediate energies, e.g.
the 1(1232) and the Roper(1440). It turned out that these resonances can not be described by
using only a πN potential, i.e. they could not be generated dynamically. This confirms the
quark-model picture. We consider these resonances as, at least partially, genuine three-quark
states and we treat them in the same way as the nucleon. Therefore we have included s-channel
diagrams for these resonances in the soft-core πN model. However, this is done carefully in a
renormalized procedure, i.e. a procedure in which physical coupling constants and masses are
used, since iterations of s-channel diagrams give contributions to the vertex and self-energy.
The renormalization procedure used to include s-channel diagrams is described in detail in
Chapter 5. We have described the method for partial waves which contain one resonance, e.g.
the 1(1232) in the P33-wave, and partial waves in which multiple s-channel diagrams play a
role, e.g. the P11-wave (nucleon and Roper(1440)).

The soft-core πN model and the fit to the experimental data are presented in Chapter 6.
The model contains the exchanges of the baryons N, 1, Roper and S11 and the scalar mesons
σ and f0, vector meson ρ and tensor mesons f2 and f ′2. An excellent fit to the empirical S-
and P- wave phase shifts up to pion laboratory energy 600 MeV has been found, with normal
values for the coupling constants and cut-off masses, except for a low value of f N Nρ/gN Nρ ,
which is also a problem in other πN models. The scattering lengths have been reproduced
well. The soft-pion theorems for low-energy πN scattering are satisfied, since the S-wave
scattering lengths are described well. The c1-, c2-, c3- and c4-terms in chiral perturbation
theory are described implicitly by the soft-core πN model, higher derivative terms in chiral
perturbation theory are effectively described by the propagators and Gaussian form factors in
the soft-core πN model.

The soft-core K N model, an SU f (3) extension of the soft-core πN model, and the fit to
the experimental data are presented in Chapter 7. The model contains the exchanges of the
baryons 3, 6, 6∗(1385) and 3(1405), the scalar mesons a0, σ and f0, the vector mesons ρ,
ω and ϕ and the tensor mesons a2, f2 and f ′2. The quality of the fit to the empirical phase shifts
up to kaon laboratory energy 600 MeV is not as good as for the soft-core πN model, but the
soft-core K N model presented here certainly reflects the present state of the art. The scattering
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observables themselves, i.e. the total and differential cross sections and polarizations as well
as the S-wave scattering lengths are reproduced well.

Low energy (exotic) resonances have never been seen in the present K N scattering data,
however, recently indications for the existence of a narrow resonance in the isospin zero K N
system have been found in several photo-production experiments. We have included this res-
onance 2+(1540) in the soft-core K N model, in the same way as we included resonances in
the soft-core πN models, and investigated its influence as a function of its decay width on the
total cross section. We concluded that, in view of the present scattering data, its decay width
must be smaller than 10 MeV.

The present soft-core πN and K N models, in which one-particle exchanges are included
in the potentials, could be improved by adding two-particle exchange processes to the πN and
K N potentials, similar to the extended soft-core N N and Y N models. Also, the Coulomb
interaction, which in principle plays a role at very low energies, has not been considered here.

Finally this thesis provides the basis for the extension of the soft-core approach to the
antikaon-nucleon (K̄ N ) interaction, and to meson-baryon interactions in general. The K̄ N
system is already at threshold coupled to the 3π and 6π channels. The coupled channels
treatment for this system is similar to that of the Y N system.
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Appendix A

Matrix elements on the L S J -basis

A.1 Partial wave amplitudes

Here we derive the central and non-central potential matrix elements on the L S J -basis in Eqs.
(3.4) and (3.5)

1. Central P1 = 1:

(
q f ; L ′ J ′M ′|F(q f ,qi )|qi ; L J M

)=
∑

s f ,si

∫ d3q ′f
(2π)3

∫
d3q ′i
(2π)3

×(q f ; L ′ J ′M ′|q′ f ,s f
)(

q′ f ,s f |Fop|q′i ,si
) (

q′i ,si |qi , L J M
)
. (A.1)

We now use the matrix element
(
q′ f ,s f |Fop|q′i ,si

)= F(q′ f ,q′i )δs f ,si , (A.2)

with the partial wave expansion for the amplitude F(q′ f ,q′i )

F(q′ f ,q′i ) =
∞∑

l=0

(2l+1) Fl(q
′
f ,q
′
i ) Pl

(
q̂′f · q̂′i

)

=
∞∑

l=0

(2l+1) Fl(q
′
f ,q
′
i ) ·

l∑

n=−l

4π

2l+1
Y l

n(q̂′ f )Y
l
n(q̂′i )

∗ , (A.3)

and (
q′,s|q, L J M

)= (2π)3 δ(q
′−q)

q2
YM

L J (q̂′,s) , (A.4)

see Appendix A.2. Then, substituting Eqs. (A.2)–(A.4) into Eq. (A.1) and performing the
momentum and angular integrals, we find

(
q f ; L ′ J ′M ′|F(q f ,qi )|qi ; L J M

) = 4π
∑

s f ,si ,m′,m
δs f ,si

∑

l

Fl
(
q f ,qi

) ·
l∑

n=−l
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×C L ′ 1/2 J ′
m′ s f M ′ C L 1/2 J

m si M · δL ′,l δm′,n δl,L δn,m

= 4πFL
(
q f ,qi

) ·
∑

n,s

C L 1/2 J ′
n s M ′ C L 1/2 J

n s M δL ′L

= 4πFL
(
q f ,qi

)
δL ′LδJ ′,J δM ′,M . (A.5)

2. Non-central P ′2 = (σ · q̂ f )(σ · q̂i ):

(
q f ; L ′ J ′M ′|G(q f ,qi )|qi ; L J M

)=
∑

s f ,si

∫ d3q ′f
(2π)3

∫
d3q ′i
(2π)3

×
(

q ′f ; L ′ J ′M ′|q f ,s f

)(
q′ f ,s f |Gop|q′i ,si

) (
q′i ,si |qi , L J M

)
, (A.6)

where (
q′ f ,s f |Gop|q′i ,si

)= G(q′ f ,q′i ) ·
∑

s

〈s f |(σ · q̂′f )|s〉 〈s|(σ · q̂′i )|si 〉 , (A.7)

with, analogously to Eq. (A.3),

G(q′ f ,q′i ) = 4π
∞∑

l=0

Gl(q
′
f ,q
′
i ) ·

l∑

n=−l

Y l
n(q̂′ f )Y

l
n(q̂′i )

∗ . (A.8)

Using Eq. (A.4) and substituting Eqs. (A.7) and (A.8) into Eq. (A.6), and performing the
momentum and angular integrals, we find

(
q f ; L ′ J ′M ′|Gop|qi ; L J M

)= 4π
∑

s f ,si ,s

∫
d3q ′f

∫
d3q ′i

δ(q ′f −q f )

q2
f

δ(q ′i −qi )

q2
i

×
[
YM ′

L f ,J ′(q̂ f ,s f )
∗ (s f |

(
σ · q̂′ f

)
|s)

∑

l

Gl

(
q ′f ,q

′
i

)

×
l∑

n=−l

Y l
n(q̂′ f )Y

l
n(q̂′i )

∗(s|
(
σ · q̂′i

)
|si ) YM

L i ,J (q̂i ,si )

]

= 4π
∑

s f ,si ,s

∑

l

Gl
(
q f ,qi

) ·
l∑

n=−l

×
[∫

d�̂q f YM ′
L f ,J ′(q̂ f ,s f )

∗(s f |
(
σ · q̂ f

) |s) Y l
n(q̂ f )

×
∫

d�̂qi Y l
n(q̂i )

∗(s|(σ · q̂i
) |si ) YM

L i ,J (q̂i ,si )

]
. (A.9)

In the two-dimensional L = J ∓ 1
2 -space, the (σ · q̂)-operator has the matrix elements, see

Appendix A.2,

∑

s′
(s|(σ · q̂) |s′) YM

L ,J (q̂,s
′)=

∑

L ′
YM

L ′,J (q̂,s) aL ′,L where aL ′,L =
(

0 −1
−1 0

)
, (A.10)
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i.e. aJ∓ 1
2 ,J∓ 1

2
= 0, and aJ∓ 1

2 ,J± 1
2
= −1. The angular integrals in Eq. (A.9) can now be

performed easily, and one finds

∑

si

∫
d�̂qi Y l

n(q̂i )
∗(s|(σ · q̂i

) |si )YM
L i ,J (q̂i ,si )=

∑

L ′,m′,µ
aL ′,L i C L ′ 1/2 J

m′ µ M χ (1/2)µ (s) δl,L ′δn,m′ ,

∑

s f

∫
d�̂q f YM ′

L f ,J ′(q̂ f ,s f )
∗(s f |

(
σ · q̂ f

) |s) Y l
n(q̂ f )=

∑

L ′′,m′′,ν
aL f ,L ′′ C L ′′ 1/2 J ′

m′′ ν M ′ χ
(1/2)∗
ν (s) δl,L ′′δn,m′′ . (A.11)

Then, the result for the non-central amplitude is

(
q f ; L f J ′M ′|G|qi ; L i J M

)= 4π
∑

l

Gl
(
q f ,qi

) ·
∑

s

l∑

n=−l

×
∑

L ′′,L ′,m′′,m′
aL f ,L ′′ C L ′′ 1/2 J ′

m′′ s M ′ δl,L ′′δn,m′′ ·aL i ,L ′ C L ′ 1/2 J
m′ s M δl,L ′δn,m′

= 4π
∑

l

∑

m,s

C l 1/2 J ′
m s M ′ C l 1/2 J

m s M ·
[
aL f ,l Gl

(
q f ,qi

)
al,L i

]

= 4π
∑

L ′
aL f ,L ′GL ′

(
q f ,qi

)
aL ′,L i δJ ′,J δM ′,M . (A.12)

A.2 L S J -matrix elements

In this appendix we derive Eq. (A.10). The spherical wave functions in momentum space with
quantum numbers J , L , S, are for spin-0 spin-1/2 given by [88]

YM
L J (p̂,s)=

∑

m,µ

C J L 1
2

M m µY L
m (p̂)χ

(1/2)
µ (s) , (A.13)

where χ is the baryon spin wave function.

∑

s

(s ′|(σ · p̂) |s) YM
L ,J (p̂,s)= YM

L ′,J (p̂,s
′) aL ′,L where aL ′,L =

(
0 −1
−1 0

)
. (A.14)

Using the definition for YM
L ,J , Eq. (A.13), we have

∑

s

(s ′|(σ · p̂) |s) YM
L ,J (p̂,s) = (−)m p̂m (s

′|σ−m |s) C L 1/2 J
ml µ M Y L

ml
(p̂)χ (1/2)µ (s)

= (−)m p̂m (s
′|σ−m |s) C L 1/2 J

ml s M Y L
ml
(p̂) , (A.15)
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where we used the convention of summation over repeated indices, and quantization along the
z-axis, which defines the spin variables s,s ′.

Now, we use the expressions

p̂m Y L
ml
(p̂) =

√
4π

3
Y 1

m(p̂) Y L
ml
(p̂)

=
√

4π

3

[
3(2L+1)

4π(2L ′+1)

]1/2

C L 1 L ′
0 0 0 ·C L 1 L ′

ml m m′L
Y L ′

m′l
(p̂) ,

(s ′|σ−m |s) =
√

3 C1/2 1 1/2
s −m s′ . (A.16)

Furthermore, we note that (−)m = −√3 C1 1 0
m −m 0. These formulas give for Eq. (A.15) the

result

∑

s

(s ′|(σ · p̂) |s) YM
L ,J (p̂,s)=−3

[
(2L+1)

(2L ′+1)

]1/2

C L 1 L ′
0 0 0

×
∑

all m 6=M ′
C L 1/2 J

ml s M C1 1 0
m −m 0 C L ′ 1/2 J ′

m′l s′ M ′C
L 1 L ′
ml m m′l

C1/2 1 1/2
s −m s′ YM

L ′ J (p̂) .

From the definition of the 9 j-coefficient [89], we can write the expression above as

∑

s

(s ′|(σ · p̂) |s) YM
L ,J (p̂,s) = −3

[
(2L+1)

(2L ′+1)

]1/2

C L 1 L ′
0 0 0 ·




L 1
2 J

1 1 0
L ′ 1

2 J ′




× YM
L ′ J (p̂) . (A.17)

C L 1 L ′
0 0 0 =−

√
L

2L+1
δL ′,L−1+

√
L+1

2L+1
δL ′,L+1 . (A.18)

Since, for a given J , there are only possible L = J ∓ 1
2 , we have in view of Eq. (A.18) the

following cases with a matrix element 6= 0:
a. J = L− 1

2 , L = J + 1
2 , L ′ = L−1: The 9j-coefficient becomes, see [90],



L 1
2 L−1/2

1 1 0
L−1 1

2 L−1/2


 =−1

3

√
2L−1

L
, (A.19)

b. J = L+ 1
2 , L = J − 1

2 , L ′ = L+1: The 9j-coefficient becomes



L 1
2 L+1/2

1 1 0
L+1 1

2 L+1/2


 = 1

3

√
2L+3

L+1
. (A.20)

Combining the results Eqs. (A.17)-(A.20), one finds for the matrix a in Eq. (A.14)

a =
(

0 −1
−1 0

)
. (A.21)

This result can be checked by observing the following:
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(i) We have (σ · p̂)2 = 1, and (σ · p̂)† = σ · p̂. Furthermore, in L = J ∓ 1
2 -space σ · p̂ is

a purely off-diagonal operator. as a result of these properties, a J±1/2,J±1/2 = 0, and
aJ+1/2,J−1/2 = a∗J−1/2,J+1/2 ≡ α.

(ii) To determine α, we choose p̂= (0,0,1)= ê3, which gives σ · p̂⇒ σ3, and the spherical
functions

Y L
m (ê3)= δm0

√
2L+1

4π
. (A.22)

(iii) Employing now the Clebsch-Gordan coefficients,

C L 1/2 L−1/2
0 1/2 1/2 =

√
L

2L+1
, C L 1/2 L+1/2

0 1/2 1/2 =−
√

L+1

2L+1
, (A.23)

one easily verifies that α =−1.

(i) Normalization of states

The normalization of the states and wave function we use is given by

(r′|r) = δ3(r′− r) ,

(p′|p) = (2π)3δ3(p′−p) ,

(r|p) = eip·r . (A.24)

In the case of a spinless particle the state with momentum p and orbital angular momentum l
is given by

|plm) =
∫

d�p̂Ylm(p̂)|p) , (A.25)

this state is an eigenstate of the angular momentum operator L . From this equation we can
also find

|p) =
∑

lm

Y ∗lm(p̂)|plm) . (A.26)

Using the previous definitions we can calculate the matrix elements

(r|plm) =
∫

d�p̂Ylm(p̂)4π
∑

l ′m′
i l ′ jl(kr)Y ∗l ′m′(p̂)Yl ′m′(r̂)

= 4π i l jl(kr)Ylm(r̂) ,

(p′l ′m′|p) =
∫

d�p̂′Y
∗
l ′m′(p̂

′)(2π)3δ3(p′−P)

= (2π)3
δ(p′− p)

p2
Y ∗l ′m′(p̂) . (A.27)
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The extension of this last matrix element to the case in which spin is included is straightfor-
ward, we find

(p′s′|p, L J M) = (2π)3
δ(p′− p)

p2
YM

L J (p̂
′,s′) , (A.28)

where YM
L J (p̂

′,s′) is given by

YM
L J (p̂′,s

′)=
∑

m,µ

C J L 1
2

M m µY L
m (p̂
′)χ (1/2)µ (s ′) . (A.29)
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Appendix B

OBE and baryon-exchange isospin factors

We outline the calculation of the isospin factors for the meson-baryon interactions, making
use of the Wigner 6-j and 9-j symbols, see for example Edmonds [90], this reference also
gives relations for interchanging the labels of Clebsch-Gordan coefficients. An example for
the pion-nucleon and for the kaon-nucleon interaction is given.

(i) Baryon exchange in pion-nucleon interactions:

The isospin matrix element for a given total final and initial isospin in the πN system reads

〈I f M f |H|Ii Mi 〉 = C
1 1

2 I f

m′ n′ M f
C

1 1
2 Ii

m n Mi
〈πm′ Nn′|H|πm Nn〉 , (B.1)

where I is the total isospin of the system and M its z-component, m is the z-component of the
pions isospin and n is the z-component of the nucleons isospin, see Figure B.1. We can rewrite
the first Clebsch-Gordan coefficient in Eq. (B.1), [90],

C
1 1

2 I f

m′ n′ M f
= (−) 3

2−I f C
1
2 1 I f

n′ m′ M f
. (B.2)

For baryon exchange the isospin interaction Hamiltonian H for either the N Nπ or the N1π

Ii, Mi



















m m’

n n’

T



















If , Mf

1

Figure B.1: The matrix element for the total isospin, m is the z-component of the pion isospin
and n is the z-component of the nucleon isospin.
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n m’

M

a.

m n’

M

b.

1

Figure B.2: Figure a. shows the baryon emission vertex and figure b. shows the baryon
absorption vertex.

vertex is of the form

H ∼ g

[
C

1 1
2 i

m n M ψ∗M Nnπm+C
1 1

2 i
m n M N ∗nψMπ

∗
m

]
, (B.3)

whereψM denotes either the nucleon with i = 1
2 or the1with i = 3

2 . Here π+1=− (π1+ iπ2)/
√

2,
π−1 = (π1− iπ2)/

√
2 and π0 = π3, we note that πm = (−)mπ∗−m . The baryon emission vertex

shown in Figure B.2 gives the factor

(−)−m′ C
1 1

2 i
−m′ n M = (−)−m′(−) 1

2+n

√
2i +1

3
C

1
2 i 1
−n M −m′

= (−)−m′(−)n+i

√
2i +1

3
C

1
2 i 1
n −M m′ . (B.4)

The baryon absorption vertex shown in Figure B.2 gives the factor

(−)−m C
1 1

2 i
−m n′ M = (−)−m(−)1+m

√
2i +1

2
C

1 i 1
2

−m −M −n′

= (−)−m(−)m+i− 1
2

√
2i +1

2
C

1 i 1
2

m M n′ . (B.5)

Using Eqs. (B.2), (B.4) and (B.5) we find for the total isospin matrix element of Eq. (B.1)

〈I f M f |H|Ii Mi 〉 = g2 (−)1+3i−I f+(i−M) 2i +1√
6
×

C
1
2 1 I f

n′ m′ M f
C

1 1
2 Ii

m n Mi
C

1
2 i 1
n −M m′ C

1 i 1
2

m M n′ , (B.6)

applying the identity (−)i−M =√2i +1C i 1 0
M −M 0, we find

〈I f M f |H|Ii Mi 〉 = g2 (−)1+3i−I f
√

2i +1
2i +1√

6




1 i 1
2

1
2 i 1
I 0 I




= −g2 (2i +1)

{ 1
2 1 i
1
2 1 I

}
, (B.7)
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here we have used the conservation of isospin I f = Ii = I . The isospin factors we find for
nucleon and 1 exchange, using the interaction Hamiltonians of Eqs. (6.1) and (6.2),

HN Nπ = fN Nπ

mπ+

(
N̄γ5γµτ N

) · ∂µπ , (B.8)

HN1π = fN1π

mπ+

(
N̄T1µ

) · ∂µπ+H.c. , (B.9)

are equal to Eq. (B.7) multiplied with the reduced matrix elements squared. For nucleon ex-
change the reduced matrix element is 〈 12‖τ‖1

2〉 =
√

3 and for 1 exchange it is 〈 12‖T ‖1
2〉 = 1.

The 6-j symbols are tabulated in Edmonds [90], we find for the isospin factors the results given
in Table B.1.

Exchange I = 1
2 I = 3

2
N -1 2
1 4

3
1
3

Table B.1: The isospin factors for nucleon and 1 exchange for a given total isospin I of the
πN system.

(ii) ρ exchange in kaon-nucleon interactions:

The isospin matrix element for a given total final and initial isospin in the K N system reads

〈I f M f |H|Ii Mi 〉 = C
1
2

1
2 I f

m′ n′ M f
C

1
2

1
2 Ii

m n Mi
〈Km′ Nn′|H|Km Nn〉 , (B.10)

where I is the total isospin of the system and M its z-component, m is the z-component of
the kaon isospin and n is the z-component of the nucleon isospin. For ρ exchange the isospin
interaction HamiltoniansH for the N Nρ and K Kρ vertex are of the form

HN Nρ ∼ gN Nρ C
1
2 1 1

2
n M n′ N ∗n′NnρM ,

HK Kρ ∼ gK Kρ C
1
2 1 1

2
m M m′ K ∗m′KmρM , (B.11)

we note that ρm = (−)mρ∗−m . The ρ emission vertex shown in Figure B.3 gives the factor

(−)−M C
1
2 1 1

2
n −M n′ . (B.12)

The ρ absorption vertex shown in Figure B.3 gives the factor

C
1
2 1 1

2
m M m′ . (B.13)
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5

n n’

M

a.

m m’

M

b.

1

Figure B.3: Figure a. shows the ρ emission vertex and figure b. shows the ρ absorption vertex.

Using Eqs. (B.11), (B.12) and (B.13) we find for the total isospin matrix element of Eq.
(B.10)

〈I f M f |H|Ii Mi 〉 = gN NρgK Kρ (−)−MC
1
2

1
2 I f

m′ n′ M f
C

1
2

1
2 Ii

m n Mi
C

1
2 1 1

2
n −M n′ C

1
2 1 1

2
m M m′ ,(B.14)

applying the identity (−)−M =−√3C1 1 0
−M M 0, we find

〈I f M f |H|Ii Mi 〉 = −gN NρgK Kρ

√
3




1
2 i 1

2
1
2 i 1

2
I 0 I




= gN NρgK Kρ
1

3
[2I (I +1)−3] , (B.15)

here we have used the conservation of isospin I f = Ii = I . The isospin factors we find for ρ
exchange, using the interaction Hamiltonians of Eqs. (7.3) and (7.4), are equal to Eq. (B.14)
multiplied with the reduced matrix element squared. For ρ exchange it is 〈 12‖τ‖1

2〉 =
√

3. So
for I = 0 we find an isospin factor of −3 and for I = 1 a factor 1.

Other isospin factors can be calculated in the same way, all relevant isospin factors for the
pion-nucleon and kaon-nucleon interaction are listed in Tables 6.1 and 7.1 respectively.
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Appendix C

Relativistic invariant amplitudes

In this appendix the contributions from the various Feynman diagrams to the relativistic in-
variant amplitudes A(s, t,u) and B(s, t,u), defined in Eq. (2.5), are derived in detail from the
Feynman rules in [27] and the local interaction Hamiltonians defined in Eqs. (4.12)–(4.19).
We derive the Lorentz structure of the amplitudes, so the isospin structure is omitted here . We
notice that the invariant amplitude M f i we use is defined differently, according to Eq. (2.2).

In the derivation we use the assumption that the intermediate particles are on-mass-shell,
see subsection 2.3.1. Since we distinguish between initial and final masses, the results are
valid for elastic as well as inelastic reactions.

C.1 Momentum space baryon-exchange diagrams

(i) J P = 1
2
+

baryon-exchange

(i) pseudoscalar coupling:
The S-matrix element for the baryon-exchange diagram is given by

S f i = g(ps)
14 g(ps)

23

∫
d4 pu

(2π)4
ū(p f ,s f )

[
γ5

i

6 pu−MB+ iε
γ5

]
u(pi ,si )

×(2π)4δ4(p− pu−q ′) (2π)4δ4(p′−q− pu)

= (2π)4 i δ4(p′+q ′− p−q) g(ps)
14 g(ps)

23

×ū(p f ,s f )

[
γ5

1

( 6 p− 6q ′)−MB+ iε
γ5

]
u(pi ,si ) . (C.1)

The corresponding M-matrix element is therefore

M f i = −g(ps)
14 g(ps)

23 ū(p f ,s f )

[
γ5

1

(6 p− 6q ′)−MB+ iε
γ5

]
u(pi ,si )

= −g(ps)
14 g(ps)

23 ū(p f ,s f )
−(6 p− 6q ′)+MB

u−M2
B+ iε

u(pi ,si ) . (C.2)
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Now, since implicitly in Eq. (C.2) p−q ′ = p′−q , we can write

6 pu =6 p− 6q ′ = 1

2
(6 p′+ 6 p)− 1

2
(6q ′+ 6q) . (C.3)

Then, using the Dirac equation and the fact that particles are on-mass-shell, we can rewrite the
right-hand side of Eq. (C.2) as

M f i = − g(ps)
14 g(ps)

23

u−M2
B+ iε

ū(p f ,s f )

[{
−1

2
(M f +Mi )+MB

}
+ 6Q

]
u(pi ,si ) , (C.4)

where Q = 1
2

(
q ′+q

)
. From Eq. (C.4), we can readily obtain the contribution to the invariant

amplitudes A f i (s, t,u) and B f i (s, t,u) defined in Eq. (2.5). We get

A f i (P S) = − g(ps)
14 g(ps)

23

u−M2
B+ iε

{
−1

2
(M f +Mi )+MB

}
,

B f i (P S) = − g(ps)
14 g(ps)

23

u−M2
B+ iε

. (C.5)

(ii) pseudovector coupling:
From the interaction Hamiltonian density in Eq. (4.12), the interaction vertex is given by the
matrix element

(2π)4δ(p′− p−q)
[
ū(p′,s′) 0PV (p

′, p) u(p,s)
]≡ 〈p′|− i

∫
d4xHpv(x)|p,q〉

= −i (2π)4δ(p′− p−q) · f pv

mπ+
· ū(p′,s′)γ5γµ u(p,s) ·−iqµ

=− f pv

mπ+
(2π)4δ(p′− p−q)

[
ū(p′,s′)γ5γ ·q u(p,s)

]
. (C.6)

It is clear that for a vertex with an outgoing pseudoscalar-meson we have to replace in Eq.
(C.6) q by −q . It follows that irrespectively whether the meson is absorbed or created at the
vertex, the vertex-function 0PV (p′, p) is given by

0PV (p
′, p)=− f pv

mπ+

[
γ5γ ·

(
p′− p

)]
. (C.7)

The S-matrix element for the pseudovector coupling baryon-exchange diagram is now given
by

S f i = f (pv)14 f (pv)23

m2
π+

∫
d4 pu

(2π)4
ū(p f ,s f )

[
(−γ5 6q) i

6 pu−MB+ iε
(+γ5 6q ′)

]
u(pi ,si )

×(2π)4δ4(p− pu−q ′) (2π)4δ4(p′−q− pu)

= (2π)4 i δ4(p′+q ′− p−q)
f (pv)14 f (pv)23

m2
π+

×ū(p f ,s f )

[
6q γ5

1

( 6 p− 6q ′)−MB+ iε
γ5 6q ′

]
u(pi ,si ) . (C.8)



C.1 Momentum space baryon-exchange diagrams 101

The corresponding M-matrix element is given by

M f i = − f (pv)14 f (pv)23

m2
π+

ū(p f ,s f )

[
6q −(6 p− 6q ′)+MB

(p′−q)2−M2
B+ iε

6q ′
]

u(pi ,si ) . (C.9)

Using Eq. (C.3), the M-matrix element can be written as

M f i = −
f (pv)14 f (pv)23 /m2

π+

u−M2
B+ iε

ū(p f ,s f )

[
u

{
1

2

(
M f +Mi

)+MB

}

−1

2

(
M f +Mi

)2
MB+M f Mi

{
−1

2

(
M f +Mi

)+MB

}

+{u+ (M f +Mi
)

MB+M f Mi
} 6Q]u(pi ,si ) , (C.10)

where u = p2
u . We can readily find from Eq. (C.10) the contribution to the invariant amplitudes

A f i (s, t,u) and B f i (s, t,u),

A f i (PV ) = − f (pv)14 f (pv)23 /m2
π+

u−M2
B+ iε

[
u

{
1

2

(
M f +Mi

)+MB

}

−1

2
(M f +Mi )M f Mi − 1

2

(
M2

f +M2
i

)
MB

]
,

B f i (PV ) = − f (pv)14 f (pv)23 /m2
π+

u−M2
B+ iε

[
u+ (M f +Mi

)
MB+M f Mi

]
. (C.11)

(ii) J P = 1
2
+

pole diagram

Using crossing symmetry [91], we can cross the results of the u-channel baryon-exchange into
the s-channel and obtain the invariant amplitudes A f i (s, t,u) and B f i (s, t,u) for the pole di-
agram. We have to replace q →−q ′ and q ′→−q , which means that we have to make the
substitutions u↔ s, m2

f ↔ m2
i and add a minus sign to the amplitude B because of Eq. (2.5).

The J P = 1
2
+

pole amplitudes are

(i) pseudoscalar coupling:

A f i (P S) = − g(ps)
14 g(ps)

23

s−M2
B+ iε

{
−1

2
(M f +Mi )+MB

}
,

B f i (P S) = g(ps)
14 g(ps)

23

s−M2
B+ iε

. (C.12)

(ii) pseudovector coupling:
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A f i (PV ) = − f (pv)14 f (pv)23 /m2
π+

s−M2
B+ iε

[
s

{
1

2

(
M f +Mi

)+MB

}

−1

2
(M f +Mi )M f Mi − 1

2

(
M2

f +M2
i

)
MB

]
,

B f i (PV ) = f (pv)14 f (pv)23 /m2
π+

s−M2
B+ iε

[
s+ (M f +Mi

)
MB+M f Mi

]
. (C.13)

(iii) J P = 1
2
−

baryon-exchange

(i) scalar coupling:
The S-matrix element for the baryon-exchange diagram is given by

S f i = −g(s)14 g(s)23

∫
d4 pu

(2π)4
ū(p f ,s f )

[
i

6 pu−MB+ iε

]
u(pi ,si )

×(2π)4δ4(p− pu−q ′) (2π)4δ4(p′−q− pu)

= −(2π)4 i δ4(p′+q ′− p−q) g(s)14 g(s)23

×ū(p f ,s f )

[
1

(6 p− 6q ′)−MB+ iε

]
u(pi ,si ) . (C.14)

The corresponding M-matrix element is therefore

M f i = g(s)14 g(s)23 ū(p f ,s f )

[
1

(6 p− 6q ′)−MB+ iε

]
u(pi ,si )

= g(s)14 g(s)23 ū(p f ,s f )
(6 p− 6q ′)+MB

u−M2
B+ iε

u(pi ,si ) . (C.15)

Now, since implicitly in Eq. (C.15) p−q ′ = p′−q , we can write

6 pu =6 p− 6q ′ = 1

2
(6 p′+ 6 p)− 1

2
(6q ′+ 6q) . (C.16)

Then, using the Dirac equation and the fact that particles are on-mass-shell, we can rewrite the
right-hand side of Eq. (C.15) as

M f i = g(s)14 g(s)23

u−M2
B+ iε

ū(p f ,s f )

[{
1

2
(M f +Mi )+MB

}
− 6Q

]
u(pi ,si ) , (C.17)

where Q = 1
2

(
q ′+q

)
. From Eq. (C.17), we can readily obtain the contribution to the invariant

amplitudes A f i (s, t,u) and B f i (s, t,u) defined in Eq. (2.5). We get

A f i (S) = − g(s)14 g(s)23

u−M2
B+ iε

{
−1

2
(M f +Mi )−MB

}
,

B f i (S) = − g(s)14 g(s)23

u−M2
B+ iε

. (C.18)
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(ii) vector coupling:
From the interaction Hamiltonian density in Eq. (4.17), the interaction vertex is given by the
matrix element

(2π)4δ(p′− p−q)
[
ū(p′,s′) 0V (p

′, p) u(p,s)
]≡ 〈p′|− i

∫
d4xHv(x)|p,q〉

= −i (2π)4δ(p′− p−q) · fv
mπ+
· ū(p′,s′)γµ u(p,s) ·−iqµ

=− fv
mπ+

(2π)4δ(p′− p−q)
[
ū(p′,s′)γ ·q u(p,s)

]
. (C.19)

It is clear that for a vertex with an outgoing pseudoscalar-meson we have to replace in Eq.
(C.19) q by −q . It follows that irrespectively whether the meson is absorbed or created at the
vertex, the vertex-function 0V (p′, p) is given by

0V (p
′, p)=− fv

mπ+

[
γ · (p′− p

)]
. (C.20)

The S-matrix element for the pseudovector coupling baryon-exchange diagram is now given
by

S f i = f (v)14 f (v)23

m2
π+

∫
d4 pu

(2π)4
ū(p f ,s f )

[
(− 6q) i

6 pu−MB+ iε
(+ 6q ′)

]
u(pi ,si )

×(2π)4δ4(p− pu−q ′) (2π)4δ4(p′−q− pu)

= −(2π)4 i δ4(p′+q ′− p−q)
f (v)14 f (v)23

m2
π+

×ū(p f ,s f )

[
6q 1

( 6 p− 6q ′)−MB+ iε
6q ′
]

u(pi ,si ) . (C.21)

The corresponding M-matrix element is given by

M f i = f (v)14 f (v)23

m2
π+

ū(p f ,s f )

[
6q (6 p− 6q ′)+MB

(p′−q)2−M2
B+ iε

6q ′
]

u(pi ,si ) . (C.22)

Using Eq. (C.16), the M-matrix element can be written as

M f i =
f (v)14 f (v)23 /m2

π+

u−M2
B+ iε

ū(p f ,s f )

[
u

{
−1

2

(
M f +Mi

)+MB

}

−1

2

(
M f +Mi

)2
MB+M f Mi

{
1

2

(
M f +Mi

)+MB

}

+{−u+ (M f +Mi
)

MB−M f Mi
} 6Q]u(pi ,si ) , (C.23)
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where u = p2
u . We can readily find from Eq. (C.23) the contribution to the invariant amplitudes

A f i (s, t,u) and B f i (s, t,u),

A f i (V ) = −
f (v)14 f (v)23 /m2

π+

u−M2
B+ iε

[
u

{
1

2

(
M f +Mi

)−MB

}

−1

2
(M f +Mi )M f Mi + 1

2

(
M2

f +M2
i

)
MB

]
,

B f i (V ) = −
f (v)14 f (v)23 /m2

π+

u−M2
B+ iε

[
u− (M f +Mi

)
MB+M f Mi

]
. (C.24)

(iii) J P = 1
2
−

pole diagram

Applying crossing symmetry again we find, similar to the J P = 1
2
+

baryon pole diagram, the

invariant amplitudes for the J P = 1
2
−

baryon pole diagram.

(i) scalar coupling:

A f i (S) = − g(s)14 g(s)23

s−M2
B+ iε

{
−1

2
(M f +Mi )−MB

}
,

B f i (S) = g(s)14 g(s)23

s−M2
B+ iε

. (C.25)

(ii) vector coupling:

A f i (V ) = −
f (v)14 f (v)23 /m2

π+

s−M2
B+ iε

[
s

{
1

2

(
M f +Mi

)−MB

}

−1

2
(M f +Mi )M f Mi + 1

2

(
M2

f +M2
i

)
MB

]
,

B f i (V ) =
f (v)14 f (v)23 /m2

π+

s−M2
B+ iε

[
s− (M f +Mi

)
MB+M f Mi

]
. (C.26)

(v) J P = 3
2
+

baryon-exchange

From the interaction Hamiltonian density Eq. (4.16), the resonance-baryon-pseudoscalar-
meson interaction vertex is given by the matrix element

〈P|
∫

d4xHY ∗N P(x)|p,q〉 = (2π)4δ(P− p−q) · fY ∗N P

mπ+
· ū∗µ(P,s ′)u(p,s) · qµ

≡ (2π)4δ(P− p−q)
[
ū∗µ(P,s

′) 0µY ∗N P(P; p,q) u(p,s)
]
, (C.27)
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which gives for the vertex

0
µ
Y ∗N P(P; p,q)=

f ∗Y ∗N P

mπ+
qµ . (C.28)

Here, the J P = 3
2
+

-resonances, are described by the Rarita-Schwinger Dirac spinors [26, 42],
which satisfy the equations

( 6 P−MY ) uµY (P)= 0 , γµuµY (P)= PµuµY (P)= 0 . (C.29)

The resonance propagator is

Pµν(p)= Uµν(p)

p2−M2
Y + iε

, (C.30)

where the spin projector Uµν(p) reads explicitly

Uµν(p) =
+3/2∑

σ=−3/2

uµ(p,σ )ūν(p,σ ) (C.31)

= ( 6 p+MY ∗)

(
−gµν+ 1

3
γµγν+ 1

3MY ∗

(
γµ pν−γν pµ

)+ 2

3M2
Y ∗

pµ pν

)
.

The S-matrix element is given by

S f i = f ∗14 f ∗23

m2
π+

(−i)2
∫

d4 Pu

(2π)4
ū(p f ,s f )

[
(−qµ)

i Uµν(Pu)

6 P2
u −M2

Y ∗+ iε
(−q ′ν)

]
u(pi ,si )

×(2π)4δ4(p− Pu−q ′) (2π)4δ4(p′−q− Pu)

= −(2π)4 i δ4(p′+q ′− p−q)
(

f ∗14 f ∗23/m2
π+
)

×ū(p f ,s f )

[[
qµUµν(Pu)q ′ν

]

u−M2
Y ∗+ iε

]
u(pi ,si ) . (C.32)

The corresponding M-matrix element is therefore

M f i = f ∗14 f ∗23/m2
π+ ū(p f ,s f )

[
qµUµν(Pu)q ′ν

u−M2
Y ∗+ iε

]
u(pi ,si ) . (C.33)

Writing out the denominator term by term by using identities like Pu ·q ′ =
(

M2
i −m2

f −u
)
/2

and Pu · p′ =
(

M2
f −m2

i +u
)
/2 gives us the invariant amplitudes A f i (s, t,u) and B f i (s, t,u)

A f i = f ∗14 f ∗23

m2
π+
· 1

u−M2
Y ∗+ iε

·
{

1

2

[
t−m2

f −m2
i

][1

2

(
M f +Mi

)+MY ∗

]

+ 1

6M2
Y ∗

[
M2

f −m2
i −u

][
M2

i −m2
f −u

][1

2

(
M f +Mi

)]
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+1

3
MY ∗

[
u− 1

2

(
M2

f +M2
i

)]

+1

3

[
1

2
(M f +Mi )u− 1

4
(M2

f +M2
i )(M f +Mi )+ 1

4
(m2

i −m2
f )(M f −Mi )

]

+ 1

6MY ∗

[
(M2

f −m2
i −u)(

Mi

2
(Mi −M f )−m2

f )−

(M2
i −m2

f −u)(
M f

2
(Mi −M f )+m2

i )

]}
, (C.34)

B f i = f ∗14 f ∗23

m2
π+
· 1

u−M2
Y ∗+ iε

·
{
− 1

2

[
t−m2

f −m2
i

]
− 1

6M2
Y ∗

[
u−M2

f +m2
i

]

×
[
u−M2

i +m2
f

]
+ MY ∗

3
(M f +Mi )− 1

6
[m2

f +m2
i − (M f +Mi )

2]

1

6MY ∗

[
M f (M

2
i −m2

f −u)+Mi (M
2
f −m2

i −u)
]}

. (C.35)

(vi) J P = 3
2
+

pole diagram

Applying crossing symmetry again we find, similar to the J P = 1
2
+

baryon pole diagram, the

invariant amplitudes for the J P = 3
2
+

baryon pole diagram

A f i = f ∗14 f ∗23

m2
π+
· 1

s−M2
Y ∗+ iε

·
{

1

2

[
t−m2

f −m2
i

][1

2

(
M f +Mi

)+MY ∗

]

+ 1

6M2
Y ∗

[
M2

f −m2
f − s

][
M2

i −m2
i − s

][1

2

(
M f +Mi

)]

+1

3
MY ∗

[
s− 1

2

(
M2

f +M2
i

)]

+1

3

[
1

2
(M f +Mi )s− 1

4
(M2

f +M2
i )(M f +Mi )+ 1

4
(m2

f −m2
i )(M f −Mi )

]

+ 1

6MY ∗

[
(M2

f −m2
f − s)(

Mi

2
(Mi −M f )−m2

i )−

(M2
i −m2

i − s)(
M f

2
(Mi −M f )+m2

f )

]}
, (C.36)

B f i = − f ∗14 f ∗23

m2
π+
· 1

s−M2
Y ∗+ iε

·
{
− 1

2

[
t−m2

f −m2
i

]
− 1

6M2
Y

[
s−M2

f +m2
f

]

×
[
s−M2

i +m2
i

]
+ MY ∗

3
(M f +Mi )− 1

6
[m2

f +m2
i − (M f +Mi )

2]

1

6MY ∗

[
M f (M

2
i −m2

i − s)+Mi (M
2
f −m2

f − s)
]}

. (C.37)
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C.2 Momentum space meson-exchange diagrams

(i) J P = 0++ scalar-meson-exchange

The S-matrix element is given by

S f i = −g(s)13 g(s)24

∫
d4 pu

(2π)4
[
ū(p f ,s f ) u(pi ,si )

] i

(p′− p)2−m2+ iε
(C.38)

×(2π)4δ(q ′−q− pu)(2π)
4δ(p− p′− pu)

= −(2π)4 i δ4(p′+q ′− p−q)
g(s)13 g(s)24

(p′− p)2−m2+ iε

[
ū(p f ,s f ) u(pi ,si )

]
.

From the right-hand side of Eq. (C.38) the M f i -amplitude can immediately be read off. The
contribution to the invariant amplitudes A f i (s, t,u) and B f i (s, t,u) defined in Eq. (2.5) is

A f i = g(s)13 g(s)24

t−m2+ iε
,

B f i = 0 , (C.39)

where t is the Mandelstam variable t = (p′− p)2 = (q−q ′)2.

(ii) J P = 1−− vector-meson-exchange

a) The triple-meson interaction density is given in Eq. (4.18). The P PV -vertex is given by
the matrix element 1

〈q ′|
∫

d4xHP PV (x)|q,1〉 = (2π)4δ(q ′−q−1) · gP PV
(
q ′µ+qµ

)
εµ(λ)

≡ (2π)4δ(p− p′−1)εµ(λ)0µP PV (q
′,q) . (C.40)

Here, 1= q ′−q = p− p′. The triple-meson vertex function from Eq. (C.40) is

0
µ
P PV (q

′,q)= gP PV
(
q ′+q

)µ
. (C.41)

b) From the interaction Hamiltonian density Eq. (4.13), the B BV -vertex is given by the matrix
element

〈p′,1|
∫

d4xHV (x)|p〉 = (2π)4δ(p′− p+1) [gV ū(p′,s′)γ µui (p) ε∗µ(λ)

+ i fV

4M
[
ū f (p′) σµν ui (p)

](
1µε

∗
ν −1νε∗µ

)]

= (2π)4δ(p′− p+1) ū f (p′)
[

gV γ
µ− i fV

2Mσµν1ν

]
ui (p) · ε∗µ(λ)

≡ (2π)4δ(p′− p+1) ε∗µ(λ)
[
ū(p′,s′) 0µB BV (p

′, p) u(p,s)
]
. (C.42)

1The vertex function 0(p′, p) is defined such that the Feynman rule gives a factor −i0(p′, p) for any inter-
action vertex of this kind.
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To go from the first to the second line we used that σµν = 1
2

(
σµν−σνµ

)
. The B BV -vertex

function from Eq. (C.40) is

0
µ
B BV (p

′, p)=
[

gV γ
µ− i fV

2Mσµν1ν

]
. (C.43)

The S-matrix element for vector-meson exchange is given by

S f i =
∑

λ

∫
d41

(2π)4
·−i gP PV (q

′+q)νε
ν(λ)

×(2π)4δ(q ′−q−1) · i

12−m2+ iε
×(2π)4δ(p− p′−1) − iεµ(λ)∗

×ū f (p′)
[

gV γµ− i
fV

2Mσµκ1
κ

]
ui (p) . (C.44)

Now, ∑

λ

ε∗µ(1,λ)εν(1,λ)=−gµν+1µ1ν
m2

,

which is substituted in Eq. (C.44). For the M f i -amplitude this leads to the contribution

M f i = gP PV (q
′+q)ν · −gµν+1µ1ν/m2

12−m2+ iε
· ū f (p′)

[
gV γµ− i fV

2Mσµκ1
κ

]
ui (p)

≡ M (1)
f i +M (2)

f i , (C.45)

where the first term refers to the contribution due to the gµν-term and the second one to that
from 1µ1ν in the vector meson propagator.
(i) −gµν term: The contribution is

M (1)
f i = −2gP PV · 1

12−m2+ iε
· ū f (p′)

[
gV 6Q− i fV

2M ·σµκQµ1κ
]

ui (p) . (C.46)

The anomalous magnetic term in Eq. (C.46) can be rewritten using

σµκQµ1κ = i

{(
M f +Mi

) 6Q− 1

2
(s−u)

}
.

This result leads to the expression

M (1)
f i = −2gP PV · 1

12−m2+ iε
· ū f (p′)

[(
gV + + fV

M f +Mi

2M

)
6Q

−s−u

4M fV

]
ui (p) . (C.47)
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(ii) 1µ1ν term: The contribution is

M (2)
f i = gP PV gV · 1

12−m2+ iε
· m

2
f −m2

i

m2

(
Mi −M f

)[
ū f (p′)ui (p)

]
. (C.48)

The contributions to the invariant amplitudes A f i (s, t,u) and B f i (s, t,u) are

A f i = gP PV · 1

t−m2+ iε
·
[

gV
m2

f −m2
i

m2

(
Mi −M f

)+ s−u

2M fV

]
,

B f i = −2gP PV · 1

t−m2+ iε
·
(

gV + fV
M f +Mi

2M

)
. (C.49)

(iii) J P = 2++ tensor-meson-exchange

a) The triple-meson interaction density is given by Eq. (4.20). The P PT -vertex is given by
the matrix element

〈q ′|
∫

d4xHP PT (x)|q,1〉

= (2π)4δ(q ′−q−1) · gP PT

mπ+

(
q ′µ+qµ

)(
q ′ν+qν

) · εµν(λ)
≡ (2π)4δ(p′− p+1)εµν(λ)0µνP PT (q

′,q) . (C.50)

Where we used that 2
(
qµq ′ν+q ′µqν

)= 4QµQν−1µ1ν =
(
q ′µ+qµ

)(
q ′ν+qν

)
, since later on

1 · P = 0. The triple-meson vertex function from Eq. (C.50) is

0
µν
P PT (q

′,q)= gP PT

mπ+

(
q ′+q

)µ (
q ′+q

)ν
. (C.51)

b) From the interaction Hamiltonian density Eq. (4.15), the B BT -vertex is given by the matrix
element

〈p′,1|
∫

d4xHT (x)|p〉

= (2π)4δ(p′− p−q)
1

2

(
p′+ p

)ν
ū f (p′)

[
γ µ F1+ 1

2

(
p′+ p

)µ
F2

]
ui (p) · ε∗µν(λ)

≡ (2π)4δ(p′− p+1) ε∗µν(λ)
[
ū(p′,s′) 0µνB BT (p

′, p) u(p,s)
]
. (C.52)

The B BT -vertex function from Eq. (C.52) is

0
µν
B BT (p

′, p)= 1

2

(
p′+ p

)ν
[
γ µ F1+ 1

2

(
p′+ p

)µ
F2

]
. (C.53)

The S-matrix element for tensor-meson exchange is given by

S f i =
∑

λ

∫
d41

(2π)4
gP PT

mπ+
(q ′+q)µ(q ′+q)ν εµν(λ)



110 Relativistic invariant amplitudes

×− i(2π)4δ(q ′−q−1) · i

12−m2+ iε
·

×− i(2π)4δ(p− p′−1) εκρ(λ)∗

×1

2
(p′+ p)κ ū f (p′)

[
γ ρ F1+ 1

2

(
p′+ p

)ρ
F2

]
ui (p) . (C.54)

Now,

Pκρ;µν ≡
∑

λ

ε∗κρ(1,λ)εµν(1,λ)=
1

2

(
PκµPρν+ PκνPρµ

)− 1

3
PκρPµν , (C.55)

where Pµν =−gµν+1µ1ν/m2. Substituted in Eq. (C.54), this gives for the M f i -amplitude
the contribution

M f i = gP PT

mπ+
(q ′+q)µ(q ′+q)ν · Pµν;κρ(1)

12−m2+ iε
·

×1

2
(p′+ p)κ ū f (p′)

[
γ ρ F1+ 1

2

(
p′+ p

)ρ
F2

]
ui (p)

≡ M (1)
f i +M (2)

f i +M (3)
f i , (C.56)

where the three terms correspond to the contributions of the three terms on the right-hand side
of Eq. (C.55).
(i) 1

2 PκµPρν-term:

M (1)
f i =

gP PT /mπ+

12−m2+ iε

×
{

QµQν

(
−gκµ+1κ1µ

m2

)(
−gρν+1ρ1ν

m2

)

× (p′+ p)κ ū f (p′)
[
γ ρ F1+ 1

2

(
p′+ p

)ρ
F2

]
ui (p)

}
. (C.57)

Using the identities

Q ·1= 1

2
(q ′+q) · (q ′−q)= 1

2
(m2

f −m2
i ) ,

(p′+ p) ·1= (p′+ p) · (p− p′)= M2
i −M2

f ,

Q · (p′+ p)= 1

2
(q ′+q) · (p′+ p)= 1

2
(s−u) , (C.58)

one obtains

M f i = gP PT /mπ+

12−m2+ iε
× ū f (p′)

{
1

2
(s−u)

[
6QF1+ 1

4
(s−u)F2

]
(C.59)

−(m
2
f −m2

i )(s−u)

4m2

[
(Mi −M f )F1+ 1

2
(M2

i −M2
f )F2

]
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−(m
2
f −m2

i )(M
2
i −M2

f )

2m2

[
6QF1+ 1

4
(s−u)F2

]

+(m
2
f −m2

i )
2(M2

i −M2
f )

4m4

[
(Mi −M f )F1+ 1

2
(M2

i −M2
f )F2

]
ui

}
ui (p) .

(ii) 1
2 PκνPρµ-term: Since QµQν Pκν Pρµ = Qµ Qν Pκµ Pρν , this gives the same contribution

as the first term, which is evaluted above.
(iii) −1

3 PκρPµν-term: In this case the matrix element factorizes into a factor from the triple-
meson vertex and a factor from the meson-baryon-baryon vertex. One has:
a. M M M-factor:

4Qµ Qν Pµν = 4Qµ Qν

(
−gµν+1µ1ν

m2

)
= 4

[
−Q2+ (m

2
f −m2

i )
2

4m2

]
=

4

[
−
(

1

2
(m2

f +m2
i )−

1

4
t

)
+ (m

2
f −m2

i )
2

4m2

]
. (C.60)

b. B B M-factor:

Pκρ · 1
2
(p′+ p)κ ū f

[
γ ρ F1+ 1

2

(
p′+ p

)ρ
F2

]
ui =

−1

2
ū f

[
(M f +Mi )F1+ 1

2
(p′+ p)2 F2

]
ui

+(M
2
i −M2

f )

2m2
ū f

[
(Mi −M f )F1+ 1

2
(M2

i −M2
f )F2

]
ui . (C.61)

Collecting all results above, one obtains for the invariant amplitudes Eq. (2.5)

A f i = gP PT

mπ+

1

12−m2+ iε

{
1

4
(s−u)2 F2

− 1

2m2
(m2

f −m2
i )(s−u)

[
(Mi −M f ) F1+ (M2

i −M2
f ) F2

]

+ 1

2m4
(m2

f −m2
i )

2(M2
i −M2

f )

[
(Mi −M f )F1+ 1

2
(M2

i −M2
f )F2

]

−4

3

[
−Q2+ (m

2
f −m2

i )
2

4m2

]
·
[
−1

2

{
(M f +Mi )F1+ 1

2
(p′+ p)2 F2

}

+M2
i −M2

f

2m2

{
(Mi −M f )F1+ 1

2
(M2

i −M2
f )F2

}] }
,

B f i = gP PT

mπ+

1

12−m2+ iε
·
{
(s−u) F1−

(m2
f −m2

i )(M
2
i −M2

f )

m2
F1

}
. (C.62)
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C.3 Momentum space Pomeron-exchange

The contribution to the invariant amplitudes A f i (s, t,u) and B f i (s, t,u) is

A f i = g13 g24

Ms
,

B f i = g13 g24

Ms
. (C.63)
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Appendix D

X,Y,Z-coefficients

Here we list the explicit expressions for the expansion coefficients X (α), Y (α), Z (α) and U (α)

of the partial wave potentials, Eq. (4.34), for each type of exchange in the s-, u- and t-channel.

D.1 Baryon-exchange

(i) J P = 1
2
+

baryon-exchange

(i) pseudoscalar coupling:

X (C)B = g14g23

√
(E f +M f )(Ei +Mi )

[
MB+ 1

2

(
W f +Wi

)−M f −Mi

]
, (D.1)

Y (C)B = g14g23

√
(E f −M f )(Ei −Mi )

[
−MB+ 1

2

(
W f +Wi

)+M f +Mi

]
,

X (SO)
B = −g14g23

√
(E f −M f )(Ei −Mi )

[
−MB+ 1

2

(
W f +Wi

)+M f +Mi

]
.

(ii) pseudovector coupling:

X (C)B = − f14 f23

m2
π+

√
(E f +M f )(Ei +Mi )

[(
−M f +Mi

2
−MB

)

×
(

1

4

(
E f + Ei −ω f −ωi

)2− p2
f − p2

i

)
+ 1

2

(
M f +Mi

)
M f Mi

+1

2

(
M2

f +M2
i

)
MB− 1

2

(
W f +Wi −M f −Mi

)(1

4

(
E f + Ei −ω f −ωi

)2

−p2
f − p2

i +
(
M f +Mi

)
MB+M f Mi

)]
,

Y (C)B = − f14 f23

m2
π+

[√
(E f +M f )(Ei +Mi )

[
−
(
−M f +Mi

2
−MB

)
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+1

2

(
W f +Wi −M f −Mi

)]
2p f pi +

√
(E f −M f )(Ei −Mi )×

[
−
(
−M f +Mi

2
−MB

)(
1

4

(
E f + Ei −ω f −ωi

)2− p2
f − p2

i

)

−1

2

(
M f +Mi

)
M f Mi − 1

2

(
M2

f +M2
i

)
MB− 1

2

(
W f +Wi +M f +Mi

)

×
(

1

4

(
E f + Ei −ω f −ωi

)2− p2
f − p2

i +
(
M f +Mi

)
MB+M f Mi

)]]
,

Z (C)B = − f14 f23

m2
π+

√
(E f −M f )(Ei −Mi )

[
−M f +Mi

2
−MB+ 1

2

(
W f +Wi

+M f +Mi
)]

2p f pi ,

X (SO)
B = f14 f23

m2
π+

√
(E f −M f )(Ei −Mi )

[
−
(
−M f +Mi

2
−MB

)

×
(

1

4

(
E f + Ei −ω f −ωi

)2− p2
f − p2

i

)
− 1

2

(
M f +Mi

)
M f Mi

−1

2

(
M2

f +M2
i

)
MB − 1

2

(
W f +Wi +M f +Mi

)(1

4

(
E f + Ei −ω f −ωi

)2

−p2
f − p2

i +
(
M f +Mi

)
MB+M f Mi

)]
,

Y (SO)
B = f14 f23

m2
π+

√
(E f −M f )(Ei −Mi )

[
−M f +Mi

2
−MB+ 1

2

(
W f +Wi

+M f +Mi
)]

2p f pi .

(D.2)

(ii) J P = 1
2
+

pole term

(i) pseudoscalar coupling:

X (C)B = −g14g23

√
(E f +M f )(Ei +Mi )

[
MB− 1

2

(
W f +Wi

)]
,

Y (C)B = g14g23

√
(E f −M f )(Ei −Mi )

[
MB+ 1

2

(
W f +Wi

)]
,

X (SO)
B = −g14g23

√
(E f −M f )(Ei −Mi )

[
MB+ 1

2

(
W f +Wi

)]
. (D.3)

(ii) pseudovector coupling:

X (C)B = f14 f23

m2
π+

√
(E f +M f )(Ei +Mi )

[(
−1

2

(
M f +Mi

)−MB

)
s

+1

2

(
M f +Mi

)
M f Mi + 1

2

(
W f +Wi −M f −Mi

)(
s+ (M f +Mi

)
MB
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+M f Mi
)+ 1

2

(
M2

f +M2
i

)
MB

]
,

Y (C)B = f14 f23

m2
π+

√
(E f −M f )(Ei −Mi )

[
−
(
−1

2

(
M f +Mi

)−MB

)
s

−1

2

(
M f +Mi

)
M f Mi + 1

2

(
W f +Wi −M f −Mi

)(
s+ (M f +Mi

)
MB

+M f Mi
)− 1

2

(
M2

f +M2
i

)
MB

]
,

X (SO)
B = − f14 f23

m2
π+

√
(E f −M f )(Ei −Mi )

[
−
(
−1

2

(
M f +Mi

)−MB

)
s

−1

2

(
M f +Mi

)
M f Mi + 1

2

(
W f +Wi −M f −Mi

)(
s+ (M f +Mi

)
MB

+M f Mi
)− 1

2

(
M2

f +M2
i

)
MB

]
. (D.4)

(iii) J P = 1
2
−

baryon-exchange

(i) scalar coupling:

X (C)B = g∗14g∗23

√
(E f +M f )(Ei +Mi )

[
−MB+ 1

2

(
W f +Wi

)−M f −Mi

]
,

Y (C)B = g∗14g∗23

√
(E f −M f )(Ei −Mi )

[
MB+ 1

2

(
W f +Wi

)+M f +Mi

]
,

X (SO)
B = −g∗14g∗23

√
(E f −M f )(Ei −Mi )

[
MB+ 1

2

(
W f +Wi

)+M f +Mi

]
. (D.5)

(ii) vector coupling:

X (C)B = − f ∗14 f ∗23

m2
π+

√
(E f +M f )(Ei +Mi )

[(
−M f +Mi

2
+MB

)

×
(

1

4

(
E f + Ei −ω f −ωi

)2− p2
f − p2

i

)
+ 1

2

(
M f +Mi

)
M f Mi

−1

2

(
M2

f +M2
i

)
MB− 1

2

(
W f +Wi −M f −Mi

)(1

4

(
E f + Ei −ω f −ωi

)2

−p2
f − p2

i −
(
M f +Mi

)
MB+M f Mi

)]
,

Y (C)B = − f ∗14 f ∗23

m2
π+

[√
(E f +M f )(Ei +Mi )

[
−
(
−M f +Mi

2
+MB

)

+1

2

(
W f +Wi −M f −Mi

)]
2p f pi +

√
(E f −M f )(Ei −Mi )×
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[
−
(
−M f +Mi

2
+MB

)(
1

4

(
E f + Ei −ω f −ωi

)2− p2
f − p2

i

)

−1

2

(
M f +Mi

)
M f Mi + 1

2

(
M2

f +M2
i

)
MB− 1

2

(
W f +Wi +M f +Mi

)

×
(

1

4

(
E f + Ei −ω f −ωi

)2− p2
f − p2

i −
(
M f +Mi

)
MB+M f Mi

)]]
,

Z (C)B = − f ∗14 f ∗23

m2
π+

√
(E f −M f )(Ei −Mi )

[
−M f +Mi

2
+MB+ 1

2

(
W f +Wi

+M f +Mi
)]

2p f pi ,

X (SO)
B = f ∗14 f ∗23

m2
π+

√
(E f −M f )(Ei −Mi )

[
−
(
−M f +Mi

2
+MB

)

×
(

1

4

(
E f + Ei −ω f −ωi

)2− p2
f − p2

i

)
− 1

2

(
M f +Mi

)
M f Mi

+1

2

(
M2

f +M2
i

)
MB − 1

2

(
W f +Wi +M f +Mi

)(1

4

(
E f + Ei −ω f −ωi

)2

−p2
f − p2

i −
(
M f +Mi

)
MB+M f Mi

)]
,

Y (SO)
B = f ∗14 f ∗23

m2
π+

√
(E f −M f )(Ei −Mi )

[
−M f +Mi

2
+MB+ 1

2

(
W f +Wi

+M f +Mi
)]

2p f pi .

(D.6)

(iv) J P = 1
2
−

pole term

(i) scalar coupling:

X (C)B = g∗14g∗23

√
(E f +M f )(Ei +Mi )

[
MB+ 1

2

(
W f +Wi

)]
,

Y (C)B = g∗14g∗23

√
(E f −M f )(Ei −Mi )

[
−MB+ 1

2

(
W f +Wi

)]
,

X (SO)
B = −g∗14g∗23

√
(E f −M f )(Ei −Mi )

[
−MB+ 1

2

(
W f +Wi

)]
. (D.7)

(ii) vector coupling:

X (C)B = f ∗14 f ∗23

m2
π+

√
(E f +M f )(Ei +Mi )

[(
−1

2

(
M f +Mi

)+MB

)
s

+1

2

(
M f +Mi

)
M f Mi + 1

2

(
W f +Wi −M f −Mi

)(
s− (M f +Mi

)
MB

+M f Mi
)− 1

2

(
M2

f +M2
i

)
MB

]
,
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Y (C)B = f ∗14 f ∗23

m2
π+

√
(E f −M f )(Ei −Mi )

[
−
(
−1

2

(
M f +Mi

)+MB

)
s

−1

2

(
M f +Mi

)
M f Mi + 1

2

(
W f +Wi −M f −Mi

)(
s− (M f +Mi

)
MB

+M f Mi
)+ 1

2

(
M2

f +M2
i

)
MB

]
,

X (SO)
B = − f ∗14 f ∗23

m2
π+

√
(E f −M f )(Ei −Mi )

[
−
(
−1

2

(
M f +Mi

)+MB

)
s

−1

2

(
M f +Mi

)
M f Mi + 1

2

(
W f +Wi −M f −Mi

)(
s− (M f +Mi

)
MB

+M f Mi
)+ 1

2

(
M2

f +M2
i

)
MB

]
. (D.8)

(v) J P = 3
2
+

baryon-exchange

X (C)Y ∗ = −
f ∗14 f ∗23

m2
π+

√
(Ei +Mi )(E f +M f )

[
A0+ B0

2

(
W f +Wi −Mi −M f

)]
,

Y (C)Y ∗ = − f ∗14 f ∗23

m2
π+

{√
(Ei +Mi )(E f +M f )

[
A1+ B1

2

(
W f +Wi −M f −Mi

)]

+
√
(Ei −Mi )(E f −M f )

[
−A0+ B0

2

(
W f +Wi +M f +Mi

)]}
,

Z (C)Y ∗ = −
f ∗14 f ∗23

m2
π+

{√
(Ei +Mi )(E f +M f )

[
A2+ B2

2

(
W f +Wi −M f −Mi

)]

+
√
(Ei −Mi )(E f −M f )

[
−A1+ B1

2

(
W f +Wi +M f +Mi

)]}
,

U (C)
Y ∗ = f ∗14 f ∗23

m2
π+

√
(Ei −Mi )(E f −M f )

[
−A2+ B2

2

(
W f +Wi +M f +Mi

)]
,

X (SO)
Y ∗ = f ∗14 f ∗23

m2
π+

√
(Ei −Mi )(E f −M f )

[
−A0+ B0

2

(
W f +Wi +Mi +M f

)]
,

Y (SO)
Y ∗ = f ∗14 f ∗23

m2
π+

√
(Ei −Mi )(E f −M f )

[
−A1+ B1

2

(
W f +Wi +Mi +M f

)]
,

Z (SO)
Y ∗ = f ∗14 f ∗23

m2
π+

√
(Ei −Mi )(E f −M f )

[
−A2+ B0

2

(
W f +Wi −M f −Mi

)]
. (D.9)

Where A0, A1, A2, B0, B1 and B2 depend on the mass and momentum of the particles as
follows.

A0 = 1

12M2
Y ∗

(
M f +Mi

)(−2p f pi zu+M2
Y ∗
)2
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+
(
− 1

6M2
Y ∗

(
M2

f +M2
i −m2

f −m2
i

) 1

2

(
M f +Mi

)+ MY ∗

3
+ 1

6

(
M f +Mi

)

− 1

6MY ∗

(
Mi

2

(
Mi −M f

)−m2
f +

M f

2

(
M f −Mi

)−m2
i

))(
−2p f pi zu+M2

Y ∗
)

+1

2

(
1

2

(
M f +Mi

)+MY ∗

)(
1

2

{(
E f − Ei

)2+ (ω f −ωi
)2}− p2

f − p2
i

)

−1

2

(
m2

f +m2
i

)[1

2

(
M f +Mi

)+MY ∗

]
+ 1

12M2
Y ∗

(
M f +Mi

)(
M2

f −m2
i

)
×

(
M2

i −m2
f

)
− MY ∗

6

(
M2

f +M2
i

)
+ 1

12

[(
m2

i −m2
f

)(
M f −Mi

)−
(

M2
f +M2

i

)
×

(
M f +Mi

)]+ 1

6MY ∗

[(
M2

f −m2
i

)(Mi

2

(
Mi −M f

)−m2
f

)
+
(

M2
i −m2

f

)
×

(
M f

2

(
M f −Mi

)−m2
i

)]
,

A1 =
[
− 1

12M2
Y ∗

(
M f +Mi

)
2
(
−2p f pi zu+M2

Y ∗
)

+ 1

6M2
Y ∗

(
M2

f +M2
i −m2

f −m2
i

) 1

2

(
M f +Mi

)− MY ∗

3
− 1

6

(
M f +Mi

)

+ 1

6MY ∗

(
Mi

2

(
Mi −M f

)−m2
f +

M f

2

(
M f −Mi

)−m2
i

)

+1

2

(
1

2

(
M f +Mi

)+MY ∗

)]
2p f pi ,

A2 = 1

12M2
Y ∗

(
M f +Mi

)(
2p f pi

)2
,

B0 = 1

2

(
m2

f +m2
i

)
− 1

6M2
Y ∗

(
M2

f −m2
i

)(
M2

i −m2
f

)
+ MY ∗

3

(
M f +Mi

)

−1

6

[
m2

f +m2
i −

(
M f +Mi

)2]+ 1

6MY ∗

(
M f

(
M2

i −m2
f

)
+Mi

(
M2

f −m2
i

))

−1

2

[
1

2

{(
E f − Ei

)2+ (ω f −ωi
)2}− p2

f − p2
i

]
− 1

6M2
Y ∗

(
−2p f pi zu+M2

Y ∗
)2

+
(

1

6M2
Y ∗

[
M2

f +M2
i −m2

f −m2
i

]
− 1

6MY ∗

(
M f +Mi

)
)(
−2p f pi zu+M2

Y ∗
)
,

B1 =
[

1

3M2
Y ∗

(
−2p f pi zu+M2

Y ∗
)

− 1

6MY ∗

(
1

MY ∗

[
M2

f +M2
i −m2

f −m2
i

]
− [M f +Mi

])− 1

2

]
2p f pi ,
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B2 = − 1

6M2
Y ∗

(
2p f pi

)2
. (D.10)

(vi) J P = 3
2
+

pole term

X (C)Y ∗ =
f ∗14 f ∗23

m2
π+

√
(Ei +Mi )(E f +M f )

[
A0+ B0

2

(
W f +Wi −Mi −M f

)]
,

Y (C)Y ∗ = f ∗14 f ∗23

m2
π+

{√
(Ei +Mi )(E f +M f )

[
A1+ B1

2

(
W f +Wi −M f −Mi

)]

+
√
(Ei −Mi )(E f −M f )

[
−A0+ B0

2

(
W f +Wi +M f +Mi

)]}
,

Z (C)Y ∗ =
f ∗14 f ∗23

m2
π+

√
(Ei −Mi )(E f −M f )

[
−A1+ B1

2

(
W f +Wi +M f +Mi

)]
,

X (SO)
Y ∗ = − f ∗14 f ∗23

m2
π+

√
(Ei −Mi )(E f −M f )

[
−A0+ B0

2

(
W f +Wi +Mi +M f

)]
,

Y (SO)
Y ∗ = − f ∗14 f ∗23

m2
π+

√
(Ei −Mi )(E f −M f )

[
−A1+ B1

2

(
W f +Wi +Mi +M f

)]
.

(D.11)

Where A0, A1, B0 and B1 depend on the mass and momentum of the particles as follows.

A0 = 1

2

[
1

2

{(
E f − Ei

)2+ (ω f −ωi
)2}− p2

f − p2
i −m2

f −m2
i

][
1

2

(
M f +Mi

)+MY ∗

]

+ 1

6M2
Y ∗

[
M2

f −m2
f − s

][
M2

i −m2
i − s

][M f +Mi

2

]
+ 1

3MY ∗

[
s− 1

2

(
M2

f

+M2
i

)]
+ 1

3

[
1

2
(M f +Mi )s− 1

4
(M2

f +M2
i )(M f +Mi )+ 1

4
(m2

f −m2
i )

(M f −Mi )
]+ 1

6MY ∗

[
(M2

f −m2
f − s)(

Mi

2
(Mi −M f )−m2

i )− (M2
i −m2

i − s)

(
M f

2
(Mi −M f )+m2

f )

]
,

A1 = 1

2

[
1

2

(
M f +Mi

)+MY ∗

]
2p f pi ,

B0 = 1

2

[
1

2

{(
E f − Ei

)2+ (ω f −ωi
)2}− p2

f − p2
i −m2

f −m2
i

]
1

6M2
Y ∗

[
s−M2

f +m2
f

]

[
s−M2

i +m2
i

]
− MY ∗

3
(M f +Mi )+ 1

6
[m2

f +m2
i − (M f +Mi )

2]− 1

6MY ∗
×

[
M f (M

2
i −m2

i − s)+Mi (M
2
f −m2

f − s)
]
,

B1 = p f pi . (D.12)
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D.2 Meson-exchange

(i) J P = 0++ scalar-meson-exchange

X (C)S = −g(s)13 g(s)24

√
(E f +M f )(Ei +Mi ) ,

Y (C)S = g(s)13 g(s)24

√
(E f −M f )(Ei −Mi ) ,

X (SO)
S = −g(s)13 g(s)24

√
(E f −M f )(Ei −Mi ) . (D.13)

(ii) J P = 1−− vector-meson-exchange

X (C)V = −gP PV gV

√
(Ei +Mi )(E f +M f )




(
m2

f −m2
i

)(
Mi −M f

)

m2
V

− (W f +Wi

−Mi −M f
)]− gP PV fV

√
(Ei +Mi )(E f +M f )

[
−M f +Mi

2MS

(
W f +Wi

−Mi −M f
)+

(
ω f +ωi

)(
E f + Ei

)+ p2
f + p2

i

2MS

]
,

Y (C)V = −gP PV gV

√
(Ei −Mi )(E f −M f )

[
−(m

2
f −m2

i )(Mi −M f )

m2
V

− (W f +Wi

+Mi +M f
)]− gP PV fV

[√
(Ei +Mi )(E f +M f )

p f pi

MS

+
√
(Ei −Mi )(E f −M f )

[
−M f +Mi

2MS

(
W f +Wi +Mi +M f

)

−
(
ω f +ωi

)(
E f + Ei

)+ p2
f + p2

i

2MS

]]
,

Z (C)V = gP PV fV

√
(Ei −Mi )(E f −M f )

p f pi

Ms
,

X (SO)
V = gP PV gV

√
(Ei −Mi )(E f −M f )

[
−(m

2
f −m2

i )(Mi −M f )

m2
V

− (W f +Wi

+M f +Mi
)]+ gP PV fV

√
(Ei −Mi )(E f −M f )

[
−M f +Mi

2MS

(
W f +Wi

+M f +Mi
)−

(
ω f +ωi

)(
E f + Ei

)+ p2
f + p2

i

2MS

]
,

Y (SO)
V = −gP PV fV

√
(Ei −Mi )(E f −M f )

p f pi

Ms
. (D.14)
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(iii) J P = 2++ tensor-meson-exchange

X (C)T = −gP PT F1

mπ+

√
(Ei +Mi )(E f +M f )

[
A0+ 1

2
B0
(
W f +Wi −Mi −M f

)]
,

Y (C)T = −gP PT F1

mπ+

{√
(Ei +Mi )(E f +M f )

[
A1+ 1

2
B1
(
W f +Wi −M f −Mi

)]

+
√
(Ei −Mi )(E f −M f )

[
−A0+ 1

2
B0
(
W f +Wi +M f +Mi

)]}
,

Z (C)T = −gP PT F1

mπ+

{√
(Ei +Mi )(E f +M f )A2

+
√
(Ei −Mi )(E f −M f )

[
−A1+ 1

2
B1
(
W f +Wi +M f +Mi

)]}
,

U (C)
T = gP PT F1

mπ+

√
(Ei −Mi )(E f −M f )A2 ,

X (SO)
T = gP PT F1

mπ+

√
(Ei −Mi )(E f −M f )

[
−A0+ 1

2
B0
(
W f +Wi +Mi +M f

)]
,

Y (SO)
T = gP PT F1

mπ+

√
(Ei −Mi )(E f −M f )

[
−A1+ 1

2
B1
(
W f +Wi +Mi +M f

)]
,

Z (SO)
T = −gP PT F1

mπ+

√
(Ei −Mi )(E f −M f )A2 . (D.15)

Where A0, A1, A2, B0 and B1 depend on the mass and momentum of the particles as follows.

A0 = F2

F1

{
1

4

((
ωi +ω f

)(
E f + Ei

)+ p2
f + p2

i

)2+ 1

4m4
T

(
m2

f −m2
i

)2(
M2

i −M2
f

)2

−
(
ωi +ω f

)(
E f + Ei

)+ p2
f + p2

i

2m2
T

(
m2

f −m2
i

)(
M2

i −M2
f

)
− 1

3
×


−2

(
m2

f +m2
i

)
+
(

m2
f −m2

i

)2

m2
T

+ 1

2

[(
E f − Ei

)2+ (ω f −ωi
)2]− p2

f − p2
i


×




(
M2

i −M2
f

)2

4m2
T

− M2
f +M2

i

2
+ 1

4

(
1

2

[(
E f − Ei

)2+ (ω f −ωi
)2]− p2

f − p2
i

)







+
{
−
(
ωi +ω f

)(
E f + Ei

)+ p2
f + p2

i

2m2
T

(
m2

f −m2
i

)(
Mi −M f

)

+ 1

2m4
T

(
m2

f −m2
i

)2(
M2

i −M2
f

)(
Mi −M f

)
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−1

3


−2

[
m2

f +m2
i

]
+
(

m2
f −m2

i

)2

m2
T

+ 1

2

[(
E f − Ei

)2+ (ω f −ωi
)2]− p2

f − p2
i




×



(
M2

i −M2
f

)

2m2
T

(
Mi −M f

)− 1

2

(
M f +Mi

)




 ,

A1 = F2

F1




(
ωi +ω f

)(
E f + Ei

)+ p2
f + p2

i −
(

m2
f −m2

i

)(
M2

i −M2
f

)

m2
T

−1

6


−2

(
m2

f +m2
i

)
+
(

m2
f −m2

i

)2

m2
T

+ 1

2

[(
E f − Ei

)2+ (ω f −ωi
)2]− p2

f − p2
i




−
(

M2
i −M2

f

)2
2

6m2
T

+ 1

3

(
M2

f +M2
i

)
− 1

6

(
1

2

[(
E f − Ei

)2+ (ω f −ωi
)2]− p2

f

−p2
i

)}
p f pi +



−

(
m2

f −m2
i

)(
Mi −M f

)

m2
T

−
(

M2
i −M2

f

)(
Mi −M f

)

3m2
T

+

1

3

(
M f +Mi

)}
p f pi ,

A2 = −1

3
p2

f p2
i

F2

F1
,

B0 =
(
ωi +ω f

)(
E f + Ei

)+ p2
f + p2

i −
(

m2
f −m2

i

)(
M2

i −M2
f

)

m2
T

,

B1 = 2p f pi . (D.16)

D.3 Pomeron-exchange

X (C)P = gP
13gP

24

√
(E f +M f )(Ei +Mi ) ,

Y (C)P = −gP
13gP

24

√
(E f −M f )(Ei −Mi ) ,

X (SO)
P = gP

13gP
24

√
(E f −M f )(Ei −Mi ) . (D.17)



123

Appendix E

Haftel-Tabakin matrix-inversion method

The integral equation for the scattering amplitude, Eq. (3.17), has a singularity in the Green
function G0, the method we use to deal with this singularity, originally introduced by Haftel
and Tabakin [63], is described in detail in this appendix. The on-shell, half off-shell as well as
the full off-shell amplitude is found using this method.

The integral equation for the amplitude to be solved numerically is typically of the form

T (p′, p) = V (p′, p)+P
∫

dk

2π2
V (p′,k)

1

4E(k)E(k)
k2

√
s− E(k)−E(k)T (k, p) .

(E.1)

Here we have defined the on-shell energy
√

s = E(q)+E(q), where q is the on-shell momen-
tum. Now we subtract a term which is equal to zero, having the same pole and residue as the
integrand. The integrand now becomes smooth and the principal-value integral in Eq. (E.1)
can be replaced by an ordinary integral, giving

T (p′, p) = V (p′, p)+
∫

dk

2π2
V (p′,k)

[
1

4E(k)E(k)
k2

√
s− E(k)−E(k)T (k, p)

− 1

2
√

s

q2

q2− k2
T (q, p)

]
. (E.2)

Rearranging the terms leads to

T (p′, p) −
∫

dk

2π2
V (p′,k)

[
1

4E(k)E(k)
k2

√
s− E(k)−E(k)T (k, p)

− 1

2
√

s

q2

q2− k2
T (q, p)

]
= V (p′, p) . (E.3)

To make this equation discrete for its numerical evaluation, we use N grid points. We use
the Gaussian integration grid points (x j ) and weights (w j ), however, these grid points are in
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the interval [-1,..,1] while the integration momenta run from 0 to ∞. We have to perform a
mapping of the interval [-1,..1] to the interval [0,..,∞], the mapping we use is

p j = pcut tan
[π

4

(
x j +1

)]
,

s j = pcut
π

4

w j

cos2
[
π
4

(
x j +1

)] , (E.4)

where p j and s j are the momentum integration grid points and weights and we have chosen
pcut = 1000 MeV. The integral now becomes a summation over N off-shell momenta, labeled
by j ,

T (pi , pl) −
N∑

j=1

s j

2π2
V (pi , p j )

[
1

4E(p j )E(p j )

p2
j√

s− E(p j )−E(p j )
T (p j , pl)

− 1

2
√

s

q2

q2− p2
j

T (q, pl)

]
= V (pi , pl) ,(E.5)

where s j are the integration weights. We introduce the definitions for the function u j and the
on-shell momentum q ,

u j = 1

4E(p j )E(p j )

p2
j

E(p j )+E(p j )−√s

s j

2π2
, j = 1, ..,N ,

uN+1 =
N∑

n=1

1

2
√

s

q2

q2− p2
n

sn

2π2
,

q = pN+1 , (E.6)

where all the integration grid points p j need to be distinct from the on-shell momentum q . We
find that Eq. (E.5) can be written in the compact form

T (pi , pl)+
N∑

j=1

u j V (pi , p j )T (p j , pl)+uN+1V (pi , pN+1)T (pN+1, pl)= V (pi , pl) ,

N+1∑

j=1

(
δi j +u j V (pi , p j )

)
T (p j , pl)= V (pi , pl) ,

N+1∑

j=1

Ai j T (p j , pl)≡ V (pi , pl) . (E.7)

Here, also i and l run from i, l = 1, ..,N for off-shell momenta and i, j = N + 1 for on-shell
momenta. The integral equation with a singularity in the Green function, Eq. (E.1), has been
reduced to a simple matrix-inversion problem for an (N +1)× (N +1) matrix . The full off-
shell matrix elements are given by i, l = 1, ..,N , the left off-shell by i = 1, ..,N and l = N+1,
the right off-shell by i = N +1 and l = 1, ..,N and the on-shell by i, l = N +1. We notice that
this method is easily extended for a coupled channels problem.
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Samenvatting

Dit proefschrift, getiteld ”Sterke Meson-Baryon wisselwerkingen”, onderzoekt de sterke wis-
selwerking tussen mesonen en baryonen bij lage en intermediaire energieën, en levert een bij-
drage aan het gedetailleerde begrip van hadron-hadron wisselwerkingen in het algemeen. De
sterke meson-baryon wisselwerking wordt experimenteel onderzocht middels het verstrooi-
en van een meson bundel aan een nucleair doelwit. De gemeten grootheden (observabelen)
worden gebruikt bij het construeren van theoretische modellen.

De pion-nucleon wisselwerking in het bijzonder wordt al meer dan veertig jaar onder-
zocht. Pion bundels met hoge intensiteit zijn beschikbaar en bij verschillende laboratoria zijn
verstrooiingsexperimenten gedaan. Een zeer rijke verstrooiingsdatabank is nu beschikbaar. De
situatie voor de kaon-nucleon wisselwerking is echter anders. De verstrooiingsexperimenten
zijn verricht in de jaren zeventig en begin jaren tachtig, gebruik makende van kaon bundels die
een veel lagere intensiteit hebben dan de pion bundels. De kaon-nucleon verstrooiingsobser-
vabelen zijn dus veel minder nauwkeurig bekend, vooral bij lagere energiën. Meer en nauw-
keurige kaon-nucleon verstrooiingsdata wordt binnenkort verwacht, de K-fabriek die op dit
moment gebouwd wordt bij de Japan Proton Accelerator Research Complex (J-PARC) zal
beschikken over een kaon bundel met een veel hogere intensiteit (ca. tien maal) dan welke
kaon bundel voorheen. Nieuwe kaon-nucleon verstrooiingsdata worden ook verwacht van de
DA8NE faciliteit in Italië.

In het verleden en in het heden zijn meson-uitwisselings modellen zeer succesvol gebleken
in het kwantitatief beschrijven van de nucleon-nucleon (N N ) wisselwerking en de hyperon-
nucleon (Y N ) wisselwerking. In dit proefschrift wordt een soortgelijke benadering toegepast
op de pion-nucleon (πN ) wisselwerking, voornamelijk dienend als een natuurlijke basis voor
een SU f (3)-symmetrische uitbreiding naar de kaon-nucleon (K N ) wisselwerking. Deze wis-
selwerking onderscheidt zich echter van de N N en Y N wisselwerkingen doordat niet alleen
meson-uitwisselingen plaatsvinden, maar ook baryon-uitwisselingen in het s- en u-kanaal.
We hebben een ”soft-core” meson- en baryon-uitwisselings model voor de πN en K N wissel-
werking afgeleid, overeenkomstig de Nijmegen soft-core één-boson-uitwisselings N N en Y N
modellen.

De meson-baryon potentialen in de samenhang met een relativistische twee-deeltjes ver-
gelijking, de Bethe-Salpeter vergelijking, zijn gedefinieerd in Hoofdstuk 2. De potentialen be-
staan uit één-meson- en één-baryon-uitwisselings Feynman diagrammen. De Bethe-Salpeter
vergelijking wordt benaderd door ”dynamische paar-onderdrukking” aan te nemen, en daarom
het verwaarlozen van de voortplanting van negatieve energie toestanden, en door te integreren
over de tijd variabele. Dit resulteert in een drie-dimensionale integraal vergelijking voor de
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verstrooiingsamplitude, welke een generalisatie van de Lippmann-Schwinger vergelijking is.
Een transformatie van deze vergelijking op de vlakke golf basis naar de partiële golf (LSJ)

basis wordt beschreven in Hoofdstuk 3. Een één-dimensionale integraal vergelijking voor de
partiële golf verstrooiingsamplitude wordt afgeleid. Deze is voor elke partiële golf ontkoppeld
vanwege pariteit behoud in sterke wisselwerkingen.

Het soft-core πN model dat in dit proefschrift wordt beschreven, toont aan dat de soft-core
benadering van de Nijmegen groep niet alleen een goede beschrijving van de N N en Y N data
geeft, maar dat ook de πN en K N data goed worden beschreven met deze benadering. Het
soft-core πN model dient als een solide basis voor het soft-core K N model onder de aanname
dat deze aan elkaar gerelateerd zijn door SU f (3)-symmetrie. Voor de volledigheid worden

de definities van de octet irreducibele representatie (irrep) voor de J P = 1
2
+

baryonen en de
octet en singlet irreps voor de mesonen alsmede de invariante wisselwerkings Hamiltonianen
gegeven in Hoofdstuk 4. Deze Hamiltonianen zijn gebruikt om de één-baryon- en één-meson-
uitwisselings invariante amplitudes af te leiden. Deze amplitudes definiëren de partiële golf
potentialen die we gebruiken in de berekeningen.

In de πN werkzame doorsnede zijn enkele resonanties aanwezig bij lage en intermediaire
energieën, bijvoorbeeld de 1(1232) en de Roper(1440). Het is gebleken dat deze resonanties
niet beschreven konden worden door alleen een πN potentiaal te gebruiken; ze konden niet
dynamisch gegenereerd worden. Dit bevestigt het idee van het quark-model. We beschouwen
deze resonanties, op zijn minst gedeeltelijk, als echte drie-quark toestanden en behandelen ze
op dezelfde manier als het nucleon. Daarom hebben we s-kanaal diagrammen voor deze reso-
nanties opgenomen in het soft-core πN model. Dit dient echter zorgvuldig gedaan te worden
in een gerenormaliseerd schema, d.w.z. een schema waarin fysische koppeling constantes en
massa’s worden gebruikt, omdat iteraties van s-kanaal diagrammen bijdragen leveren aan het
vertex en de zelf-energie. De renormalisatie procedure die we gebruiken om s-kanaal dia-
grammen op te nemen in een gerenormaliseerd model wordt in detail beschreven in Hoofdstuk
5. We beschrijven de methode voor partiële golven die één resonantie bevatten, bijvoorbeeld
de1(1232) in de P33-golf, en voor partiële golven waarin meerdere s-kanaal diagrammen een
rol spelen, met name in de P11-golf (nucleon en Roper(1440)).

Het soft-core πN model en de fit aan de experimentele data worden gepresenteerd in
Hoofdstuk 6. Het model bevat de uitwisselingen van de baryonen N, 1, Roper and S11, de
scalaire mesonen σ en f0, het vector meson ρ en de tensor mesonen f2 en f ′2. Een uitste-
kende fit aan de empirische S- en P-golf faseverschuivingen voor een pion kinetische energie
tot 600 MeV is bereikt. De gevonden waarden voor de koppeling constantes en vormfactor
massa’s zijn goed, behalve de te lage waarde voor f N Nρ/gN Nρ , Dit is ook een probleem in an-
dere πN modellen. De verstrooiingslengtes worden goed gereproduceerd. Aan de ”soft-pion”
theorema’s voor lage energie πN verstrooiing wordt voldaan, aangezien de S-golf verstrooi-
ingslengtes goed beschreven worden. De c1-, c2-, c3- and c4-termen in chirale storingstheorie
worden impliciet beschreven door het soft-core πN model; hogere afgeleide termen in chirale
storingstheorie worden effectief beschreven door de propagatoren en Gaussische vormfactoren
in het soft-core πN model.

In Hoofdstuk 7 worden het soft-core K N model, een SU f (3) uitbreiding van het soft-core
πN model, en de fit aan de experimentele data gepresenteerd. Het model bevat de uitwisse-
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lingen van de baryonen 3, 6, 6∗(1385) en 3(1405), de scalaire mesonen a0, σ en f0, de
vector mesonen ρ, ω en ϕ en de tensor mesonen a2, f2 and f ′2. De kwaliteit van de fit aan de
empirische faseverschuivingen voor een kaon kinetische energie tot 600 MeV is niet zo goed
als die van het soft-core πN model, maar het in dit proefschrift gepresenteerde soft-core K N
model vertegenwoordigt zeker de huidige stand van de theorie. De verstrooiingsobservabe-
len zelf: de totale en differentiële werkzame doorsneden en polarizaties, alsmede de S-golf
verstrooiingslengtes worden goed gereproduceerd.

Lage energie (exotische) resonanties zijn nooit waargenomen in de K+n-verstrooiings-
data. Recentelijk zijn in verschillende photo-productie experimenten aanwijzingen gevonden
voor het bestaan van een smalle resonantie in het isospin nul K N systeem. We hebben deze
resonantie2+(1540) opgenomen in het soft-core K N model, op dezelfde manier als we reso-
nanties in het soft-core πN model hebben opgenomen. Haar invloed op de totale werkzame
doorsnede als functie van de vervalsbreedte hebben we onderzocht. We concluderen dat, ge-
zien de hedendaagse verstrooiingsdata, de vervalsbreedte kleiner moet zijn dan 10 MeV.

De soft-core πN en K N modellen, waarin één-deeltje-uitwisselingen zijn opgenomen in
de potentialen, zouden verbeterd kunnen worden door twee-deeltjes-uitwisselings processen
toe te voegen aan de πN en K N potentialen, gelijk aan de ”extended soft-core” N N en Y N
modellen. Ook de Coulomb wisselwerking, die in principe een rol speelt bij heel lage energie-
ën, is hier buiten beschouwing gelaten.

Ten slotte, dit proefschrift geeft de basis voor de uitbreiding van de soft-core benadering
naar de antikaon-nucleon (K̄ N ) wisselwerking, en naar meson-baryon wisselwerkingen in het
algemeen. Het K̄ N systeem is op de drempel al gekoppeld aan de π3 en π6 kanalen. De
gekoppelde kanalen behandeling voor dit systeem is gelijk aan dat van het Y N systeem.
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