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I. ABSTRACT

In this note we describe the nucleon-nucleon (NN) and hyperon-nucleon (YN) coupling
constants in the 3P0- and 3S1-quark-pair-creation (QPC) models. The method used exploits
the Fierz-identities, in contrast to papers in the literature. Technically, this means that the
treatment of the two QCP-models is rather uniform, and the flavor-spin-color recouplings
are rather simple. The description of the meson-states is based on the Van Royen-Weisskopf
representation.
We consider the contributions from the ’direct’ (a) and the ’exchange’ (b) QPC-process.
In (a) and (b) the ’active’ quark in the initial baryon ends up in the meson, respectively
the final baryon. It turns out that (b) is small w.r.t. (a), and neglecting (b) the difference
between the 3P0 and 3S1-model is, apart from an overall constant, only due to the different
coefficients in the flavor-spin Fierz-identities.
In the QPC-models, used in these notes, we do not generate couplings for the axial
JPC = 1+−- and tensor JPC = 2++-mesons.

The summary of the derived formulas, in the case of the 3P0-model, with no QGG form-factor
nor SU(6)-breaking effects, for the divers (I=1)-couplings is:

gP/
√

4π = +π−5/4 γqq̄
(mPRP )1/2

(ΛQPCRP )2
· (3

√
2) ,

gV /
√

4π = +π−5/4 γqq̄
(mVRV )1/2

(ΛQPCRV )2
· (3/2

√
2) ,

gS/
√

4π = +π−5/4 γqq̄
(mSRS)−1/2

(ΛQPCRS)2
· 9mS

2MB

,

gA/
√

4π = −π−5/4 γqq̄
(mARA)−1/2

(ΛQPCRA)2
· 6mA

2MB

.

In a concise form the couplings can be written as

gBBM(±) =
3

(4π3)1/4
γqq̄ XM(IM , LM) F±

M(R±
M),

where ± = −(−)Lf with Lf the orbital angular momentum of the final MB-state.
We discuss several corrections to these ’naive’ expressions for the BBM-couplings. Notably
are gluonic-corrections and hadronic-vertex corrections. The gluonic-corrections are isospin
independent. This because a two-quark subsystem in a baryon is necessarily in a {3∗}c-
irrep, and higher-order gluon corrections do not change the ratio of the BBM-couplings
for IM = 0 and IM = 1. These gluonic-corrections will produce non-harmonic effects in
the quark wave-functions, similar to those responsible for the ’running’ of the pair-creation
constant γqq̄. Therefore, the effective radii of the qq̄-states are not constant, and may be
adapted to produce rather fine-tuned descriptions of the BBM-couplings. In obtaining these
descriptions we fit the weights A and B for the 3P0- and 3S1-mechanism. All solutions are
3P0-dominated.
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We can produce many solutions with different ΛQPC-values by noting the invariance of the
BBM-couplings under the scale-transformation:

R+
M = s RM , R−

M = s3/5 RM , ΛQPC = s−3/4ΛQCD,

where R±
M refer to the mesons with gM ∼ R

−3/2
M respectively ∼ R

−5/2
M .

First, in a ”trial-solution”, see Table II, we show a ’naive’ solution with the same radius
for the vector-, scalar-, and axial-vector mesons (R =0.66 fm). Notice that the I=1
BBM-couplings are too strong. Apparently, the vector- and scalar-meson I=1 couplings are
enhanced over the I=0 coupling, which possibly can be attributed to the isospin-dependent
gluon-corrections alluded to above.
Next, we produced two ’realistic’ solutions with 3P0/

3S1 = 66%/33%,
99%/1%. In the first solution s = 1 (Table II): ΛQPC = 350 MeV, R±

M(I = 0) = 0.66
fm, R±

M(I = 1) = 0.86 fm. In the second solution s = 1/2 (Table V): ΛQPC = 600 MeV,
R±

M(I = 0) = 0.33 fm, R±
M(I = 1) = 0.45 fm.

In these tables, for the spin-triplet qq̄-states (vector- and sclaar mesons) RM(I = 1) >
RM(I = 0), and for the spin-singlet qq̄-states (pseudoscalars) RM(I = 1) < RM(I = 0).
This might be understood as due to chiral-goldstone boson exchange between quarks , see
section V F. (The axial-vector mesons seem not to follow such a rule. Also, an OBE-model
for mesons gives opposite results, see section V G)
As a further possibility, we analyze in sections V C and V D SU(6)-breaking effects. This
opens the possibilty of changing the weights of the isospin 0 and 1 component of the di-quark
system in the baryons. This way the strength of the coupling to the IM = 0, 1-mesons could
be altered. May be this gives more natural solutions for the IM = 1-problem. Exploiting
(56)-(70) SU(6)-irrep mixing, this idea is tested in section V D. The results favor the
dominance of the 3P0- over the 3S1- mechanism with a ratio 2:1. This is in agreement with
the lattice study by Isgur and Paton.
The pseudoscalar mesons are exceptional, due to the small pion mass. This means that the
perturbative gluon-correction to the running pair-creation constant can not be used, and
we have to modify both Rπ and the running pair-creation constant γ at the pion mass in
order to get the proper strength of the π-coupling.

II. INTRODUCTION

The quark-pair-creation (QPC)-model [1] gives a prediction for all BBM-couplings. This
in terms of a single pair creation constant, and the radii of the quark-wave-functions of the
baryons and the mesons.

We start out from the 3S1 Pair-creation Hamiltonian

H(V )
I = −γ(V )

qq̄

(∑
i

q̄i,α(λ)α
βγ

μqi,β

)
⊗
⎛⎝∑

j

q̄j,γ(λ)γ
δγμqj,δ

⎞⎠
= −γ(V )

qq̄

(∑
i

q̄iγ
μqi

)
⊗
⎛⎝∑

j

q̄jγμqj

⎞⎠ ·

×
(
χ†

i,α(λ)α
βχi,β

)
⊗
(
χ†

j,γ(λ)γ
δχj,δ

)
(1)
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FIG. 1: 3P0- and 3S1-quark-pair-creation (QPC)

where γ
(V )
qq̄ is a phenomenological constant, and the summations run as i, j = u, d, s.

NOTE 1: In this model we have in the fundamental process a (confined) scalar or gluon
propagator. This implies, assuming a constant propagator, an extra factor depending on a
scalar or (massive) gluon exchange

(−i)2.(∓i/m2
G) ∼ ±i/Λ2

QPC

meaning ∼ ±iHint.

NOTE 2: The flavor part of the interaction Hamiltonian is similarly to the color part in
(1), and can be treated analogously. This in particular for the Fierzing procedures. Because
of the direct-product character of the spinors the flavor Fierzing is like that for the color.

Rearrangement is supposed to take place when a quark-antiquark pair is created by some
mechanism in a baryon, where one quark from the baryon combines into a mesonic state with
the anti-quark from the pair. The quark from the pair recombines with the two remaining
quarks of the baryon to make the baryon in the final state. This rearrangements into mesons
of different kind can be understood from a Fierz-transformation applied to (1). One has the
identity [2]

H(V )
I = +γqq̄

∑
i,j

[
+ q̄i qj · q̄i qj −

1

2
q̄iγμqj · q̄jγμqi

−1

2
q̄iγμγ5qj · q̄jγμγ5qi − q̄iγ5qj · q̄jγ5qi

]
. (2)

Here, we considered only the flavor-spin Fierzing. 1 The appropriate Fierzing of the color
structure is different for diagram (a) and diagram (b) in Fig. 1:

(a) For this diagram we use the identity [2]

3S1 : (λ)γ
δ · (λ) β

α =
16

9
δγ
αδ

β
δ − 1

3
(λ)γ

α · (λ)β
δ ,

3P1 : δγ
δ · δ β

α =
1

3
δγ
αδ

β
δ +

1

2
(λ)γ

α · (λ)β
δ . (3)

1 It should be noted that the terms for the couplings of the B-axial JPC = 1+−- and tensor JPC =
2++mesons are missing on the r.h.s. of (2). The same is true for the 3P0-interaction (11).
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Now, since the mesons are colorless, the second term in (3) may be neglected, and color
gives the simple recoupling-factors (i) 3S1-model: 16/9, and (ii) 3P0-model: 1/3.

(b) In this diagram there is in fact a sum over q1 and q2. Because the baryons are colorless,
we have

(λ1)
β

α + (λ2)
β

α = −(λ3)
β

α . (4)

Therefore, for this diagram we have, using (3), the identity

(λ5)
γ
δ ·
∑

i=1,2

(λi)
β

α = −16

9
δγ
αδ

β
δ +

1

3
(λ5)

γ
α · (λ3)

β
δ (5)

Again, since the mesons are colorless, the second term in (5) may be neglected, and color
gives the simple factor −16/9.

We find that the direct (a) and exchange (b) diagram give different color factors. Such a
difference does not occur in the 3P0-model. Now, it appears that the momentum overlap
for type (b) is usually much smaller than for type (a), see section B for details. This can
be traced back to our use of a constant propagator for the (confined) gluon. Therefore, in
the following we neglect processes described in diagram (b). Then, the difference between
the 3P0- and 3S1-model is, apart from an overall constant, exclusively given by the different
coefficients in the flavor-spin Fierz-identities (2) and (10).

This form of the interaction Lagrangian suggests that we may expect that gε ≈ −2gω, and
ga0 ≈ −2gρ. Also, gπ ≈ −ga0 and ga1 ≈ −ga0/2. In this note the details of the 3S1-model
are worked out. Here all questions are answered confirmatively. The techniques used are
those of [3–5].

We compute the the isospin-, spin- recoupling matrix elements using the 3P0

interaction Hamiltonian (11), see below, which is similar but not identical to
the one implicitly used by [3–5].

In the 3S1-model for the interaction Hamiltonian for the pair-creation one uses the one-
gluon-exchange (OGE) model [6, 7], see Fig. 1. Considering one-gluon exchange, see Fig. 1,
one derives the effective vertex [6, 7]

Γ(3S1) = παs(λi · λj)

{
σj · Q

2

(
1

mi

+
1

mj

)

−iσj · ki

mi

− i
σi × σj · Q

2mi

}
Pg(ji). (6)

Here, λ is the color index, mir, σi, and ki are the mass, the spin operator, and the momentum
for the quark with index i. Pg(ji) is the gluon propagator between quark line i and line j.
The latter we will take as a constant: Pg(ji) ∼ δji/m

2
g, where the (effective) gluon mass is

taken to be mg ≈ (0.8fm−1) ≈ 250 MeV [7]. We notice that the color factor for the coupling
of colorless mesons to colorless baryons is always the same, and we can include this into an
effective coupling γS, i.e.

παs(λi · λj)

m2
G

⇒ γ
(V )
qq̄ . (7)
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Here we use for the gluon a constant (confined) propagator Pg = 1/m2
G. As is clear from (1)

γqq̄ has the dimension [MeV]−2. Also, we notice that mG ≈ ΛQPC , therefore

γqq̄ −→
γqq̄

Λ2
QPC

. (8)

From graph (a) of Fig. 1 we see from momentum-conservation that

Q = k3 − k′
3 = k4 + k5. (9)

From the momentum conservation rules one now gets different dependences between the
momenta as compared to the 3P0-model. Hence, we have to do new overlap-integrals.

A. Comparison 3S1- and 3P0-QPC models

The 3P0 Pair-creation Hamiltonian is

H(S)
I = −4γ

(S)
qq̄

(∑
i

q̄iqi

)
·
⎛⎝∑

j

q̄jqj

⎞⎠ . (10)

For this Hamiltonian the Fierz-identity reads [2]

H(S)
I = γ

(S)
qq̄

∑
i,j

[
+ q̄i qj · q̄j qi + q̄iγμqj · q̄jγμqi

−1

2
q̄iσμνqj · q̄jσμνqi − q̄iγμγ5qj · q̄jγμγ5qi + q̄iγ5qj · q̄jγ5qi

]
(11)

From the results for the couplings of the mesons in the 3P0-model those for the 3S1–model
meson-couplings can be read off by comparing the coefficients in the Fierz-identities (2)
and (11) for the corresponding operators. Here, we assume that the effect of color in the
3P0- and 3S1-model can be absorbed into γ

(S,V )
qq̄ , see below. For example, the prediction for

the scalar-meson couplings will have the ratio gε(
3S1) =

[
γ

(V )
qq̄ /γ

(S)
qq̄

]
gε(

3P0). Apart from an

overall constant, the couplings for the 3S1-model can be read off from those of the 3P0-model.

B. Review of the contents of these notes

In section III the BBM transition matrix elements are given for scalar, vector, pseu-
doscalar, and axial-vector mesons. Here, also a short note on the tensor mesons is made.
In section IV the isospin factors are derived using the Fierz-identities. Section V contains
results, discussion and conclusions. Here, we first discuss the vector mesons and the relation
of the pair creation constant and the ρ0 → e+e− annihilation constant fρ. Successively the
following topics are addressed: (i) gluonic corrections, (ii) the γ-value for the QPC-model,
(iii) comparison QPC-predictions and ESC-fit to nucleon-nucleon, (iv) isospin dependence
QPC-meson-couplings. In section V C SU(6)-breaking and Di-quark structure is described.
In section V D SU(6)-breaking via the (56)- and (70)-irrep mixing is described. Section V is
concluded by a discussion of some miscelaneous topics as: (a) meson-radii and CS-Goldstone-
boson exchange, (b) meson-radii and OBE-exchange, and (c) finally the relation of the QPC
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constant γ and QCD-Sum rules.
Furthermore, these notes contain a number of appendices. In Appendix A the harmonic-
oscillator momentum space wave-functions are given. In Appendix B the basic overlap inte-
grals are derived for the BBM-transitions. This concerns the (56) → (56) baryon-transitions.
In Appendix C the SU(6)-wave functions are given using Jacobian coordinates. The overlaps
for (56) → (70) are derived. Appendix D contains the overlap integrals with the inclusion
of gaussian baryon-baryon-gluon (BBG) form factors. These are worked out for both the
(56) → (56) and (56) → (70) transitions. In Appendix E the connection and a compari-
son with the overlap integrals in the literature [3] is worked out. The notes are concluded
by a mini review on the vector-dominance model (Appendix F), and on VPP-decay using
QPC-model (Appendix G.

III. BBM TRANSITION MATRIX ELEMENTS

In this section we compute the 〈B,M |Hint|A〉 matrix elements for the different type of
mesons. Restriction on the quark-level to process (a) in Fig. 1, using the Fierzed form of
the interaction Hamiltonians in (11).

Following [8] we write the meson creation operators as

JPC = 0−+ : d†P,I(k;n) = i
∑

r,s=±

∫
d3k1d

3k2 δ(k − k1 − k2) ·

×ψ̃(L=0)
M (k1,k2) χ

(0)(r, s) b†α(k1, r) d
†
β(k2, s), (12)

JPC = 1−− : d†V,I(k;m,n) =
∑

r,s=±

∫
d3k1d

3k2 δ(k − k1 − k2) ·

×ψ̃(L=0)
M (k1,k2) χ

(1)
m (r, s) b†α(k1, r) d

†
β(k2, s), (13)

JPC = 0++ : d†S,I(k;m,n) =
∑

r,s=±

∫
d3k1d

3k2 δ(k − k1 − k2) (−)m ·

×ψ̃(L=1)
M,m (k1,k2) χ

(1)
−m(r, s) b†α(k1, r) d

†
β(k2, s), (14)

JPC = 1++ : d†A,I(k;m,n) =
∑

r,s=±

∫
d3k1d

3k2 δ(k − k1 − k2) C(1, 1, 1;mL,mσ,m) ·

×ψ̃(L=1)
M,mL

(k1,k2) χ
(1)
mσ

(r, s) b†α(k1, r) d
†
β(k2, s), (15)

JPC = 1+− : d†B,I(k;m,n) =
∑

r,s=±

∫
d3k1d

3k2 δ(k − k1 − k2) ·

×ψ̃(L=1)
M,m (k1,k2) χ

(0)(r, s) b†α(k1, r) d
†
β(k2, s), (16)

JPC = 2++ : d†T,I(k;m,n) =
∑

r,s=±

∫
d3k1d

3k2 δ(k − k1 − k2) C(1, 1, 2;mL,mσ,m) ·

×ψ̃(L=1)
M,mL

(k1,k2) χ
(1)
mσ

(r, s) b†α(k1, r) d
†
β(k2, s), (17)

for respectively the pseudoscalar-, vector-, scalar-, axial-vector mesons of the first (A1 etc.)
and second kind (B1 etc.)[9], and tensor mesons.
Above, for notational reasons, we have omitted the isospin wave functions, which should be
added, of course. For example, in the case of the pseudoscalars the full expression for the
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meson creation operator reads actually

d†P,I(k;n) = i
∑

α,β=±

∑
r,s=±

ϕ(I)
n (α, β)

∫
d3k1d

3k2 δ(k − k1 − k2) ·

×ψ̃(L=0)
M (k1,k2) χ

(0)(r, s) b†α(k1, r) d
†
β(k2, s), (18)

and similarly for the other mesons.
The baryon and meson wave , harmonic oscillator, functions are

ψ̃N(k1,k2,k3) =

(√
3R2

A

π

)3/2

exp

⎡⎣−R2
A

6

∑
i<j

(ki − kj)
2

⎤⎦ ,

ψ̃
(L=0)
M (k1,k2) =

(
R2

M

π

)3/4

exp

[
−R

2
M

8
(k1 − k2)

2

]
,

ψ̃
(L=1)
M,m (k1,k2) =

RM√
2

(
R2

M

π

)3/4

[−εm · (k1 − k2)] . exp

[
−R

2
M

8
(k1 − k2)

2

]
.

(19)

Here we used the spherical unit vectors

ε±1 = ∓ 1√
2

(e1 ± ie2) , ε0 = e3 . (20)

The wave functions of the L = 0, 1-states in momentum space contains the spherical har-
monics

Y0
0 (k) = Y 0

0 (k) =

√
1

4π
, Y1

m(k) = −
√

3

4π
εm · k . (21)

The quark annihilation and creation operators occur in the quark-field operators [11]

qα(x) =
∑
r=±

∫ d3p

(2π)3/2

√
mq

E(p)

[
bα(p, r)u(p, r)e−ip·x + d†α(p, r)v(p, r)e+ip·x

]
,

(22)

where for the quark

u(p, r) =

(
cosh 1

2
ζ χr

σ · p̂ sinh 1
2
ζ χr

)
=

√
E +m

2m

(
χr

σ·p
E+m

χr

)
, (23)

and for the anti-quark

v(p, r) = (−)1/2−r

(
σ · p̂ sinh 1

2
ζ χ−r

cosh 1
2
ζ χ−r

)
= (−)1/2−r

√
E +m

2m

(
σ·p

E+m
χ−r

χ−r

)
.

(24)
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Here we followed the phase conventions of [12] for the v-bispinor. In (17) χ(σ)(r, s) denotes
the coefficients for the right spin wave function. Explicitly, they are given for σ = 0 and
σ = 1 by

χ(0)(r, s) =
(
δr,+1/2δs,−1/2 − δr,−1/2δs,+1/2

)
/
√

2, (25)

χ(1)
m (r, s) =

⎧⎪⎨⎪⎩
δr,+1/2δs,+1/2 m = 1(
δr,+1/2δs,−1/2 + δr,−1/2δs,+1/2

)
/
√

2 m = 0

δr,−1/2δs,−1/2 m = −1

(26)

Notice that we put the antiquark in second place, and the spin-up/down state for the
antiquark has s = ±1/2.

A. Scalar mesons

First, we compute the matrix elements for the coupling of the scalar mesons.

(i) Scalar-meson-overlap matrix element:

〈0|q̄iγ(x)qjδ(x)|MS(k)〉 =
∑

r,s=±

∫
d3k1d

3k2 δ(k − k1 − k2) (−)m ψ̃
(L=1)
M,m (k1,k2) ·

×χ(1)
−m(r, s) 〈0|q̄iγ(x)qjδ(x) b†α(k1, r)d

†
β(k2, s)|0〉. (27)

The vacuum expectation is given as

〈0|q̄iγ(x)qjδ(x) b†α(k1, r)d
†
β(k2, s)|0〉 = δγβδδα(2π)−3

√
mi

Ei(k1)

mj

Ej(k2)
·

× [v̄(k2, s) u(k1, r)] exp [+i (k1 + k2) · x] . (28)

The spinor matrix element gives

[v̄(k2, s) u(k1, r)] = (−)1/2−s

√√√√(Ei(k1) +mi)

2mi

(Ej(k2) +mj)

2mj

·

×χ†
−s

[
σ · k2

Ej(k2) +mj

− σ · k1

Ei(k1) +mi

]
χr

≈ (−)1/2−s

2mQ

χ†
−s [σ · (k2 − k1)]χr, (29)

where we used the non-relativistic approximation, using constituent quarks, and m denotes
the mean mass of the quarks. Next, we note that

χ†
j(+1/2) σ χ(+1/2) = +εz

χ†
j(+1/2) σ χ(−1/2) = εx − iεy

χ†
j(−1/2) σ χ(+1/2) = εx + iεy

χ†
j(−1/2) σ χ(−1/2) = -εz.

9



From this we derive that

∑
r,s=±

(−)1/2−sχ(1)
m (r, s)

[
χ†

j(−s) σ χi(r)
]

=

⎧⎪⎨⎪⎩
m = +1 : +(εx + iεy) = −

√
2 ε+1

m = 0 : −
√

2εz = −
√

2 ε0

m = −1 : −(εx − iεy) = −
√

2 ε−1

(30)

which gives

(−)mΔM,−m

∑
r,s=±

(−)1/2−sχ(1)
m (r, s)

[
χ†

j(−s) σ · ΔM χi(r)
]

= −
√

2 Δ2
M ,

where ΔM = k1 − k2.

Using these results, we get for the meson-overlap matrix element (27)

〈0|q̄i(x)qj(x)|MS(k)〉 =
RM

2mq

∫
d3k1d

3k2 δ(k − k1 − k2) (k1 − k2)
2 ·

×(2π)−3 ψ̃
(L=0)
M,m (k1,k2) exp [+i (k1 + k2) · x] . (31)

(ii) Baryon-overlap matrix element: The quark-transition matrix element for the scalar op-
erator is

〈qβ(k4)|q̄jδ(x)qiγ(x)|qα(q3)〉 = (2π)−3

√√√√(Ej(k4) +mj)

2mj

(Ei(k3) +mi)

2mi

·

×χj †
{

1 − σ · k4

Ej(k4) +mj

σ · k3

Ei(k3) +mi

}
χi exp

[
i(k4 − k3) · x

]

≈ (2π)−3δγαδδβ exp
[
i(k4 − k3) · x

]
, (32)

where again we used the non-relativistic approximation. Folding this matrix element, we
get

〈B(p′)|q̄j(x)qi(x)|B(p)〉 = δij(2π)−3
∫
d3k1 d

3k2 d
3k3 δ(p − k1 − k2 − k3) ·

×
∫
d3k′3d

3k4 δ(p
′ − k1 − k2 − k4) · ψ̃∗

B(k1,k2,k4) ψ̃A(k1,k2,k3) ·

× exp
[
i(k4 − k3) · x

]
. (33)

Combining factors we get finally for the transition matrix

〈B(p′),MS(k)|Hint|B(p)〉 =
∫
d3x 〈B(p′),MS(k)|Hint(x)|B(p)〉

⇒ (2π)−3 γqq̄

Λ2
QPC

(
RM√

2
)

3√
2MB

∫
d3k1 d

3k2 d
3k3 δ(p − k1 − k2 − k3) ·

×
∫
d3k′3d

3k4d
3k5δ(k3 − k′

3 − k4 − k5) δ(p
′ − k1 − k2 − k4) ·

×ψ̃∗
B(k1,k2,k4) ψ̃A(k1,k2,k3) ψ̃

(L=0)
M (k′

3,k5)
∗ (k′

3 − k5)
2, (34)

10



where we defined MB ≡ 3mq. From Appendix B it is easily seen that the overlap-integral
in (34) is given by

− ∂

∂γ
Idir
0 (A;B,M)

k=0−→ 2
√

2

(
π

R2
M

)3/4

· 12

R2
M

.

Note that in the execution of the γ-differentiation γ and RM have to be treated as inde-
pendent variables. Then, the scalar BBM-coupling for the 3P0-model is given by the matrix
element

〈B(0′),MS(0)|Hint|B(0)〉 =
γqq̄

Λ2
QPC

3√
2MB

(
RM√

2
) · (2π)−3 ·

× 12

R2
M

· 2
√

2

(
π

R2
M

)3/4

= (2π)−3 · γqq̄

Λ2
QPC

72

2
√

2MBRM

(
π

R2
M

)3/4

.

(35)

The hadron level interaction Hamiltonian density for the a0(980)-meson to the baryons is

HI = gNNa0 [ψ̄(x)τψ(x)] · a0(x). (36)

giving the matrix element, apart from the isospin-factor,

〈a0(k), N ′(p′)|HI |N(p)〉 =
1

(2π)3/2

√
1

2ω(k)

√√√√ M2

Ep′Ep

· gNNa0 ·

×
[
ū(p′)u(p)

]
δ(p − p′ − k) . (37)

Using the non-relativistic approximation (N.R.) (37) leads to

〈a0(k), N ′(p′)|HI |N(p)〉 =
1

(2π)3/2

1√
2mε

· gNNa0

(
χ†

s′z χsz

)
·

×δ(p − p′ − k). (38)

From (38) etc. one obtains upon the comparison of (38) with (35) for the NNa0-coupling,
including the isospin factor 1/

√
2, the expression

gS = (2π)−3 · γqq̄

Λ2
QPC

72

2
√

2MBRM

(
π

R2
M

)3/4

(2π)3/2
√

2mS/
√

2

= γqq̄ π
−3/4

√
mSRM

(ΛQPCRM)2

9

MBRM

∼ R
−5/2
M , (39)

where we denoted gNna0 = gS. Then, for ΛQPC = 250 MeV, RM = 0.67 fm, mS = ma0 = 962

MeV, MB = 940 MeV we get for the rationalized coupling gS/
√

4π = 0.85γqq̄ ≈ 1.31,
Here, in the last step we used γqq̄ ≈ 1.53. which is a very realistic value! Note that

gεNN/
√

4π = 3gS/
√

4π ≈ 3.63.
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B. Vector-mesons I

We compute the ω-meson direct-coupling gω, and take the μ = 0-component in the
vector type operators in the interaction Hamiltonians (1) and (11). (For the 3S1-state one
has to use the ρ-vector, see next subsection.)

NOTE: (i) From the relation k · ρ = k0ρ0 − k · ρ = 0, where
ρμ(λ) is the ω polarization vector, one infers that under the par-
ity transformation ρ0 is scalar-like. Then, in first instance one
would be inclined to treat ρ0 as a 3P0 qq̄-state! Consequently,
the NR-treatment seems similar to the scalar-meson case. (ii)
However the scalar and vector states behave differently under
charge-conjugation. From Cρ(k) = −ρ(k), it follows that also
Cρ0(k) = −ρ0(k), and therefore can not be represented by a 3P0-
state.Below, we will show that the assumption of a 3P0-state for ρ0 leads to a conflict indeed.

(i) Vector-meson-overlap matrix element for μ = 0:

〈0|q†i (x)qj(x)|MV (k, ε0)〉 =
∑

r,s=±

∫
d3k1d

3k2 δ(k − k1 − k2) (−)mψ̃
(L=1)
M,m (k1,k2) ·

×χ(1)
−m(r, s) 〈0|q†i (x)qj(x) b†α(k1, r)d

†
β(k2, s)|0〉

(40)

The vacuum expectation is given as

〈0|q†i (x)qj(x) b†α(k1, r)d
†
β(k2, s)|0〉 = δiβδjα(2π)−3

√
mi

Ei(k1)

mj

Ej(k2)
·

×
[
v†(k2, s) u(k1, r)

]
exp [+i (k1 + k2) · x] . (41)

The spinor matrix element gives

[
v†(k2, s) u(k1, r)

]
= (−)1/2−s

√√√√(Ei(k1) +mi)

2mi

(Ej(k2) +mj)

2mj

·

×χ†
−s

[
σ · k2

Ej(k2) +mj

+
σ · k1

Ei(k1) +mi

]
χr ≈

(−)1/2−s

2mq

χ†
−s [σ · (k2 + k1)]χr

=
(−)1/2−s

2mq

χ†
−s [σ · kM ]χr,

(42)

where we used the non-relativistic approximation, using constituent quarks, and m denotes
the mean mass of the quarks. Also, we denoted the meson related momenta by kM ≡ k1+k2

and ΔM ≡ k1 − k2. Next, we use (30) which gives

(−)mΔM,−m

∑
r,s=±

(−)1/2−sχ(1)
m (r, s)

[
χ†(−s) σ · kM χ(r)

]
= −

√
2ΔM · kM .

(43)

12



—————————————————————————
(ii) Baryon-overlap matrix element: The quark-transition matrix element for the vector op-
erator is

〈qβ(k4)|q†j(x)qi(x)|qα(q3)〉 = (2π)−3

√√√√(Ej(k4) +mj)

2mj

(Ei(k3) +mi)

2mi

·

×χj †
{

1 +
σ · k4

Ej(k4) +mj

σ · k3

Ei(k3) +mi

}
χi exp

[
i(k4 − k3) · x

]

≈ (2π)−3δiβδjα exp
[
i(k4 − k3) · x

]
,

(44)

where again we used the non-relativistic approximation, which is equal to that for scalar
mesons cfrm. (32). Folding this matrix element, we get

〈B(p′)|q†j(x)qi(x)|B(p)〉 = δiαδjβ(2π)−3
∫
d3k1 d

3k2 d
3k3 δ(p − k1 − k2 − k3) ·

×
∫
d3k′3d

3k4 δ(p
′ − k1 − k2 − k4) · ψ̃∗

B(k1,k2,k4) ψ̃A(k1,k2,k3) ·

× exp
[
i(k4 − k3) · x

]
. (45)

Combining factors we get finally for the transition matrix

〈B(p′),MV (k)|Hint|B(p)〉 =
∫
d3x 〈B(p′),MV (k)|Hint(x)|B(p)〉

⇒ (2π)−3 γqq̄

Λ2
QPC

√
2RM

3√
2MB

∫
d3k1 d

3k2 d
3k3 δ(p − k1 − k2 − k3) ·

×
∫
d3k′3d

3k4d
3k5δ(k3 − k′

3 − k4 − k5) δ(p
′ − k1 − k2 − k4) ·

×ψ̃∗
B(k1,k2,k4) ψ̃A(k1,k2,k3) ψ̃

(L=0)
M (k′

3,k5)
∗ (k′2

3 − k2
5

)
. (46)

We note that (k′2
3 − k2

5) = kM ·ΔM . However, this means that, see Appendix B, the
overlap-integral (46) gives zero!? This illustrates the impossibility of represent-
ing ρ0 by a 3P0-state.

C. Vector mesons II

We compute the ω-meson direct-coupling gω, and take the μ = i-components in the
vector type operators in the interaction Hamiltonians (1) and (11).

(i) Vector-meson-overlap matrix element for μ = i:

〈0|q̄i(x)γ qj(x)|MV (k, εm)〉 =
∑

r,s=±

∫
d3k1d

3k2 δ(k − k1 − k2) ψ̃
(L=0)
M (k1,k2) ·

×χ(1)
m (r, s) 〈0|q†i (x)qj(x) b†(k1, r)d

†(k2, s)|0〉
(47)

13



The vacuum expectation is given as

〈0|q̄i(x)γ qj(x) b†α(k1, r)d
†
β(k2, s)|0〉 = δiβδjα(2π)−3

√
mi

Ei(k1)

mj

Ej(k2)
·

× [v̄(k2, s) γ u(k1, r)] exp [+i (k1 + k2) · x] . (48)

The spinor matrix element gives

[v̄(k2, s) γ u(k1, r)] = (−)1/2−s

√√√√(Ei(k1) +mi)

2mi

(Ej(k2) +mj)

2mj

·

×χ†
−s

[
σ +

σ · k2σσ · k1

(Ej(k2) +mj)(Ei(k1) +mi)

]
χr

≈ (−)1/2−s
[
χ†
−s σ χr

]
,

(49)

where again we used the non-relativistic approximation. Also, we denoted the meson mo-
mentum by kM ≡ k1 − k2. Next, we use (30) which gives∑

r,s=±
(−)1/2−sχ(1)

m (r, s)
[
χ†(−s) σ χ(r)

]
= −

√
2 εm. (50)

—————————————————————————
(ii) Baryon-overlap matrix element: The quark-transition matrix element for the vector op-
erator is

〈qβ(k4)|q̄j(x)γ qi(x)|qα(q3)〉 = (2π)−3

√√√√(Ej(k4) +mj)

2mj

(Ei(k3) +mi)

2mi

·

×χj †
{

σ · k4σ

Ej(k4) +mj

+
σσ · k3

Ei(k3) +mi

}
χi exp

[
i(k4 − k3) · x

]

≈ (2π)−3 δiαδjβ

2mq

χ†
s′ [(k3 + k4) + ikM × σ]χs exp

[
i(k4 − k3) · x

]
,

(51)

where again we used the non-relativistic approximation, which is equal to that for scalar
mesons cfrm. (32). Folding this matrix element, we get

〈B(p′)|q̄j(x) γ qi(x)|B(p)〉 = δij(2π)−3
∫
d3k1 d

3k2 d
3k3 δ(p − k1 − k2 − k3) ·

×
∫
d3k′3d

3k4 δ(p
′ − k1 − k2 − k4) · ψ̃∗

B(k1,k2,k4) ψ̃A(k1,k2,k3) ·

× exp
[
i(k4 − k3) · x

]
· 1

2mq

χ†
s′

[
(k3 + k4) + ikM × σ

]
χs. (52)

Combining factors we get finally for the transition matrix

〈B(p′),MV (k,m)|Hint|B(p)〉 =
∫
d3x 〈B(p′),MV (k)|Hint(x)|B(p)〉

14



⇒ (2π)−3 γqq̄

Λ2
QPC

√
2

3

2MB

χ†
sf

[
2q + ik × σ

]
χsi
. ·

×
∫
d3k1 d

3k2 d
3k3 δ(p − k1 − k2 − k3) ·

×
∫
d3k′3d

3k4d
3k5δ(k3 − k′

3 − k4 − k5) δ(p
′ − k1 − k2 − k4) ·

×ψ̃∗
B(k1,k2,k4) ψ̃A(k1,k2,k3) ψ̃

(L=0)
M (k′

3,k5)
∗. (53)

From Appendix B it is easily seen that the overlap-integral in (53) is given by

Idir
0 (A;B,M)

k=0−→ 1

8

(
2π

R2
A

)3/2 (
4π2

3R2
AR

2
M

)3/2

N0 = 2
√

2

(
π

R2
M

)3/4

.

The direct vector BBM-coupling is given by the matrix element

〈B(−k),MV,0(k)|Hint|B(0)〉 ⇒ γqq̄

Λ2
QPC

3

2MB

√
2 · (2π)−3 · 2

√
2

(
π

R2
M

)3/4

.

⇒ (2π)−3 γqq̄

Λ2
QPC

12

2MB

(
π

R2
M

)3/4

· χ†
sf

[
ε · k + iε × k · σ

]
χsi
, (54)

where p = 0,p′ = −k, and q = k/2.
The hadron level interaction Hamiltonian density for the ω-meson to the baryons is

HI = gV [ψ̄(x)γμψ(x)] ωμ(x). (55)

giving the matrix element

〈ωμ(k), N ′(p′)|HI |N(p)〉 =
1

(2π)3/2

√
1

2ω(k)

√√√√ M2

Ep′Ep

· gV ·

×
[
ū(p′)γμu(p) · εμ(kM)

]
δ(p − p′ − k) . (56)

Using the non-relativistic approximation (N.R.) (48) leads to

〈ω(k), N ′(p′)|HI |N(p)〉 =
1

(2π)3/2

1√
2mV

· gV χ†
s′z

{
+

ε · q
M

+
i

2M
ε × k · σ

}
χsz ·

×δ(p − p′ − k). (57)

From (57) etc. one obtains upon the comparison of (57) with (54) for the NNω-coupling,
including the isospin factor 1/

√
2, the expression

gV = (2π)−3 · γqq̄

Λ2
QPC

12MB

2MB

(
π

R2
M

)3/4

(2π)3/2
√

2mV /
√

2

= (3/
√

2) π−3/4γqq̄

√
mVRM

(ΛQPCRM)2
∼ R

−3/2
M . (58)

Comparing this with (39) we find for the ratio

gV /gS =
1

3
√

2

√
mV

mS

(MBRM). (59)

For mV = mS = 750 MeV, and RM = 0.7 fm, we have gV /gS = 0.85, which is conform the
expectation based on the Fierz-identities in the 3P0-model.
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D. Pseudoscalar mesons

We compute the pseudo-scalar-meson, and take the γ5-type operators in the interaction
Hamiltonians (1) and (11).

(i) Pseudoscalar-meson-overlap matrix element:

〈0|q̄i(x)γ5qj(x)|MP (k)〉 = i
∑

r,s=±

∫
d3k1d

3k2 δ(k − k1 − k2) ψ̃
(L=0)
M (k1,k2) ·

×χ(0)(r, s) 〈0|q̄i(x)γ5qj(x) b
†(k1, r)d

†(k2, s)|0〉
(60)

The vacuum expectation is given as

〈0|q̄i(x)γ5 qj(x) b†α(k1, r)d
†
β(k2, s)|0〉 = δiβδjα(2π)−3

√
mi

Ei(k1)

mj

Ej(k2)
·

× [v̄(k2, s) γ5 u(k1, r)] exp [+i (k1 + k2) · x] . (61)

The spinor matrix element gives

[v̄(k2, s) γ5u(k1, r)] = (−)1/2−s

√√√√(Ei(k1) +mi)

2mi

(Ej(k2) +mj)

2mj

·

×χ†
−s

[
σ · k2

Ej(k2) +mj

σ · k1

Ei(k1) +mi

− 1

]
χr

≈ −(−)1/2−sχ†
−sχr = −(−)1/2−sδr,−s, (62)

where we used again the non-relativistic approximation. Then, from (25) it follows that∑
r,s=±

χ(0)(r, s) [v̄(k2, s) γ5u(k1, r)] = +
√

2. (63)

(ii) Baryon-overlap matrix element: The quark-transition matrix element for the pseu-
doscalar operator is

〈qβ(k4)|q̄j(x)γ5 qi(x)|qα(q3)〉 = (2π)−3

√√√√Ej(k4) +mj

2mj

Ei(k3) +mi

2mi

·

×χ†
j

{
σ · k4

Ej(k4) +mj

− σ · k3

Ei(k3) +mi

}
χi exp

[
i(k4 − k3) · x

]

≈ (2π)−3 δiαδjβ
2mq

χ†
s4

[
σ3 · (k3 − k4)

]
χs3 exp

[
i(k4 − k3) · x

]
,

(64)

again using the non-relativistic approximation. Folding this matrix element, we get

〈B(p′)|q̄j(x)γ5qi(x)|B(p)〉 =
δij

2mq

(2π)−3
∫
d3k1 d

3k2 d
3k3 δ(p − k1 − k2 − k3) ·

×
∫
d3k′3d

3k4 δ(p
′ − k1 − k2 − k4) · ψ̃∗

B(k1,k2,k4) ψ̃A(k1,k2,k3) ·

× exp
[
i(k4 − k3) · x

]
· χ†

sj

[
σi · k

]
χsi
, (65)
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where we used that k3 − k4 = p − p′ = k. Combining factors, and summing over the three
quarks of the baryon

∑
i=1,3, we get finally for the transition matrix

〈B(p′),MP (k)|Hint|B(p)〉 =
∫
d3x 〈B(p′),MP (k)|Hint(x)|B(p)〉

⇒ i (2π)−3 γqq̄

Λ2
QPC

3
√

2

2MB

∫
d3k1 d

3k2 d
3k3 δ(p − k1 − k2 − k3) ·

×
∫
d3k′3d

3k4d
3k5δ(k3 − k′

3 − k4 − k5) δ(p
′ − k1 − k2 − k4) ·

×ψ̃∗
B(k1,k2,k4) ψ̃A(k1,k2,k3) ψ̃

(L=0)
M (k′

3,k5)
∗.χ†

sf

[
σ · k

]
χsi
, (66)

From Appendix B it is easily seen that the overlap-integral in (66) is given by

Idir
0 (A;B,M)

k=0−→ 1

8

(
2π

R2
A

)3/2 (
4π2

3R2
AR

2
M

)3/2

N0 = 2
√

2

(
π

R2
M

)3/4

.

The pseudoscalar BBM-coupling is, apart from the spinor factor χ†
sf

[σ · k]χsi
, given by the

matrix element

〈B(0′),MP,0(0)|Hint|B(0)〉 ∼ +i
γqq̄

Λ2
QPC

3
√

2

2MB

· (2π)−3 ·

× 2
√

2

(
π

R2
M

)3/4

= +i(2π)−3 γqq̄

Λ2
QPC

12

2MB

(
π

R2
M

)3/4

. (67)

The hadron level interaction Hamiltonian density for the η-meson to the baryons is

HI = igP [ψ̄(x)γ5ψ(x)] φ(x). (68)

giving the matrix element

〈η(k), N ′(p′)|HI |N(p)〉 =
1

(2π)3/2

√
1

2ω(k)

√√√√ M2

Ep′Ep

· igP ·

×
[
ū(p′)γ5u(p)

]
δ(p − p′ − k) . (69)

Using the non-relativistic approximation (N.R.) (69) leads to

〈η(k), N ′(p′)|HI |N(p)〉 =
1

(2π)3/2

1√
2mP

· igP

2MB

(
χ†

sf

[
σ · k

]
χsi

)

×δ(p − p′ − k). (70)

From (70) etc. one obtains upon the comparison of (70) with (67) for the NNη-coupling
including the isospin factor 1/

√
2, the expression

gP = (2π)−3 · γqq̄

Λ2
QPC

· 12 ·
(
π

R2
M

)3/4

(2π)3/2
√

2mP/
√

2

= 6
√

2 π−3/4γqq̄

√
mPRM

(ΛQPCRM)2
∼ R

−3/2
M . (71)
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Comparing this with (39) we find for the ratio

gP/gS =
1

6

√
2

√
mP

mS

(MBRM). (72)

For mP = 140 MeV, mS = 962 MeV, and RM = 0.7 fm, we have gP/gS = 0.3, which is
less than the (naive) expectation based on the Fierz-identities in the 3P0-model. Here the
smallness of the pion mass plays its role.

E. Axial-vector mesons I

First, we compute the matrix elements for the coupling of the axial-vecror mesons.

(i) Axial-meson-overlap matrix element:

〈0|q̄i(x)γμγ5 qj(x)|MA(k,m)〉 = C(1, 1, 1;mL,mσ,m)
∑

r,s=±

∫
d3k1d

3k2 δ(k − k1 − k2) ·

×ψ̃(L=1)
M,mL

(k1,k2) · χ(1)
mσ

(r, s) 〈0|q̄i(x)γμγ5 qj(x) b
†(k1, r)d

†(k2, s)|0〉. (73)

The vacuum expectation is given as

〈0|q̄i(x)γμγ5 qj(x) b†α(k1, r)d
†
β(k2, s)|0〉 = δiβδjα(2π)−3

√
mi

Ei(k1)

mj

Ej(k2)
·

× [v̄(k2, s) γ
μγ5 u(k1, r)] exp [+i (k1 + k2) · x] . (74)

The Dirac bispinor matrix element gives, for the space components,

[v̄(k2, s) γγ5 u(k1, r)] = (−)1/2−s

√√√√Ei(k1) +mi

2mi

Ej(k2) +mj

2mj

·

×χ†
−s

[
σ · k2σ

Ej(k2) +mj

+
σσ · k1

Ei(k1) +mi

]
χr

≈ (−)1/2−s

2mQ

χ†
−s [(k1 + k2) + σ × (k1 − k2)]χr,

[
v̄(k2, s) γ

0γ5 u(k1, r)
]
≈ (−)1/2−sχ†

−s

[
1 +

σ · k2σ · k1

4m2
q

]
χr ≈ (−)1/2−sδr,−s,

(75)

where we used the non-relativistic approximation, etc. We note that for spin-1 the
∑

s,r=±
the first term in the brackets [....] gives zero, and we get

∑
r,s=±

χ
(1)
−m(r, s) [v̄(k2, s) γγ5 u(k1, r)] =

√
2

2mq

ε × ΔM , (76)

where ΔM = k2 − k1.
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————————————————————–
To proceed, we have to evaluate [13]

C 1 1 1
mLmσmψ̃M,mL

χ(1)
mσ

⇒ C 1 1 1
mLmσmΔM,mL

(ε × ΔM)mσ
=

C1 1 1
mLmσmC

1 1 1
m′

σm′
Lmσ

εm′
σ

ΔM,m′
L
ΔM,mL

⇒
4R−2

M (−)mLδm′
L,−mL

C1 1 1
mLmσmC

1 1 1
m′

σm′
Lmσ

εm′
σ

=

4R−2
M (−)mL C1 1 1

mLmσmC
1 1 1

m′
σ−mLmσ

εm′
σ

= −4R−2
M εm.

Here, the second ⇒ marks the performance
∫
d3ΔM , and we used the relations

C1 1 1
m′

σm′
Lmσ

= −C1 1 1
m′

Lm′
σmσ

= (−)m′
LC 1 1 1

m′
L−mσ−m′

σ

= −(−)m′
LC 1 1 1

−m′
Lmσm′

σ
⇒ −(−)mLC 1 1 1

mLmσm′
σ
.

————————————————————–
Using these results, we get for the meson-overlap matrix element (73)

〈0|q̄i(x)γγ5 qj(x)|MA(k,m)〉 = +
2

mQRM

∫
d3k1d

3k2 δ(k − k1 − k2)

×(k1 − k2)
2 · (2π)−3 ψ̃

(L=0)
M (k1,k2) exp [+i (k1 + k2) · x] εm. (77)

(ii) Baryon-overlap matrix element: The quark-transition matrix element for the scalar op-
erator is

〈qβ(k4)|q̄j(x)γγ5 qi(x)|qα(q3)〉 = (2π)−3

√√√√Ej(k4) +mj

2mj

Ei(k3) +mi

2mi

·

×χj †
{

σ +
σ · k4

Ej(k4) +mj

σ
σ · k3

Ei(k3) +mi

}
χi exp

[
i(k4 − k3) · x

]

≈ (2π)−3δiαδjβ σ exp
[
i(k4 − k3) · x

]
,

(78)

where again we used the non-relativistic approximation. Folding this matrix element, we
get

〈B(p′)|q̄j(x) γγ5 qi(x)|B(p)〉 = δij(2π)−3
∫
d3k1 d

3k2 d
3k3 δ(p − k1 − k2 − k3) ·

×
∫
d3k′3d

3k4 δ(p
′ − k1 − k2 − k4) · ψ̃∗

B(k1,k2,k4) ψ̃A(k1,k2,k3) ·

× exp
[
i(k4 − k3) · x

]
·
[
χ†

B,sf
σi χB,si

]
. (79)

Combining factors, and summing over the three quarks of the baryon
∑

i=1,3, we get finally
for the transition matrix

〈B(p′),MA(k,m)|Hint|B(p)〉 =
∫
d3x 〈B(p′),MA(k,m)|Hint(x)|B(p)〉

⇒ −(2π)−3 γqq̄

Λ2
QPC

6

MBRM

∫
d3k1 d

3k2 d
3k3 δ(p − k1 − k2 − k3) ·

×
∫
d3k′3d

3k4d
3k5δ(k3 − k′

3 − k4 − k5) δ(p
′ − k1 − k2 − k4) ·

×ψ̃∗
B(k1,k2,k4) ψ̃A(k1,k2,k3) ψ̃

(L=0)
M (k′

3,k5)
∗.χ†

sf

[
σ · εm

]
χsi
, (80)
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where the (-)-sign in front is taken from the Fierz-identity in the 3P0-model. From Ap-
pendix B it is easily seen that the overlap-integral in (80) is given by

Idir
0 (A;B,M)

k=0−→ 2
√

2

(
π

R2
M

)3/4

.

The axial-vector BBM-coupling is, apart from the spinor factor χ†
sf

[σ · εm]χsi
, given by the

matrix element

〈B(0′),MA,m(0)|Hint|B(0)〉 ∼ − γqq̄

Λ2
QPC

6

MBRM

· (2π)−3 ·

× 2
√

2

(
π

R2
M

)3/4

− (2π)−3 γqq̄

Λ2
QPC

12
√

2

MBRM

(
π

R2
M

)3/4

. (81)

The hadron level interaction Hamiltonian density for the ω-meson to the baryons is

HI = gA[ψ̄(x)γμγ5ψ(x)] Aμ(x). (82)

giving the matrix element

〈E1(k), N ′(p′)|HI |N(p)〉 =
1

(2π)3/2

√
1

2ω(k)

√√√√ M2

Ep′Ep

· gA ·

×
[
ū(p′)γμγ5u(p) · εμ(kM)

]
δ(p − p′ − k) . (83)

Using the non-relativistic approximation (N.R.) (83) leads to

〈E1(k), N ′(p′)|HI |N(p)〉 =
1

(2π)3/2

1√
2mA

· gA χ†
s′z {σ · ε}χsz ·

×δ(p − p′ − k). (84)

From (84) etc. one obtains upon the comparison of (84) with (81) for theNNE1-coupling,
including the isospin factor 1/

√
2, the expression

gA = −(2π)−3 · γqq̄

Λ2
QPC

12
√

2

MBRM

(
π

R2
M

)3/4

(2π)3/2
√

2mA/
√

2

= −π−3/4γqq̄

√
mARM

(ΛQPCRM)2

6

MBRM

∼ R
−5/2
M . (85)

Comparing this with (39) we find for the ratio

gA/gS = −2

3

√
mA

mS

. (86)

For mA = 1270, mS = 750 MeV, and RM = 0.7 fm, we have gA/gS = −0.79, which is more
or less what can be expected naively from the Fierz-identities in the 3P0-model.
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F. Axial-vector mesons, II

NOTE: (i) From the relation k · ρB = k0ρB,0 − k · ρB = 0,
where ρμ

B(λ) is the B1 polarization vector, one infers that un-
der the parity transformation ρB,0 is pseudoscalar-like. Then,
in first instance one would be inclined to treat ρB,0 as a 1S0

qq̄-state! Consequently, the NR-treatment seems similar to the
pseudoscalar-meson case. (ii) However the pseudoscalar and
axial-vector states behave differently under charge-conjugation.
From CρB(k) = −ρB(k), it follows that also Cρ0(k) = −ρ0(k),
and therefore can not be represented by a 1S0-state which has
C=+1. Therefore, we have to use the ρB(k)-coupling. This
leads, see below, to zero coupling for the axial B-mesons.(i) Axial-meson-overlap matrix element:

〈0|q̄i(x)γμγ5 qj(x)|MB(k,m)〉 =
∑

r,s=±

∫
d3k1d

3k2 δ(k − k1 − k2) ·

×ψ̃(L=1)
M,m (k1,k2) · χ(0)(r, s) 〈0|q̄i(x)γμγ5 qj(x) b

†
α(k1, r)d

†
β(k2, s)|0〉. (87)

The vacuum expectation is given as

〈0|q̄i(x)γμγ5 qj(x) b†α(k1, r)d
†
β(k2, s)|0〉 = δiβδjα(2π)−3

√
mi

Ei(k1)

mj

Ej(k2)
·

× [v̄(k2, s) γ
μγ5 u(k1, r)] exp [+i (k1 + k2) · x] . (88)

The Dirac bispinor matrix element gives, for the space and zero components,

[v̄(k2, s) γγ5 u(k1, r)] ≈ (−)1/2−s

2mQ

χ†
−s [(k1 + k2) + σ × (k1 − k2)]χr,[

v̄(k2, s) γ
0γ5 u(k1, r)

]
≈ (−)1/2−sδr,−s, (89)

where we used the non-relativistic approximation, etc. We note that for spin-1 the
∑

s,r=±
the first term in the brackets [....] gives zero, and we get∑

r,s=±
χ(0)(r, s)

[
v̄(k2, s) γ

0γ5 u(k1, r)
]

= −
√

2,

∑
r,s=±

χ(0)(r, s) [v̄(k2, s) γγ5 u(k1, r)] = −
√

2

2mQ

kM . (90)

————————————————————–
Using these results, we get for the meson-overlap matrix element (87)

〈0|q̄i(x)γ0γ5 qj(x)|MB(k,m)〉 = −iRM

∫
d3k1d

3k2 δ(k − k1 − k2)

×(k1 − k2)m · (2π)−3 ψ̃
(L=0)
M (k1,k2) exp [+i (k1 + k2) · x] εm,

〈0|q̄i(x)γγ5 qj(x)|MB(k,m)〉 = +
2

mQRM

∫
d3k1d

3k2 δ(k − k1 − k2)

×(k1 − k2) · kM · (2π)−3 ψ̃
(L=0)
M (k1,k2) exp [+i (k1 + k2) · x] εm. (91)
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(ii) Baryon-overlap matrix element: The quark-transition matrix element for the axial-
vector operator is

〈qβ(k4)|q̄j(x)γ0γ5 qi(x)|qα(q3)〉 = (2π)−3

√√√√Ej(k4) +mj

2mj

Ei(k3) +mi

2mi

·

×χj †
{

σ · k4

Ej(k4) +mj

+
σ · k3

Ei(k3) +mi

}
χi exp

[
i(k4 − k3) · x

]

≈ (2π)−3 δij
2mQ

[
χ†

j σ · (k3 + k4)χi

]
· exp

[
i(k4 − k3) · x

]
,

〈q(k4)|q̄j(x)γγ5 qi(x)|q(q3)〉 ≈ (2π)−3δiαδjβ σ exp
[
i(k4 − k3) · x

]
, (92)

where again we used the non-relativistic approximation.

As explained in the beginning of this subsection, we must use the space-component of the
B-vector meson. Folding this matrix element, we get

〈B(p′)|q̄j(x) γγ5 qi(x)|B(p)〉 = δij(2π)−3
∫
d3k1 d

3k2 d
3k3 δ(p − k1 − k2 − k3) ·

×
∫
d3k′3d

3k4 δ(p
′ − k1 − k2 − k4) · ψ̃∗

B(k1,k2,k4) ψ̃A(k1,k2,k3) ·

× exp
[
i(k4 − k3) · x

]
·
[
χ†

B,sf
σi χB,si

]
. (93)

Combining factors, and summing over the three quarks of the baryon
∑

i=1,3, we get
finally for the transition matrix

〈B(p′),MB(k,m)|Hint|B(p)〉 =
∫
d3x 〈B(p′),MB(k,m)|Hint(x)|B(p)〉

⇒ +i(2π)−3 γqq̄

Λ2
QPC

3RM

2MB

∫
d3k1 d

3k2 d
3k3 δ(p − k1 − k2 − k3) ·

×
∫
d3k′3d

3k4d
3k5δ(k3 − k′

3 − k4 − k5) δ(p
′ − k1 − k2 − k4) ·

×ψ̃∗
B(k1,k2,k4) ψ̃A(k1,k2,k3) ψ̃

(L=0)
M (k′

3,k5)
∗ ((k′

3 − k5) · kM) ·

×
[
χ†

sf
σχsi

i
]
, (94)

where the (-)-sign from the Fierz-identity in the 3P0-model is taken into account. From
Appendix B it is easily seen that the overlap-integral in (94) is zero!

————————————————————–

The hadron level interaction Hamiltonian density

HI =
ifBNN

mπ

[
ψ̄σμνγ5τψ

]
· ∂νBμ

1 , (95)

giving, apart from the isospin factor, the matrix element

〈B1(kμ), N ′(p′)|HI |N(p)〉 =

√
1

2ω(k)(2π)3

√√√√ M2

Ep′Ep

·
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×fNNB1

mπ

[
ū(p′)σμνγ5u(p) · (p− p′)νεμ(k)

]
·

×(2π)δ(Ef − Ei) δ(p
′ − p − k) . (96)

The expression betweem square brackets [...] with σμν = (i/2)[γμ, γν ] [11], is[
ū(p′)σμνγ5u(p) · (p− p′)νεμ(k)

]
= −i(p′ + p) · ε [ū(p′)γ5u(p)].

Using the non-relativistic approximation (N.R.) (96) leads to

〈B1(k, μ = 0), N ′(p′)|HI |N(p)〉 = − i

(2π)3/2

fNNB1

mπ

√
2mB1

(p′ + p) · ε
2MB

·

×
(
χ†

s′z (σ · k) χsz

)
δ(p − p′ − k) (2π)δ(Ef − Ei) . (97)

G. Tensor-mesons

In the QPC-model there is no coupling for the tensor-mesons (JPC = 2++). In the case
of the 3P0 interaction Hamiltonian (11) there occurs a term with the antisymmetric-tensor
bilinear, which has JPC = 2+−, see e.g. [14], paragraph 3-4-4. However, such quantum
numbers do not correspond to a qq̄-state, see [15].

To generate non-zero symmetric tensor-meson coupling one
could introduce the QPC-interaction with a new phenomeno-

logical parameter γ
(T )
qq̄ as follows:

H(T )
I = −γ(T )

qq̄ [q̄iγ
μ∂νqi] · [q̄jγμ∂νqj] =

+γ
(T )
qq̄

∑
i,j

[
+ q̄i ∂

νqj · q̄i ∂νqj −
1

2
q̄iγ

μ∂νqj · q̄jγμ∂νqi

−1

2
q̄iγ

μγ5∂
νqj · q̄jγμγ5∂νqi − q̄iγ5∂

νqj · q̄jγ5∂νqi

]
. (98)

i,a j,d

j,-c

i,b(a)

FIG. 2: Isospin labels QPC-model
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IV. ISOSPIN FACTORS

In Fig. 2 the isospin labels of the active quarks in the creation process are shown. Since
we consider here the neutral-meson coupling, there is no-flavor change in this proces
for the quarks of the baryons, there is a factor δij in the matrix elements (see above). The
isospin wave functions of the qq̄-state for IM = 0 and IM = 1 they are

ϕ(0)(c, d) =
(
δc,+1/2δd,−1/2 − δc,−1/2δd,+1/2

)
/
√

2, (99)

ϕ(1)
n (c, d) =

⎧⎪⎨⎪⎩
δc,+1/2δd,+1/2 n = +1(
δc,+1/2δd,−1/2 + δc,−1/2δd,+1/2

)
/
√

2 n = 0

δc,−1/2δd,−1/2 n = −1

(100)

Notice that we put the antiquark in second place, and the spin-up/down state for the
antiquark has s = ±1/2.

For the isospin description of the antiquark we note that the
charge-conjugate Dirac wave function is [11]

ψC(x) = ηCCψ̄
T (x), C = −iγ2γ0, ηC = 1.

Evidently, ψC(x) ∼ ψ∗(x) and complex conjugation is in-
volved. The complex conjugation (c.c) of the τ -commutator
relations gives

[τi, τj] = iεijk τk
c.c−→ [−τ ∗i ,−τ ∗j ] = −iεijk (−τ ∗k ),

and therefore to obtain the proper isospin spinors we have to
find in isospin space a unitary matrix A such that AτiA

−1 =
−τ ∗i for the transformation of the quark isospinors to the
proper antiquark isospinors. This leads to A = ±iτ2. Choos-
ing the (-)-sign gives for the isospin anti-spinors

ϕ̄a = Aϕa = (−)a−1/2ϕ−a.
From the Fierz-identities [2] the isospin matrix element is given as

δa
b δ

c
d =

1

2
δa
d δ

c
b +

1

2
τ a

d · τ c
b. (101)

1. For IM = 0 we get

⇒
3∑

i=1

·
∑

b,c=±
(−)1/2−cϕ(0)(b, c) · 1

2
δa
d δ

c
b = −(3/

√
2) δa

d . (102)

2. For IM = 1 we get

⇒
3∑

i=1

·
∑

b,c=±
(−)1/2−cϕ(1)(b, c) · 1

2
τ a

d · τ c
b = −(1/

√
2) (τB)a

d, (103)

where we have summed over the quarks
∑

i=1,2,3, and τB =
∑

i=1,2,3 τ i, i.e. a sum over
the quark isospin operators.
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This settles that the couplings of the isosinglet mesons is a factor 3 larger than those for
the isotriplet mesons.

The extension to flavor SU(3) is straightforward, using e.g. the results in [16] and references
therein. The relations of the 9j-symbols in [16] and [18] is given in the note [17].

V. RESULTS, DISCUSSION AND CONCLUSIONS

Fortunately, the constants fπ, fV , fA, and fS which appear in the C.F.I.’s seem to be
determined pretty certainly.
The QPC-models have much predictive power. This because here a single phenomenological
parameter, the pair-creation constant γqq̄, predicts for example many ratio’s of couplings.
So, many relations are obtained in this model.

Vector-mesons: In [8] one came to the conclusion that at the origin the qq̄ wave-function
satisfies

|ψπ(0)|2 =
1

2
m3

π , |ψV (0)|2 =
mV

mπ

|ψπ(0)|2 =
1

2
mVm

2
π . (1)

Equation (1) and the N.R. wave-function, see e.g. [3], yields

|ψV (0)|2 =
(
πR2

M

)−3/2
⇒ (mVRV )3 = 2π−3/2

(
mV

mπ

)2

. (2)

For the ρ-meson, we get from (2)

mρRρ = 2.215 , Rρ = 0.57 fm .

From [3], eq. (3.15), we have

fρ = fρππ = fρNN ≈ γ
(

2

3π

)1/2 m3/2
ρ

|ψρ(0)|

=
2γ√
3π

mρ

mπ

. (3)

On the other hand, from ρ0 → e+e−, one has [3], eq.(2.18) and eqn. (3.15),

fρ =
m3/2

ρ√
2|ψρ(0)|

≈ γ0

(
2

3π

)1/2 m3/2
ρ

|ψρ(0)| ⇒ γ0 =
1

2

√
3π = 1.535 . (4)

From [3], eqn. (3.15) and the N.R. wave-function eqn. (3.9), we have

fρ = γ0
4√
3π

(mρRρ)
3/2 ⇒

γ2
0

4π
=

3π

16
(mρRρ)

−3 f 2
ρ

4π
, (5)

which gives, using f 2
ρ/4π = 2.4, that γ0 = 1.55 (Rρ = 0.5fm), and γ0 = 3.34 (Rρ = 0.3fm).
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Gluonic correction: Since in the QPC-model we used Gaussian wave-function, the qq̄-
potential is of the harmonic-oscillator type. This potential does not account for the 1/r-
behavior at short distance, which is due to the one-gluon-exchange potential. This implies
that (4) should read

fρ =
m3/2

ρ√
2|ψρ(0)|

= γ
(

2

3π

)1/2 m3/2
ρ

|′ψρ(0)′| ⇒ γ = γ0
|′ψρ(0)′|
|ψρ(0)| , (6)

where ′ψρ(0)′ is the harmonic-oscillator (h.o.) wave function, and ψρ(0) the true wave
function. To first order we have [5, 19]

|ψρ(0)| = |′ψρ(0)′|
(

1 − 16

3

αs(m
2
ρ)

π

)1/2

. (7)

Then, for αs(m
2
ρ) = 0.5, we find that

γ = γ0

(
1 − 16

3

αs(mρ)

π

)−1/2

⇒ 3.94 , (8)

which is close to the value 3.85 used in [5]. In Table I the relation (8) is shown. Here, we
used from [15] the parameterization

αs(μ) = 4π/
(
β0 ln(μ2/Λ2

QPC)
)
, (9)

with ΛQPC = 100MeV and β0 = 11 − 2
3
nf− > 9. From this table one sees that at the scale

TABLE I: Pair-creation constant γ as function of αs.

μ [GeV] αs(μ) γ(μ)

∞ 0.00 1.535
80.0 0.10 1.685
35.0 0.20 1.889
1.05 0.30 2.191
0.55 0.40 2.710
0.40 0.50 3.94
0.35 0.55 5.96

of 1 GeV a value γ = 2.19 is reasonable. This value we will use later when comparing the
QPC-model predictions and the ESC04-model coupling constants.
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The γ-value for QPC-model: Identifying gV =: fNNρ/2 we compare (5) and (50) we

have, including the isospin factor 1/
√

2,

γ
2√
3π

(mVRM)3/2 =
3√
2
π−3/4γqq̄

√
mVRM

(ΛQPCRM)2
. (10)

This yields

γqq̄/γ =
2

3

√
2

3
π1/4 (ΛQPCRM)2 (mVRM). (11)

Using ΛQPC = 250 MeV, mV = 750 MeV, and RM = 0.5 fm one obtains γqq̄/γ = 0.55.
For RM = 0.67 fm the latter ratio becomes 1.0. We conclude: the quark-antiquark
pair creation constant in the QPC-model is fully compatible with the quark-
annihilation process for ρ0 −→ e+e−.

A. Comparison QPC-predictions and ESC-fit NN

First, we summarize the formulas for the divers couplings for the I=1 mesons:

gP = +π−3/4 γqq̄
(mPRM)1/2

(ΛQPCRM)2
· (6

√
2) ,

gV = +π−3/4 γqq̄
(mVRM)1/2

(ΛQPCRM)2
· (3/

√
2) ,

gS = +π−3/4 γqq̄
(mSRM)−1/2

(ΛQPCRM)2
· 9mS

MB

,

gA = −π−3/4 γqq̄
(mSRM)−1/2

(ΛQPCRM)2
· 6mA

MB

.

Writing the expressions, obtained in these notes, for the couplings in the following concise
form:

gBBM(±) = γqq̄
3√
2
π−3/4 XM (IM , LM) F

(±)
M (12)

where ± = −(−)Lf with Lf is the orbital angular momentum of the final MB-state, XM is
the product of the recoupling coefficients, and where

F (+) =
3

2

√
2 (mMRM)1/2 (ΛQPCRM)−2 ,

F (−) =
3

2

√
2 (mMRM)−1/2 (ΛQPCRM)−2 · 3

√
2 (MM/MB). (13)

We note that there can be thought of various corrections to the (naive) QPC-
formulas in (12): (i) isospin-dependent gluon-exchange corrections to the pair-
creation process, similarly to those for non-leptonic weak decays in connention
with the ΔT = 1/2-rule; (ii) hadronic vertex corrections. Instead of trying to
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TABLE II: ESC08c Couplings and 3P0- and 3S1-model relations, with ideal mixing for vector
and scalar meson nonets (RN = 0.54 fm). Pseudoscalar- and axial-nonets the mixing angles are
−230 and −42.7o respectively. We defined X̃M , i.e. the isospin factor. Here, ΛQPC = 350 MeV,
γ(αs = 0.30) = 2.19 etc. The weights are A = 1.067 and B = 0.526 for the 3P0 and 3S1 respectively.

Meson rM [fm] X̃M γM
3S1

3P0 QPC ESC08c

π(140) 0.46 2 6.89 g = −3.17 g = 6.40 3.24 3.63

η′(957) 0.66 6 2.22 g = −4.46 g = 9.05 4.58 2.28

ρ(770) 0.66 1 2.37 g = −0.37 g = 1.49 1.13 0.69

ω(783) 0.66 3 2.35 g = −1.11 g = 4.50 3.39 3.52

a0(962) 0.66 3
√

2 2.22 g = 0.52 g = 1.06 1.58 0.87

ε(760) 0.66 9
√

2 2.37 g = 1.49 g = 3.02 4.51 4.74

a1(1270) 0.66 2
√

2 2.09 g = −0.19 g = −0.77 -0.96 -1.11

d1(1280) 0.66 6
√

2 2.09 g = −0.64 g = −2.58 -3.22 -1.06

b1(1235) 0.66 2.19 f = 0 f = 0 0.0 -0.20

a2(1320) 0.66 2.19 g = 0 g = 0 0.0 0.00

account for these effects using the QCD-corrections in a sophisticated compre-
hensive treatment we adjust the qq̄-radii for each meson. We used a linear
combination of the 3P0- and the 3S1-model with weights A = 1.114 and B = 0.564
respectively. We notice the dominance of the 3P0- over the 3S1-mechanism.

In the tables below, we show the results for the couplings of the 3S1,
3 P0-model

and compare them with the values obtained in a typical fit to the NN-data with the
ESC-model. For the motivation for ΛQPC = 350 MeV, RM = 0.66, and γM = 2.19 see
Appendix G. First, we show in Table II the results for ’naive’ trial with identical radii
for all vector-, scalar-, and axial-vector-mesons. Notice that the I=1 couplings are too strong.

We can produce many solutions with different ΛQPC-values by noting the invariance of the
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BBM-couplings under the scale-transformation:

R+
M = s RM , R−

M = s3/5 RM , ΛQPC = s−3/4ΛQCD,

where R±
M refer to the mesons with gM ∼ R

−3/2
M respectively ∼ R

−5/2
M . In Table III we show

this invariance explicitly starting from the ’naive’ solution values for s=1 in Table II.

TABLE III: Scaling ΛQPC , and the meson radii R±
M such as to keep C+ = ΛQPC(R+

M )3/4 and
C− = ΛQPC(R−

M )5/4 invariant

s ΛQPC [MeV] R+
M [fm] R−

M [fm]

1.00 350.0 0.660 0.860
0.90 378.8 0.594 0.807
0.80 413.8 0.528 0.752
0.70 457.3 0.462 0.694
0.60 513.4 0.396 0.633
0.50 588.6 0.330 0.567
0.40 695.9 0.264 0.496
0.30 863.4 0.198 0.418
0.20 1170.3 0.132 0.327
0.10 1968.2 0.066 0.216

Next, we show the two ’solutions’: (i) Table IV: a solution with 66 % and 33 % for
3P0 and 3S1 respectively, and (ii) Table V: a solution with 99 % and 1 % for 3P0 and 3S1

respectively. Here, for this illustration we used a version of the ESC08c-model with the same
mixing angles as used in ESC04-models. Here, no QQG form factor nor SU(6)-breaking is
included.
In Table IX also the mixing anngles are as in ESC04-models, but now both the QQG form
factor and SU(6)-breaking effects are included.

In Table VI we show the results for the final version of the ESC08c-model, having updated val-
ues for the mixing angles of the pseudoscalar and axial-vector mesons. The ESC08c-couplings
and the QPC-couplings agree very well. In particularly, the SU(6)-breaking improves the
agreement significantly. All this hints to the reality of the ESC08c couplings. An exception
is the f1(1420) coupling, which seems ’abnormal’. The ratio gNNf1/gNNa1 ≈ 1, instead of ≈ 3
as expected from the Quark-model. Probably this coupling is contaminated by the presence
of the heavy pseudoscalar nonet around π(1300) MeV. Enlarging the f1(1420)-coupling and
including its heavy pseudoscalar counterpart is a possible solution of this abnormality.
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TABLE IV: ESC08c Couplings and 3P0- and 3S1-model relations, with ideal mixing for vector
and scalar meson nonets (RN = 0.54 fm). Pseudoscalar- and axial-nonets the mixing angles are
−230 and −42.7o respectively. We defined X̃M , i.e. the isospin factor. Here, ΛQPC = 350 MeV,
γ(αs = 0.30) = 2.19 etc. The weights are A = 1.114 and B = 0.564 for the 3P0 and 3S1 respectively.

Meson rM [fm] X̃M γM
3S1

3P0 QPC ESC08c

π(140) 0.46 2 6.89 g = −3.39 g = 6.68 3.30 3.63

η′(957) 0.86 6 2.22 g = −2.32 g = 4.58 2.26 2.28

ρ(770) 0.86 1 2.37 g = −0.27 g = 1.05 0.78 0.69

ω(783) 0.66 3 2.35 g = −1.19 g = 4.70 3.51 3.52

a0(962) 0.86 3
√

2 2.22 g = 0.29 g = 0.57 0.86 0.87

ε(760) 0.66 9
√

2 2.37 g = 1.60 g = 3.16 4.76 4.74

a1(1270) 0.66 2
√

2 2.09 g = −0.20 g = −0.80 -1.00 -1.11

f1(1420) 0.96 6
√

2 2.09 g = −0.23 g = −0.91 -1.14 -1.06

b1(1235) 0.66 2.19 f = 0 f = 0 0.0 -0.20

a2(1320) 0.66 2.19 g = 0 g = 0 0.0 0.00

The ’naive’ predictions of the QPC-model are

gω = 3gρ, gε = 3ga0 , ε0(λ) ∼ q̄q(3P0)

ga0 ≈ gρ, gε ≈ gω, εa(λ) ∼ q̄q(3S1)

fNNa1 ≈
ma1

mπ

fNNπ ≈ 2.54 (CS),

where for the fNNa1 we quoted the prediction of Schwinger [23]. It is clear that these
relations hold approximately only. In the ESC04-model the ’naive’ relations were much
better satisfied as in the ESC08c-model. In particularly, the Schwinger value [23] does not
hold in ESC08c. As stressed in the foregoing paragraph, QPC-model gives in our view the
so-called ”bare” couplings (!) In Fig. 1 on the r.h.s. graph (a) indicates the QPC-model
BBM-coupling prediction, and graph (b) the lowest order meson-exchange correction to the

30



TABLE V: ESC08c Couplings and 3P0- and 3S1-model relations, with ideal mixing for the vector
and scalar meson nonets (RN = 0.54 fm). Pseudoscalar- and axial-nonets the mixing angles are
−230 and −42.7o respectively. We defined X̃M , i.e. the isospin factor. Here, ΛQPC = 600 MeV,
γ(αs = 0.30) = 2.19 etc. The weights are A = 0.865 and B = 0.004 for the 3P0 and 3S1 respectively.

Meson rM [fm] X̃M γM
3S1

3P0 QPC ESC08c

π(140) 0.30 2 6.89 g = −0.02 g = 3.35 3.33 3.63

η′(957) 0.56 6 2.22 g = −0.01 g = 2.31 2.30 2.28

ρ(770) 0.45 1 2.37 g = −0.00 g = 0.73 0.73 0.69

ω(783) 0.33 3 2.35 g = −0.01 g = 3.51 3.51 3.52

a0(962) 0.45 3
√

2 2.22 g = 0.00 g = 0.76 0.76 0.87

ε(760) 0.33 9
√

2 2.37 g = 0.02 g = 4.72 4.74 4.74

a1(1270) 0.33 2
√

2 2.09 g = −0.00 g = −1.20 -1.20 -1.11

f1(1420) 0.51 6
√

2 2.09 g = −0.00 g = −1.12 -1.12 -1.06

b1(1235) 0.56 2.19 f = 0 f = 0 0.0 -0.20

a2(1320) 0.56 2.19 g = 0 g = 0 0.0 0.00

BBM-vertex. If we consider I = 0 and I = 1 exchange in this vertex, we have for example
for the NN-couplings of the scalar mesons

Δga0 = Δ0 − 2Δ1 , Δgf0 = Δ0 , (14)

where Δ0,1 stands for the correction due to the I = 0 and I = 1 respectively. Then, such
dressing corrections could bridge the gap between the QPC-predictions and the ESC04-fit
for the coupling constants. For instance, if Δ1 ≈ (2/3)Δ0, we would have Δga0 ≈ −(1/3)Δ0

and Δgf0 = Δ0. To work out a more or less complete model for these vertex corrections,
which is by itself a rather elaborate program, is clearly beyond the scope of these notes.
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TABLE VI: SU(6)-breaking in coupling constants, using (56) and (70)-irrep mixing with angle ϕ =
−22o for the 3P0- and 3S1-model. Gaussian Quark-gluon cut-off ΛQQG = 986.6 MeV. Ideal mixing
for vector and scalar meson nonets. Pseudoscalar- and axial-nonets the mixing angles are −130 and
+50.0o respectively, imposing the OZI-rule. Here, ΛQPC = 244.3 MeV, γ(αs = 0.30) = 2.19 etc.
The weights are A=0.677 and B=0.323 for the 3P0 and 3S1 respectively. The values in parentheses
in the column QPC denote the results for ϕ = 0o.

Meson rM [fm] γM
3S1

3P0 QPC ESC08c

π(140) 0.23 5.51 g = −3.54 g = +7.40 3.87 (4.07) 3.64

η′(957) 0.71 2.22 g = −2.83 g = +5.93 3.10 (3.72) 3.07

ρ(770) 0.71 2.37 g = −0.24 g = +0.99 0.75 (0.92) 0.73

ω(783) 0.71 2.35 g = −1.10 g = +4.60 3.50 (3.45) 3.51

a0(962) 0.81 2.22 g = +0.28 g = +0.58 0.86 (0.90) 0.89

ε(760) 0.71 2.37 g = +1.42 g = +2.96 4.38 (4.37) 4.36

a1(1270) 0.61 2.09 g = −0.20 g = −0.84 -1.05 (-1.06) -1.10

f1(1420) 0.61 2.09 g = −0.72 g = −3.03 -3.76 (-3.25) -0.91

=

(a)

+

(b)

. . .

FIG. 1: Vertex-dressing correction to QPC-coupling

B. Isospin Dependence QPC Meson-couplings ?

It is well known that for weak non-leptonic transitions the hard-gluon corrections give a
(partial) explanation of the ΔI = 1/2-rule [2]. This comes about because of the correlation
between isospin and color through the particle statistics. Likewise, in this subsection we
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TABLE VII: Meson radii from the literature [20–22]

Meson M(exp)/GeV M(the)/GeV
√
〈r2〉/fm

√
〈r2〉/fm [21]

√
〈r2〉/fm [22]

π(11S0) π(140) 0.139 0.337 0.512 0.64

η(11S0) η′(957) — — — —

ρ(13S1) ρ(770) 0.775 0.706 0.769 0.72

φ(13S1) φ(1020) 0.958 0.640 0.647 0.46

ω(13S1) ω(783) — — — 0.72

a0(13P1) a0(962) — — —

ε(13P1) ε(760) — — — —

a1(13P1) a1(1260) 1.206 0.856 0.993 —

d1(13P1) d1(1280) — — — —

b1(11P1) b1(1235) 1.293 0.940 0.978 —

q1

q2

q3

q′1
q′2
q4

M(a)

q1

q2

q3

q′1
q′2
q4

q5

q′3

· · · · · · · · · ·

(b)

FIG. 2: Gluonic-corrections BBM in QPC-models

discuss the possibility for the isospin dependence of the BBM-couplings in the QPC-model.
In Fig. 2 (multi) gluon-exchange corrections are depicted. We analyze here the corrections
due to one-gluon exchange. The isospin for quarks 2 and 3 is given by q2q3 = (q2q3 +
q3q2)/2 + (q2q3 − q3q2)/2 → |i23〉 = [|i23 = 1〉 + |i23 = 0〉] /

√
2. Combined with color, the
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⇔ ⊗q2

q3

FIG. 3: Isospin IM dependent correction to QPC-coupling

qs

qi qj

⇔ ⊗

FIG. 4: Hard-gluon correction to QPC-coupling

isospin-color state has

|23〉I,C =
1√
2
|i23 = 1〉 ⊗ |c23 = 3∗〉 +

1√
2
|i23 = 0〉 ⊗ |c23 = 6〉

However, the 3 quarks in a baryon are in a color-singlet state. Therefore any subsystem
of two quarks must be in the {3∗}c-irrep. In our discussion we have to include also the
flavor-symmetry. In SU(6) the JP = (1/2)+-states in the {56}-irrep the flavor-spin-color
states are, see [24],

|(8,2)〉 =
1√
2

[
φM,S χM,S + φM,A χM,A

]
⊗ |{3∗}〉c.

Therefore, the conclusion is: The (hard) gluon corrections do not lead to isospin-
dependence of the BBM-couplings.

C. SU(6)-Breaking, Di-quarks, and Isospin Dependence QPC Meson-couplings?

It is well known that SU(6)σ is not a good dynamical symmetry. SU(6)W is better
symmetry but also broken on the 3P0-model. This may be an alternative to solve the
”IM = 1-problem”. Here, we study SU(6)-breaking by describing the JP = (1/2)+ baryon-
states in the {56}-irrep the flavor-spin-color states by introducing di-quark correlations.
These are introduced by the generalization of the SU(6) representation of the baryon states

|(8,2)〉 =
[
wS φM,S χM,S + wA φM,A χM,A

]
⊗ |{3∗}〉c, (15)

where w2
S +w2

A = 1 and wS = wA = 1/
√

2. Allowing wS and wA to deviate from the SU(6)-
weights would break SU(6)-symmetry, and the ratio of the IM = 0- and IM = 1-coupling is
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changes compared to the symmetric case. Effectively, this may be desribed phenomenological
by making the pair-creation constant γqq̄ isospin dependent. However, the problem with this
proposal is statistics. For wS �= wA the state is nor symmetric nor antisymmetric. Hence
the total 3-quark state does not obey FD-statistics!
Fortunately, effectively the same result can be realized in accordance with FD-statistics by
using the baryon-states [25, 26]

|(8,2)〉S ∼ NS

[
f12 φM,S(1, 2)χM,S(1, 2) + f13 φM,S(1, 3)χM,S(1, 3)+

+ f23 φM,S(2, 3)χM,S(2, 3)
]
,

|(8,2)〉A ∼ NA

[
g12 φM,A(1, 2)χM,A(1, 2) + g13 φM,A(1, 3)χM,A(1, 3)+

+ g23 φM,A(2, 3)χM,A(2, 3)
]
, (16)

where NS,A are normalization constants, f12 ≡ |f1(k1,k2;k3)〉 etc., and similarly for the
gij-functions. Then, the physical baryon states are

|(8,2)〉 = wS |(8,2)〉S + wA |(8,2)〉A, (17)

with w2
S + w2

A = 1. We omitted here the color-component which is identical to that for the
SU(6)-symmetric state.
In (16) fij and gij are symmetric respectively antisymmetric in the quarks i and j.
In our computations each term with fij or gij gives identical results and can be added. This
gives the factor 3 from the summation over the quarks of the baryon. In effect, the results
for fij �= gij are similar to those with the ”wrong” representation of the baryon-state (15).

In Table VIII we show an example where SU(6)-breaking has been applied. Since there
is a distiction of the S-type and the A-type quark-pairs, there is also a distiction between
iij = 0 and 1, and ipso facto a diference between the IM = 0 and IM = 1 coupling. We have
modified only the strength of the pair-creation process for IM = 1. In principle there is also
a corresponding change for IM = 0, of course. In Table VIII the SU(6)-breaking is described
by the replacement γM → γ̄M for the IM = 1 mesons. We do not include this until we have
some concrete calculated estimate of these shifts.

D. SU(6)-Breaking, (56)- and (70)-irrep Mixing

It is well known that SU(6)σ is not a good dynamical symmetry. SU(6)W is better
symmetry but also broken on the 3P0-model. This may be an alternative to solve the
”IM = 1-problem”. Here, we study SU(6)-breaking by describing the JP = (1/2)+ baryon-
states in the {56}-irrep the flavor-spin states by introducing mixng with the {70}-irrep.
From [27] we describe the mixing for the SU3-octet baryons by

|{8}, 1
2

+

〉 = cosϕ |(56, L = 0+)N=0, P11〉 + sinϕ |(70, L = 0+)N=1, P11〉. (18)

In [27] it was found that ϕ ≈ −22o. The (56) wave functions are [24]

|(56, L = 0+)N=0, P11〉 =
1√
2

[χM,A φM,A + χM,S φM,S] ψS (19)
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TABLE VIII: SU(6)-breaking in ESC08c Couplings. 3P0- and 3S1-model relations, with ideal
mixing for vector and scalar meson nonets. Pseudoscalar- and axial-nonets the mixing angles are
−230 and −42.7o respectively. We defined X̃M , i.e. the isospin factor. Here, ΛQPC = 350 MeV,
γ(αs = 0.30) = 2.19 etc. The weights are A=1.287 and B=0.738 for the 3P0 and 3S1 respectively.

Meson rM [fm] X̃M γM ¯γM/γM
3S1

3P0 QPC ESC08c

π(140) 0.36 2 6.89 0.8 g = −4.29 g = 7.48 3.19 3.63

η′(957) 0.90 6 2.22 1.0 g = −2.71 g = 4.73 2.02 2.28

ρ(770) 0.71 1 2.37 0.8 g = −0.37 g = 1.29 0.92 0.69

ω(783) 0.71 3 2.35 1.0 g = −1.40 g = 4.78 3.38 3.52

a0(962) 0.90 3
√

2 2.22 0.8 g = 0.27 g = 0.47 0.74 0.87

ε(760) 0.71 9
√

2 2.37 1.0 g = 1.74 g = 3.04 4.78 4.74

a1(1270) 0.66 2
√

2 2.09 0.8 g = −0.21 g = −0.74 -0.95 -1.11

d1(1280) 0.90 6
√

2 2.09 1.0 g = −0.39 g = −1.34 -1.73 -1.06

b1(1235) 0.90 2.09 0.8 f = 0 f = 0 0.0 -0.20

|(70, L = 0+)N=1, P11〉 =
1

2
[(ψM,SχM,A + ψM,AχM,S) φM,A+

(ψM,AχM,A − ψM,SχM,S) φM,S]

⇒ 1

2
[χM,A φM,A − χM,S φM,S] ψM,S. (20)

Here, we have choosen to symmetrize (M,S) or anti-symmetrize (M,A) w.r.t. the quarks
numbered 1 and 2. The notation in [27] is χ′ = χM,A, and χ′′ = χM,S, and similarly for φ
and ψ. The wave function ψS has the complete symmetry w.r.t. 1,2,3 permutations (S3-
group). The last line applies because the overlap integrals in momentum-space vanishes for
ψM,A and ψS, see Appendix C. Rewriting, we have

|(70, L = 0+)N=1, P11〉 =
1

2
[(χM,A φM,A − χM,S φM,S) ψM,S

(χM,A φM,S + χM,S φM,A) ψM,A] , (21)
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and, in general, the interference between the irreps is given by

〈(70, L = 0+)N=1, P11|(56, L = 0+)N=0, P11〉 ⇒
1

2
√

2

(
χM,A φM,A − χM,S φM,S|O(1)

F,S|χM,A φM,A + χM,S φM,S

) (
ψM,S|O(1)

mom.sp.|ψS
)

+

1

2
√

2

(
χM,S φM,A + χM,A φM,S|O(2)

F,S|χM,A φM,A + χM,S φM,S

) (
ψM,A|O(2)

mom.sp.|ψS
)
.

(22)

The next task is to evaluate the matrix elements of the flavor (isospin) and spin operators
on the quark level.

1. Isospin operators: We evaluate below the matrix elements⎛⎝56

∣∣∣∣∣∣
∑

i=1,2,3

τ (i)

∣∣∣∣∣∣ 56

⎞⎠ ,

⎛⎝70

∣∣∣∣∣∣
∑

i=1,2,3

τ (i)

∣∣∣∣∣∣ 56

⎞⎠ .
Because of the complete symmetry, we choose quark 3, and consider the matrix elements of
τz for the proton (P) and the neutron (N). We get(

φM,S|τ (3)
z |φM,S

)
⇒

P :
1

6

(
UDU +DUU − 2UUD|τ (3)

z |UDU +DUU − 2UUD
)

=
1

6
(+1 + 1 − 4) = −1

3
,

N :
1

6

(
UDD +DUD − 2DDU |τ (3)

z |UDD +DUD − 2DDU
)

=
1

6
(−1 − 1 + 4) = +

1

3
,

and (
φM,A|τ (3)

z |φM,A

)
⇒

P :
1

2

(
UDU −DUU |τ (3)

z |UDU −DUU
)

=
1

2
(+1 + 1) = +1,

N :
1

2

(
UDD −DUD|τ (3)

z |UDD −DUD
)

=
1

2
(−1 − 1) = −1,

which gives on the baryon level(
56|τ (3)

z |56
)

=
1

2

(
φM,A + φM,S|τ (3)

z |φM,A + φM,S

)
→ 1

3
τz,(

70|τ (3)
z |56

)
=

1

2
√

2

(
φM,A − φM,S|τ (3)

z |φM,A + φM,S

)
→ 2

√
2

3
τz.

(23)

2. Spin operators: This completely analogous to the isospin operators, and we have on the
baryon level (

56|σ(3)
z |56

)
=

1

2

(
φM,A + φM,S|σ(3)

z |φM,A + φM,S

)
→ 1

3
σz,(

70|σ(3)
z |56

)
=

1

2
√

2

(
φM,A − φM,S|σ(3)

z |φM,A + φM,S

)
→ 2

√
2

3
σz.

(24)
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3. Isospin-spin operators: We evaluate below the matrix elements⎛⎝56

∣∣∣∣∣∣
∑

i=1,2,3

τ (i)σ(i)

∣∣∣∣∣∣ 56

⎞⎠ ,

⎛⎝70

∣∣∣∣∣∣
∑

i=1,2,3

τ (i)σ(i)

∣∣∣∣∣∣ 56

⎞⎠ .
Taking again quark 3 for the proton (P) and the neutron (N), we get now(

φM,S|τ (3)
z σ(3)

z |φM,S

)
⇒

(P, s = ±1/2) :
1

6

(
UDU +DUU − 2UUD|τ (3)

z |UDU +DUU − 2UUD
)

= ±1

9
,

(N, s = ±1/2) :
1

6

(
UDD +DUD − 2DDU |τ (3)

z |UDD +DUD − 2DDU
)

= ∓1

9
,

and (
φM,A|τ (3)

z σ(3)
z |φM,A

)
⇒

(P, s = ±1/2) :
1

2

(
UDU −DUU |τ (3)

z |UDU −DUU
)

= ±1,

(N, s = ±1/2) :
1

2

(
UDD −DUD|τ (3)

z |UDD −DUD
)

= ∓1,

which gives on the baryon level(
56|τ (3)

z σ(3)
z |56

)
=

1

2

(
φM,A + φM,S|τ (3)

z σ(3)
z |φM,A + φM,S

)
→ 5

9
τzσz,(

70|τ (3)
z σ(3)

z |56
)

=
1

2
√

2

(
φM,A − φM,S|τ (3)

z σ(3)
z |φM,A + φM,S

)
→ 2

√
2

9
τzσz.

(25)

Application to the different meson types the (56) → (70) transition matrix elements are:

1. Pseudoscalar mesons: baryon-quark matrix elements

(χ†σχα) , (φ† {1, τ}φα) →
(
2
√

2,
2

3

√
2
)
, (26)

2. Vector mesons: baryon-quark matrix elements

(χ†1 χα) , (φ† {1, τ}φα) →
(
0, 2

√
2
)
, (27)

3. Scalar mesons: baryon-quark matrix elements

(χ†1 χα) , (φ† {1, τ}φα) →
(
0, 2

√
2
)
, (28)

4. Axial-vector mesons: baryon-quark matrix elements

(χ†σχα) , (φ† {1, τ}φα) →
(
2
√

2,
2

3

√
2
)
. (29)
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In order to have a non-zero transition between the SU(6)-irreps,
one needs at least one non-trivial operator. Therefore, in the case
of the I=0 vector- (ω) and scalar-mesons (ε) there is no effect of
SU(6)-breaking via SU(6)-irrep mixing.

Inclusion of the quark-gluon form factor and SU(6)-breaking via irrep-mixing, we obtain,
using results from Appendices B-D,

gV (I = 1) = gV (I = 1) F
(L=0)
QQG (RA, RM ,ΛQQG)

(
1 + sin(2ϕ) 〈τ〉 IL=0)′′(0)/I(L=0)(0)

)
,

gS(I = 1) = gS(I = 1) F
(L=1)
QQG (RA, RM ,ΛQQG)

(
1 + sin(2ϕ) 〈τ〉 IL=1)′′(0)/I(L=1)(0)

)
.

(30)

Similarly for gP and gA. In Table VI the results are shown for ϕ = −22o [27]. We note that
the effects for the L=1 mesons is small, because of the large ΛQQG. The values in parentheses
are with ϕ = 0, i.e. no SU(6)-breaking included. The results show a dominance for the 3P0-
over the 3S1-mechanism with a ratio 2:1.
Now it is appropriate to scale A, B, and ΛQCD such that A+B=1. Equivalent to the set

{A,B,ΛQCD} = {1.445, 0.772, 350} is the set
{
Ā, B̄, Λ̄QCD

}
= {0.652, 0.348, 235}. The last

set is the proper one because then the given γ values are genuine.

E. Hard-gluon corrections to BBM-couplings

Here, we compute the so-called rescaled quark operators due to the hard-gluon renormal-
ization of the BBM-vertex, see the diagram on the r.h.s. of Fig. 4. The operator

⊗
stands

for the (q̄sqs)(q̄jΓ qi) operator, where s denotes the ’spectator’ quark and Γ = 1, γ5, γμ, γ5γμ.
The latter indicate the type of meson that couples in the vertex. The diagram has the value
[28]

GqqX =
∫ d4k

(2π)4
(−ig)2

(−i
k2

)(
q̄sλ

aγμ i(k/2 + k/+m)

(k2 + k)2 −m2
λaγμqs

)
·

×
(
q̄j
i(k/3 − k/+m)

(k3 − k)2 −m2
Γ λaγμ

)

∼ +ig2
∫ d4k

(2π)4

k2/d

(k2)3
(q̄sγ

ργμλa qs) (q̄jγρ Γ γμλ
aqi)

= −1

4
g2 Γ(2 − d/2)

(4π)2
(q̄sγ

ργμλa qs) (q̄jγρ Γ γμλ
aqi) .

Here, m = mQ and ∼ means the extraction of the divergent part of the integral. The
symmetry of the k-integral has been used to deal with the k/ operators.
In principle the gluon-corrections are finite, because we have in addition an extra (confined)
gluon/scalar-propagator in the

⊗
-vertex. So, we assume that the approximate computation

above is only valid in the region of integration where k2 ≤ Λ. In a direct QCD-calculation
the ultraviolet-divergent terms in the evaluation of Fig. 4 would be replaced by logarithms

39



TABLE IX: SU(6)-breaking in coupling constants, using (56) and (70)-irrep mixing with angle
ϕ = −22o for the 3P0- and 3S1-model. Gaussian Quark-gluon cut-off ΛQQG = 986.6 MeV. Ideal
mixing for vector and scalar meson nonets. Pseudoscalar- and axial-nonets the mixing angles are
−230 and −42.7o respectively, imposing the OZI-rule. Here, ΛQPC = 235 MeV, γ(αs = 0.30) = 2.19
etc. The weights are A=0.652 and B=0.348 for the 3P0 and 3S1 respectively.

Meson rM [fm] γM
3S1

3P0 QPC ESC08c

π(140) 0.23 5.51 g = −4.11 g = +7.70 3.58 (3.88) 3.63

η′(957) 0.71 2.22 g = −2.60 g = +4.87 2.27 (2.72) 2.28

ρ(770) 0.71 2.37 g = −0.28 g = +1.03 0.75 (0.93) 0.69

ω(783) 0.71 2.35 g = −1.28 g = +4.79 3.51 (3.51) 3.52

a0(962) 0.81 2.22 g = +0.32 g = +0.61 0.93 (0.97) 0.87

ε(760) 0.71 2.37 g = +1.65 g = +3.08 4.73 (4.73) 4.74

a1(1270) 0.61 2.09 g = −0.24 g = −0.88 -1.13 (-1.13) -1.11

e1(1420) 0.61 2.09 g = −0.23 g = −0.85 -1.08 (-1.10) -1.06

cut off at Λ [28]. The lower limit we take as mQ. Thus the correction should be evaluated
by replacing

g2 Γ(2 − d/2)

(4π)2
→ αs

4π
log

(
Λ2

m2
Q

)
.

with this interpretation the hard-gluon correction is given by

(q̄s qs) (q̄jΓ qi) →
(

1 +
αs

4π
log

(
Λ2

m2
Q

))
(q̄s qs) (q̄jΓ qi).

F. Meson-radii and CS-Goldstone-boson exchange

Since the constituent quarks have a significant mass ≈ 330 MeV, the exchange of the
Chiral-Symmetry Goldstone-bosons (GBE) may be operating between quarks [29]. For π-
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exchange in a qq̄-sytem gives, see [30],

Vqq̄(π) = +
g2

πqq

4π

m3
π

12m2
Q

(τ 1 · τ 2) (σ1 · σ2) φ
1
C(r),

which has the same sign as for NN because the C-parity of the π0 is +1, see [31]. The pion-
nucleon form factor mass ΛπNN ≈ 900 MeV, which is larger than what would be expected
from the quark model and the radius of the nucleon. Therefore, a gaussian form factor for
the πqq-coupling must be rather large, and the π-exchange between quarks in a baryon is
dominated by the tail. This is opposite to the GBE-asumption in [29], where it is assumed
that GBE is dominated by the cut-off part.‘ Now, for the spin-triplet qq̄-states this potential
is repulsive for IM = 1 and atractive for IM = 0. This applies to the vector-, scalar-, and
axial-vector mesons. Then, for these mesons one expects larger radii for the IM = 1- than
for the IM = 0-mesons. In the case of the pseudoscalar mesons the opposite would be true.
Except for the axial-vector-mesons, these features are confirmed in Table’s IV and V.
Note: In the argument above we did not include the possible effect of the tensor and spin-orbit
force for the P-wave qq̄-states. (3P0 : S12 = −4, L.S = −2, 3P1 : S12 = +2, L.S = −1.)

q

q̄
= +

FIG. 5: OBE and BSE in qq̄-systems

G. Meson-radii and OBE-exchange

Here we analyze the expectation w.r.t. to the quark radii in mesons, where we suppose
that OBE-exchange in the qq̄-systems is important. In Fig. 5 we envisage the qq̄ wave
function generated through solving the Bethe-Salpeter equation (BSE) with OBE as the
driving force. The meson-echange central, spin-spin, and tensor potentals are [30]

VC = −mV

4π
g2

V φ0
C,V − mS

4π
g2

S φ
0
C,S,

Vσ = +
mP

4π
g2

P

m2
P

12M2
Q

φ1
C,P − mV

4π
(gV + fV )2 m2

V

6M2
Q

φ1
C,V +

mA

4π
g2

A φ0
C,A,

VT = +
mP

4π
g2

P

m2
P

4M2
Q

φ0
T,P +

mV

4π
(gV + fV )2 m2

V

4M2
Q

φ0
T,V − mA

4π
g2

A

m2
A

4M2
Q

φ0
T,A.

There are also central potentials from Pomeron and Odderon exchange, but they have no
isospin dependence.
As for the isospin dependence, neglecting mass differences one has g2

X ∼ g2
X,0 + τ 1 · τ 2 g

2
X,1,

which can be expected all to be positive. We notice the strong central attraction,
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which is stronger for IM = 1 than for IM = 0. Assuming this to be dominant, we expect that
ipso facto RM(I = 1) < RM(I = 0), contrary to what we seem to find from the couplings
obtained in ESC08c!

H. QCD-Sum Rules

To make connection with the QCD-SR approach, we have using ρ-saturation

Im Π(s) =
πm2

ρ

f 2
ρ

δ(s−m2
ρ) (31)

and [32], eqn. (4.44) ∫
e−s/M2

ImΠ(s) ds =
1

8π
M2
[
1 +

αs

π

]
, (32)

which yields
πm2

ρ

f 2
ρ

e−m2
ρ/M2

=
1

8π
M2
[
1 +

αs

π

]
. (33)

With M = mρ one finds

f 2
ρ

4π
=

2π

e

(
1 +

αs

π

)−1

≈ 2π

e
= 2.33 . (34)

The basis for this determination are the simplest vacuum-polarization graphs, the 1 corre-
sponds the 1-loop quarkdiagram, and the αs term to the one-gluon exchange correction to
that diagram.
The connection with the pair creation constant γ is given by for example (5) and (10). One
has

γ2

4π
=

f 2
ρ

4π
· 3π

4
· m

2
π

m2
ρ

=
3π2

2e

(
1 +

αs

π

)−1 m2
π

m2
ρ

. (35)

The ’universality’ of γ is explained by mρ ≈ mε ≈ mω, and fρ ≈ fω ≈ fε, so that instead of
ρ-like quantities in (11) one could as well use ε-like quantities, etc.

What remains puzzling is why the QCD-SR approach does not give, like 3P0-
model, the ratio’s (I = 0) : (I = 1) ∼ 3 : 1 ?!!
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APPENDIX A: HARMONIC-OSCILLATOR MOMENTUM SPACE WAVE-
FUNCTIONS

The harmonic-oscillator wave functions in configuration space is [33]

ψn,l,m(r) = Nn,l exp
(
−1

2
λr2
) (√

λr
)l
L

l+1/2
k (λr2) Y l

m(θ, φ),

n = l + 2k (k = 0, 1, 2, . . .) , λ =
mω

h̄
≡ R−2

M . (A1)

Here, L
l+1/2
k (t) are the Laguerre polynomials, and k = nr as used in some of the literature.

In Table I the for this paper relevant entities are given. The Fourier transformation to

TABLE I: H.O. Laguerre polynomials and Normalizations

n=0, l=0, k=0 L
1/2
0 = 1 N0,0 = 2

(
λ3

π

)1/4

n=2, l=0, k=1 L
1/2
1 = 3

2 − λr2 N2,0 = 2
√

2
3

(
λ3

π

)1/4

n=1, l=1, k=0 L
3/2
1 = 1 N1,1 = 2

√
2
3

(
λ3

π

)1/4

n=3, l=1, k=1 L
3/2
1 = 5

2 − λr2 N3,1 = 2
√

4
15

(
λ3

π

)1/4

momentum-space is given by

ψ̃n,l,m(k) = (2π)−3/2
∫
d3r ψn,l,m(r) exp (ik · r) , (A2)

where k is the relative momentum in the QQ̄ CM-system. So, denoting the quark and
anti-quark CM-momenta by k1 and k2, we have k = (k1 − k2)/2. Then, for ψ̃n,l,m(k1,k2) ≡
ψ̃n,l,m(k) we have the normalization∫

d3k1d
3k2 δ(k1 + k2) |ψ̃n,l,m(k1,k2)|2 = 1 . (A3)

1. Case n = 0, l = 0:

ψ̃0,0,0(k) = (2π)−3/2

(
λ

π

)3/4 ∫
d3r exp

[
−1

2
λr2 + ik · r

]
= (πλ)−3/4 exp

(
−k2/2λ

)
=

(
R2

M

π

)3/4

exp

[
−R

2
M

8
(k1 − k2)

2

]
. (A4)
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Notice that we included here in the first step the factor Y 0
0 (θ, φ) = 1/

√
4π in ψ0,0,0.

2. Case n = 2, l = 0: Similarly to the previous case we now find

ψ̃2,0,0(k) = (2π)−3/2

√
2

3

(
λ

π

)3/4 ∫
d3r

(
3

2
− λr2

)
exp
[
−1

2
λr2 + ik · r

]

= −
√

3

2
(πλ)−3/4

[
1 − 2

3
k2/λ

]
exp
(
−k2/2λ

)

= −
√

3

2

(
R2

M

π

)3/4 {
1 − 1

6
(k1 − k2)

2R2
M

}
·

× exp

[
−R

2
M

8
(k1 − k2)

2

]
. (A5)

3. Case n = 1, l = 1: For l = 1 it is convenient to use cartesian components of the wave-

function by the substitution Y 1
m(θ, φ) →

√
3/4πri, i = 1, 2, 3. Then, we find for the wave-

function in momentum space

ψ̃1,1,i(k) = (2π)−3/2

√
2

π

(
λ3

π

)1/4 ∫
d3r

(√
λ ri

)
exp
[
−1

2
λr2 + ik · r

]

= (2π)−3/2

√
2

π

(
λ5

π

)1/4

(−i∇k,i)
∫
d3r exp

[
−1

2
λr2 + ik · r

]

= i

√
2

π

(
πλ5
)−1/4

exp
(
−k2/2λ

)
· ki . (A6)

4. Case n = 3, l = 1: Similarly to the former case we now find

ψ̃3,1,i(k) = (2π)−3/2

√
4

5π

(
λ3

π

)1/4 ∫
d3r

(√
λ ri

)(5

2
− λr2

)
exp
[
−1

2
λr2 + ik · r

]

⇒ −i
√

5

π

(
πλ5
)−1/4

(
1 − 2

5
k2/λ

)
exp
(
−k2/2λ

)
· ki . (A7)

Also the cases 4 and 5 can be transcribed to the spherical base in an obvious manner.

Summarizing, we have the following momentum-space QQ̄ h.o. wave functions:

(n = 0, l = 0) : ψ̃0,0,0(k) = +

(
R2

M

π

)3/4

exp

[
−R

2
M

8
(k1 − k2)

2

]
, (A8)

(n = 2, l = 0) : ψ̃2,0,0(k) = −
√

3

2

(
R2

M

π

)3/4 {
1 − 1

6
(k1 − k2)

2R2
M

}
·

× exp

[
−R

2
M

8
(k1 − k2)

2

]
, (A9)

(n = 1, l = 1) : ψ̃1,1,m(k) = − 1√
2
RM

(
R2

M

π

)3/4

[εm · (k1 − k2)] · ·
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× exp

[
−R

2
M

8
(k1 − k2)

2

]
, (A10)

(n = 3, l = 1) : ψ̃3,1,m(k) = +
1

2

√
5π

(
R2

M

π

)5/4 {
1 − 1

10
(k1 − k2)

2R2
M

}
·

× [εm · (k1 − k2)] · exp

[
−R

2
M

8
(k1 − k2)

2

]
. (A11)

Here Y1
m(θ, φ) ≡ i|k|Y 1

m(θ, φ) [34].

The h.o. energy is given by
Eh.o. = (n+ 3/2)h̄ω . (A12)

Then, the energy difference for the radial states is given by

ΔE = Δnh̄ω = Δn
h̄2

mR2
M

= 2Δn

(
h̄

mF c
/RM

)2
mF

mQ

·mF c
2 , (A13)

where we used λ = mω/h̄ = R−2
M , so that ω = h̄/(mR2

M), and the reduced mass m = mQ/2.
Taking mQ = 330 MeV, and RM = 1 fm, we find for Δn = 2 that ΔE ≈ 485 MeV. For
RM = 0.66 fm, ΔE ≈ 1102.

In connection with time-reversal invariance it is better to
use as basis functions in configuration space the spheri-
cal harmonics with an extra iL [18]

Ym
L (θ, ϕ) = iL rLY m

L (θ, ϕ). (A14)

This implies for L=1 an extra factor i also in momen-
tum space. This way the scalar- and axial-vector meson
couplings become real.

APPENDIX B: BASIC OVERLAP INTEGRAL QPC-MODEL I

We define the basic overlap integral I0(A;B,M), where A and B are baryons, as

I0(A;B,M) ≡
∫
d3k1 d

3k2 d
3k3 δ(p − k1 − k2 − k3) ·

×
∫
d3k′3d

3k4d
3k5δ(k3 − k′

3 − k4 − k5) δ(p
′ − k1 − k2 − k4) ·

× ψ̃∗
B(k1,k2,k4) ψ̃A(k1,k2,k3) ψ̃

(L=0)
M (k′

3,k5)
∗

= N0

∫
d3k1 d

3k2 d
3k3 d

3k4 d
3k′3 δ(p − k1 − k2 − k3) ·

× δ(p′ − k1 − k2 − k4) · exp [+f(k1, . . . ,k4;k
′
3,k5] , (B1)

where in the last expression k5 is understood to be fixed according to the δ-function in the
first expression, and

N0 =

(√
3R2

A

π

)3 (
R2

M

π

)3/4

, (B2)
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and

f(k1, . . . ,k4,k
′
3,k5) = −1

6
R2

A

[
(k1 − k2)

2 + (k1 − k3)
2 + (k2 − k3)

2
]

−1

6
R2

A

[
(k1 − k2)

2 + (k1 − k4)
2 + (k2 − k4)

2
]

−1

8
R2

M(k′
3 − k5)

2 . (B3)

k1

k2

k3

k′
1

k′
2

k4

k5

k′
3(a)

FIG. 1: Gluon/Scalar-exchange (a).

Because of the δ-functions, there remain only two three momenta which have to be integrated
over in (B1). For these we choose

Δ12 = (k1 − k2) , Q34 = (k3 + k4)/2 . (B4)

From the δ-functions we have

p = (k1 + k2) + k3 , p′ = (k1 + k2) + k4 ,

which gives

k3 − k4 = k′
3 + k5 = p − p′ ≡ k ,

k3 − k′
3 = k4 + k5 ≡ Q ,

k1 + k2 =
1

2
(p + p′) − 1

2
(k3 + k4) ≡ q − Q34 , (B5)

where q = (p′ + p)/2. From these relations we readily derive that

k1 =
1

2
(q − Q34 + Δ12) ,

k2 =
1

2
(q − Q34 − Δ12) ,

k3 = Q34 +
1

2
k ,

k4 = Q34 −
1

2
k ,

k′
3 = Q34 +

1

2
k − Q ,

k5 = −Q34 +
1

2
k + Q . (B6)
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Then,

(k1 − k2)
2 + (k1 − k3)

2 + (k2 − k3)
2 = Δ2

12 +
1

4
(q − 3Q34 + Δ12 − k)2 +

1

4
(q − 3Q34 − Δ12 − k)2 =

Δ2
12 +

1

4
(q − k)2 +

1

4
(Δ12 − 3Q34)

2 +
1

2
(q − k) (Δ12 − 3Q34)

+
1

4
(q − k)2 +

1

4
(Δ12 + 3Q34)

2 − 1

2
(q − k) (Δ12 + 3Q34) =

3

2
Δ2

12 +
1

2
(q − k)2 +

9

2
Q2

34 − 3 (q − k) · Q34

Similarly

(k1 − k2)
2 + (k1 − k4)

2 + (k2 − k4)
2 =

Δ2
12 +

1

4
(q − 3Q34 + Δ12 + k)2 +

Δ2
12 +

1

4
(q − 3Q34 − Δ12 + k)2 ⇒

3

2
Δ2

12 +
1

2
(q + k)2 +

9

2
Q2

34 − 3 (q + k) · Q34

Then,

f(k1, . . . ,k4,k
′
3,k5) ≡ −α(q2 + k2) + f̄(k3,k4,k

′
3,k5),

f̄(k3,k4,k
′
3,k5) = −α

[
3Δ2

12 + 9Q2
34 − 6q · Q34

]
−4γ (Q34 − Q)2 , (B7)

where

α =
1

6
R2

A , γ =
1

8
R2

M . (B8)

1. Parametrization Integrand with Δ12,Q34,Q (B)

Since k1 + k2 = q − Q34, we have

∫
d3k1d

3k2 ⇒
1

8

∫
d3Δ12 ⇒

1

8

(
π

3α

)3/2

. (B9)

Also, because k3 − k4 = k we have
∫
d3k3d

3k4 ⇒
∫
d3Q34 and

Ī0 = N0

(
1

8

)(
π

3α

)3/2 ∫
d3Q34

∫
d3Q ·

× exp
{
− (9α+ 4γ)Q2

34 − 4γQ2 + 6αa · Q34 + 8γQ · Q34

}

= N0

(
1

8

)(
π

3α

)3/2
(
π

4γ

)3/2 ∫
d3Q34 exp

{
−9αQ2

34 + 6αa · Q34

}
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= N0

(
1

8

)(
π

3α

)3/2
(

π2

36αγ

)3/2

exp
[
αa2
]

⇒ 2
√

2

(
π

R2
M

)3/4

= 2
√

2 π3/4 R
−3/2
M , (B10)

where a ≡ q. Above, we performed with b ≡ Q34 the integral

∫
d3Q exp

[
− 4γQ2 + 8γb · Q

]
=

(
π

4γ

)3/2

exp
(
4γb2

)
,

from which we derive that extra Q-vector components in the integrand lead

Qi → (1/8γ)∇b,i → bi

(
π

4γ

)3/2

exp
(
4γb2

)
,

QiQj → (1/8γ)2∇b,i∇b,j →
[

1

8γ
δij + bibj

](
π

4γ

)3/2

exp
(
4γb2

)
.

——————————————————————————–

With extra components of Q in the integrand, the integrals get the following factors w.r.t.
the basic integral Ī0:

Q34,i → 1

6α
∇a,i →

1

3
ai,

Q34,iQ34,j →
(

1

6α

)2

∇a,i∇a,j →
(

1

6α

)2 [
2α δij + 4α2ai aj

]
,

Q34i
Q34,jQ34,k →

(
1

6α

)3

∇a,i∇a,j∇a,k →
(

1

6α

)3 [
4α2
(
δij ak + δik aj + δjk ai

)]
,

Q34i
Q34,jQ34,kQ34,l →

(
1

6α

)4

∇a,i∇a,j∇a,k∇a,l →
(

1

6α

)4 [
4α2
(
δijδkl + δikδjl + δjkδil

)]
,

Q34,iQj → Q34,iQ34,j →
(

1

6α

)2 [
2α δij + 4α2ai aj

]
,

QiQj −Q34,iQ34,j → 1

8γ
δij. (B11)

Here, ⇒ means the limit a = q. Also, above we have left out terms quadratic in the
momenta q and k.

2. Overlaps for (56) → (56) Transitions

(a) LM = 0: Y1
mP

(k3 − k5) =
√

3
4π
iε · (2Q34 − Q − k) ⇒

I(L=0)
m (k2) = i

√
3

4π
εm,i · N0

(
1

8

)(
π

3α

)3/2 ∫
d3Q34

∫
d3Q (2Q34,i −Qi − ki) ·

× exp
{
− (9α+ 4γ)Q2

34 + 6αa · Q34 − 4γQ2 + 8γQ · Q34

}
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= i

√
3

4π
εm,i · N0

(
1

8

)(
π

3α

)3/2
(
π

4γ

)3/2 ∫
d3Q34 (Q34,i − ki) ·

× exp
{
− 9αQ2

34 + 6αa · Q34

}

= i

√
3

4π
(εm · k) · N0

(
1

8

)(
π

3α

)3/2
(
π

4γ

)3/2 (
−1

6
− 1
)(

π

9α

)3/2

exp(αq2).

= i

√
3

4π
(εm · k) ·

(
−7

6

)
N0

(
1

8

)(
π

3α

)3/2
(

π2

36αγ

)3/2

︸ ︷︷ ︸ exp(αq2). (B12)

Here, we used that q = −k/2. With

N0 =

(√
3R2

A

π

)3 (
R2

M

π

)3/4

=

(
6
√

3α

π

)3 (
8γ

π

)3/4

(B13)

we have

I(L=0)
m (k2 = 0) = i

√
3

4π
(εm · k) ·

(
−7

6

)
2
√

2

(
π

8γ

)3/4

︸ ︷︷ ︸
= −7

3

√
2 π3/4 R

−3/2
M i

√
3

4π
(εm · k). (B14)

For future reference we define

Ī0(k
2 = 0) = 2

√
2

(
π

8γ

)3/4

︸ ︷︷ ︸ = 2
√

2

(
π

R2
M

)3/4

. (B15)

b. LM = 1: This case in the momentum-space overlap-integral the integrand contains the
factor

Y1
mP

(k4 − k5)(YM)1∗
mM

(k′
3 − k5) ⇒

− 3

4π
(εmP

· (2Q34 − Q − k)) (εmM
· (2Q34 − 2Q)) = − 3

4π
(εmP

)i(εmM
)j ·

×
[
4Q34,iQ34,j − 4Q34,iQj − 2QiQ34.j + 2QiQj − 2ki Q34,j + 2kiQj

]
⇒ 1

4γ
δij +O(q2, qk),

which yields, neglecting q2-, qk-terms,

I(L=1)
m,n (k2 = 0) = − 3

4π
√

2
RM (εm)i(ε

∗
n)j · N0

(
1

8

)(
π

3α

)3/2 ∫
d3Q34

∫
d3Q

× (2QiQj − 2Q34,iQ34,j) ·

× exp
{
− (9α+ 4γ)Q2

34 + 6αa · Q34 − 4γQ2 + 8γQ · Q34

}
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⇒ − 3

4π
√

2
RM (εm · ε∗n) · N0

(
1

8

)(
π

3α

)3/2
(

π2

36αγ

)3/2

︸ ︷︷ ︸ ·
1

4γ

⇒ − 3

4π
(εm · ε∗n) · 4

(
π

R2
M

)3/4

R−1
M . (B16)

c. Summary: The (56) → (56) transition momentum-space overlap-
integral, in the special frame where p = 0, q = −k/2, neglecting
k2, qk-terms, we obtain

a. I(L=0)
m (k2 = 0) = −7

3

√
2

(
π

R2
M

)3/4

· i
√

3

4π
(εm · k), (B17)

b. I(L=1)
m,n (k2 = 0) = −4

(
π

R2
M

)3/4

R−1
M · 3

4π
(εm · ε∗n), (B18)

where
(εm · ε∗n) = δm,n .

APPENDIX C: SU(6)-WAVE FUNCTIONS AND JACOBIAN-COORDINATES

The Jacobian-coordinates for a 3-body sytem are

kρ =
1√
2
(k1 − k2) , kλ =

1√
6
(k1 + k2 − 2k3). (C1)

The momentum-space the wave functions are

|(56, L = 0+), {8}, P11〉 : ψ̃N=0 = N0 exp
[
−1

2
R2

N

(
k2

ρ + k2
λ

)]
,

|(70, L = 0+), {8}, P11〉′′ : ψ̃′′
N=1 = N1

(
k2

ρ − k2
λ

)
exp
[
−1

2
R2

N

(
k2

ρ + k2
λ

)]
,

|(70, L = 0+), {8}, P11〉′ : ψ̃′
N=1 = N1 (2kρ · kλ) exp

[
−1

2
R2

N

(
k2

ρ + k2
λ

)]
.

(C2)

Here, the double-primed and the single-primed functions are antisymmetric respectively
symmetric w.r.t. two indices, which we choose, without loss of generality, to be 1 and 2.
The normalization constants are

N0 =

(√
3R2

A

π

)3/2

, N1 = (R2
A/

√
3)

(√
3R2

A

π

)3/2

. (C3)

In terms of the momenta of the previous sections, we have

kρ =
1√
2
Δ12 , kλ =

1√
6
(q − 3Q34 − k) ≡ 1√

6
(u − 3Q34),

k′
ρ =

1√
2
Δ12 , k′

λ =
1√
6
(q − 3Q34 + k) ≡ 1√

6
(w − 3Q34). (C4)
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Now, for k = 0

kρ · kλ =
1

2
√

3
(u − 3Q34) · Δ12,

k2
ρ − k2

λ =
1

2
Δ2

12 −
1

6

(
u2 − 6u · Q34 + 9Q2

34

)
. (C5)

we recall that

f(k1, ....,k4) = −α(q2 + k2) + f̄(k1, ....,k4),

f̄(k1, ....,k4) = −3α Δ2
12 − (9α+ 4γ)Q2

34 + 6αq · Q34 + 8γQ · Q34 − 4γQ2.

Then, we get the integrals

∫
d3k1d

3k2 ⇒ 1

8

∫
d3Δ12 ⇒

1

8

(
π

3α

)3/2

,∫
d3k1d

3k2Δ
2
12 ⇒ −1

3

d

dα
⇒ 1

2α
· 1

8

(
π

3α

)3/2

.

For the overlap between the SU(6)-irreps (56)- and (70)-irreps we have for the (70) in the
initial state

k2
ρ − k2

λ =
1

2
Δ2

12 −
1

6

(
u2 − 6u · Q34 + 9Q2

34

)
, (C6)

where u ≡ q − k. For the (70) in the final state we have the factor k2
ρ − k′2

λ which is the
same as in (C6) apart from the replacement u → w = q + k.

The basic overlap integral with the f̄(k1, ....,k4)-function, as seen from (B10), is

Ī0(A;B,M) = N0

(
1

8

)(
π

3α

)3/2
(

π2

36αγ

)3/2

exp
[
αa2
]

⇒ 2
√

2

(
π

R2
M

)3/4

= 2
√

2 π3/4 R
−3/2
M , (C7)

For the computation of the momentum-space overlaps we need the results:

(Δ12)i −→ 0 , (Q34)i → +
1

6α
∇q,i →

2α

6α
qi,

(Q34)i(Q34)j → +
1

36α2
∇q,i∇q,j →

1

36α2

[
2αδij + 4α2qiqj

]
.

In passing we note that from above it follows that for the SU(6)-irrep transition overlaps

I(ψs|ψ′,M) = 0 , I(ψs|ψ′′,M) �= 0. (C8)

With these results, we readily derive that

k2
ρ − k2

λ ⇒ 1

4α
− 9

6
(6α)−1 ⇒ 0, (C9)
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which is logical because the (56) and (70) are orthogonal.
For the normalization constant of the (70)-irrep

N ′′
0 = N0 N1

(
R2

M

π

)3/4

= (R2
A/

√
3) N0 (C10)

For the finally needed overlap-integrals we have extra factors Q34 in the integrands. There-
fore, we need

(Q34)i(Q34)j(Q34)k ⇒ +
(

1

6α

)3

(4α2)
(
δij qk + δik qj + δjk qi

)
(Q34)i(Q34)j(Q34)k(Q34)l →

(
1

6α

)4

(4α2)
(
δijδkl + δikδjl + δjkδil

)
, (C11)

where in the last expression we restricted ourselves to the limit k2 = 0.

1. Overlaps for (56) → (70) Transitions

(a) LM = 0: Y1
mP

(k3 − k5) =
√

3
4π
iε · (2Q34 − Q − k) ⇒

I(L=0)′′
m (k2) = i

√
3

4π
εm,i · N ′′

0

(
1

8

)(
π

3α

)3/2 ∫
d3Q34

∫
d3Q (2Q34,i −Qi − ki) ·

×
{

1

4α
− 1

6

(
w2 − 6w · Q34 + 9Q2

34

)}
·

× exp
{
−(9α+ 4γ)Q2

34 + 6αa · Q34 + 8γQ · Q34 − 4γQ2
34

}
= i

√
3

4π
εm,i · N ′′

0

(
1

8

)(
π

3α

)3/2
(
π

4γ

)3/2 ∫
d3Q34 Q34,i ·

×
{

1

4α
− 9

6
Q2

34

}
exp
{
−9αQ2

34 + 6αa · Q34

}
= −i

√
3

4π
(εm · k) N ′′

0

(
1

8

)(
π

3α

)3/2
(

π2

36αγ

)3/2
1

36α
, (C12)

where we used a = q = −k/2. From this we obtain

I(L=0)′′
m (k2) = −i

√
3

4π
(εm · k) · R

2
A√
3

N0

(
1

8

)(
π

3α

)3/2
(

π2

36αγ

)3/2

︸ ︷︷ ︸
1

36α

= −i
√

3

4π
(εm · k) · 1

3

√
2

3

(
π

R2
M

)3/4

. (C13)

b. LM = 1: This case in the momentum-space overlap-integral the integrand contains the
factor

Y1
mP

(k4 − k5)(YM)1∗
mM

(k′
3 − k5) ⇒

− 3

4π
εmP

· (2Q34 − Q − k) ε∗mM
· (2Q34 − 2Q) = − 3

4π
(εmP

)i(εmM
)j ·

×
[
4Q34,iQ34,j − 4Q34Qj − 2QiQ34,j + 2QiQj − 2ki Q34,j + 2kiQj

]
,
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which gives, using the computed integrals,

I(L=1)′′
m,n (k2 = 0) ⇒ − 3

4π
√

2
RM (εm)i(ε

∗
n)j · N ′′

0

(
1

8

)(
π

3α

)3/2 ∫
d3Q34

∫
d3Q

× (2QiQj − 2Q34,iQ34,j) ·
{

1

4α
− 1

6

(
w2 − 6w · Q34 + 9Q2

34

)}
·

× exp
{
− (9α + 4γ)Q2

34 + 6αa · Q34 − 4γQ2 + 8γQ · Q34

}

= − 3

4π
√

2
RM (εm · ε∗n) · N ′′

0

(
1

8

)(
π

3α

)3/2
(
π

4γ

)3/2

· 1

4γ
·

×
∫
d3Q34

(
1

4α
− 9

6
Q2

34

)
exp
{
− 9αQ2

34 + 6αa · Q34

}
= 0(!?)

(C14)

c. Summary: The (56) → (70) transition momentum-space overlap-
integral, in the special frame where p = 0, q = −k/2, neglecting
k2-terms, we obtain

a. I ′′(L=0)
m (k) = −i

√
3

4π
(εm · k) · 1

3

√
2

3

(
π

R2
M

)3/4

,

b. I(L=1)′′
m,n (k) = − 3

4π
(εm · ε∗n)

2R2
A√

3RM

(
π

R2
M

)3/4

·
{

3

R2
A

− 3

R2
A

}
= 0.

where is used
(εm · ε∗n) = δm,n .——————————————————————————–

APPENDIX D: QUARK FORM-FACTORS

In this appendix we introduce a quark form factor in the overlap integrals. It appeared
above that for the L=1 mesons there is no transition matrix element between the SU6-
irreps (56) vand (70). This occurred because of a subtile cancellation. To disrupt this
cancellation we introduce a cut-off. For this here a convenient choice is a gaussian form
factor F (Q2) = exp [−4λQ2] in order to generate a non-zero transiton matrix element.
Similarly as before, we now have

Ī0 = N0

(
1

8

)(
π

3α

)3/2 ∫
d3Q34

∫
d3Q exp

{
− (9α+ 4γ)Q2

34

− 4(γ + λ)Q2 + 6αa · Q34 + 8γQ · Q34

}

= N0

(
1

8

)(
π

3α

)3/2
(

π

4(γ + λ)

)3/2 ∫
d3Q34 ·

× exp

{
−
(

(9α+ 4γ) − 4γ2

γ + λ

)
Q2

34 + 6αa · Q34

}
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= N0

(
1

8

)(
π

3α

)3/2
(

π2

36αγ

)3/2 (
9αγ

9α(γ + λ) + 4γλ

)3/2

exp
[
ᾱa2
]

⇒ 2
√

2

(
π

R2
M

)3/4 (
3R2

AR
2
M

3R2
A(R2

M +R2
λ) +R2

MR
2
λ

)3/2

, (D1)

where a ≡ q and

ᾱ =
9α(γ + λ)

9α(γ + λ) + 4γλ
α =

[
1 +

4γ

9α

λ

(γ + λ)

]−1

α. (D2)

Above, we performed with b ≡ Q34 the integral

∫
d3Q exp

[
− 4(γ + λ)Q2 + 8γb · Q

]
=

(
π

4(γ + λ)

)3/2

exp

(
4γ2

γ + λ
b2

)
,

from which we derive that extra Q-vector components in the integrand lead

Qi → (1/8γ)∇b,i → γ

γ + λ
bi

(
π

4(γ + λ)

)3/2

exp

(
4γ2

γ + λ
b2

)
,

QiQj → (1/8γ)2∇b,i∇b,j →
⎡⎣ 1

8(γ + λ)
δij +

(
γ

γ + λ

)2

bibj

⎤⎦ ·
×
(

π

4(γ + λ)

)3/2

exp

(
4γ2

γ + λ
b2

)
.

——————————————————————————–

With extra components of Q in the integrand, the integrals get the following factors w.r.t.
the basic integral Ī0:

Q34,i → 1

6α
∇a,i →

2ᾱ

6α
ai,

Q34,iQ34,j →
(

1

6α

)2

∇a,i∇a,j →
(

1

6α

)2 [
2ᾱ δij + 4ᾱ2ai aj

]
,

Q34i
Q34,jQ34,k →

(
1

6α

)3

∇a,i∇a,j∇a,k →
(

1

6α

)3 [
4ᾱ2
(
δij ak + δik aj + δjk ai

)]
,

Q34i
Q34,jQ34,kQ34,l →

(
1

6α

)4

∇a,i∇a,j∇a,k∇a,l →
(

1

6α

)4 [
4ᾱ2
(
δijδkl + δikδjl + δjkδil

)]
,

Q34,iQj → γ

γ + λ

(
1

6α

)2 [
2ᾱ δij + 4ᾱ2ai aj

]
,

QiQj −Q34,iQ34,j → 1

8(γ + λ)
δij −

⎡⎣1 −
(

γ

γ + λ

)2
⎤⎦ Q34,iQ34,j

=
1

8(γ + λ)

{
δij − 8λ

2γ + λ

γ + λ
Q34,iQ34,j

}
. (D3)

Here, ⇒ means the limit a = q. Also, above we have left out terms quadratic in the
momenta q and k.
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1. Overlaps for (56) → (56) Transitions

(a) LM = 0: Y1
mP

(k3 − k5) =
√

3
4π
iε · (2Q34 − Q − k) ⇒

I(L=0)
m (k2) = i

√
3

4π
εm,i · N0

(
1

8

)(
π

3α

)3/2 ∫
d3Q34

∫
d3Q (2Q34,i −Qi − ki) ·

× exp
{
− (9α+ 4γ)Q2

34 + 6αa · Q34 − 4(γ + λ)Q2 + 8γQ · Q34

}

= i

√
3

4π
εm,i · N0

(
1

8

)(
π

3α

)3/2
(

π

4(γ + λ)

)3/2 ∫
d3Q34

(
γ + 2λ

γ + λ
Q34,i − ki

)
·

× exp

{
−
(

(9α+ 4γ) − 4γ2

γ + λ

)
Q2

34 + 6αa · Q34

}

= i

√
3

4π
(εm · k) · N0

(
1

8

)(
π

3α

)3/2
(

π2

36αγ

)3/2 [
−γ + 2λ

γ + λ

ᾱ

6α
− 1

]
·

×
(

9αγ

9α(γ + λ) + 4γλ

)3/2

exp(αq2)

= i

√
3

4π
(εm · k) ·

[
−γ + 2λ

γ + λ

ᾱ

6α
− 1

]
2
√

2

(
π

8γ

)3/4 (
9αγ

9α(γ + λ) + 4γλ

)3/2

exp(αq2).

(D4)

Here, we used that q = −k/2. We have

I(L=0)
m (k2 = 0) = −i

√
3

4π
(εm · k) ·

[
γ + 2λ

γ + λ

ᾱ

6α
+ 1

]
2
√

2

(
π

8γ

)3/4

·

×
(

9αγ

9α(γ + λ) + 4γλ

)3/2

. (D5)

(b) LM = 1:

Y1
mP

(k4 − k5)(YM)1∗
mM

(k′
3 − k5) ⇒

− 3

4π
(εmP

· (2Q34 − Q − k)) (εmM
· (2Q34 − 2Q)) = − 3

4π
(εmP

)i(εmM
)j ·

×
[
4Q34,iQ34,j − 4Q34,iQj − 2QiQ34.j + 2QiQj − 2ki Q34,j + 2kiQj

]

⇒ 1

8(γ + λ)
δij −

⎡⎣1 −
(

γ

γ + λ

)2
⎤⎦ Q34,iQ34,j.

I(L=1)
m,n (k2) = − 3

4π
√

2
RM εm,iεn,j · N0

(
1

8

)(
π

3α

)3/2 ∫
d3Q34

∫
d3Q ·
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×
⎧⎨⎩ 1

8(γ + λ)
δij −

⎡⎣1 −
(

γ

γ + λ

)2
⎤⎦ Q34,iQ34,j

⎫⎬⎭ ·

× exp
{
− (9α+ 4γ)Q2

34 + 6αa · Q34 − 4(γ + λ)Q2 + 8γQ · Q34

}

= − 3

4π
√

2
RM (εm · εn) · N0

(
1

8

)(
π

3α

)3/2
(

π2

36αγ

)3/2

·

×
⎧⎨⎩ 1

8(γ + λ)
−
⎡⎣1 −

(
γ

γ + λ

)2
⎤⎦ ( 2ᾱ

36α2

)⎫⎬⎭
(

9αγ

9α(γ + λ) + 4γλ

)3/2

exp(αq2)

= − 3

4π
√

2
RM (εm · εn) · 2

√
2

(
π

8γ

)3/4
⎧⎨⎩ 1

8(γ + λ)
−
⎡⎣1 −

(
γ

γ + λ

)2
⎤⎦ ( 2ᾱ

36α2

)⎫⎬⎭
×
(

9αγ

9α(γ + λ) + 4γλ

)3/2

exp(αq2). (D6)

we have

I(L=1)
m,n (k2 = 0) = − 3

4π
√

2
RM (εm · εn) · 2

√
2

(
π

8γ

)3/4
1

8γ
·

×
⎧⎨⎩ γ

(γ + λ)
−
⎡⎣1 −

(
γ

γ + λ

)2
⎤⎦ (4ᾱγ

9α2

)⎫⎬⎭ ·

×
(

9αγ

9α(γ + λ) + 4γλ

)3/2

. (D7)

2. Overlaps for (56) → (70) Transitions

(a) LM = 0: Y1
mP

(k3 − k5) =
√

3
4π
iε · (2Q34 − Q − k) ⇒

I(L=0)′′
m (k2) = i

√
3

4π
εm,i · N ′′

0

(
1

8

)(
π

3α

)3/2 ∫
d3Q34

∫
d3Q

× (2Q34,i −Qi − ki) ·
{

1

4α
− 1

6

(
w2 − 6w · Q34 + 9Q2

34

)}
·

× exp
{
− (9α+ 4γ)Q2

34 + 6αa · Q34 − 4(γ + λ)Q2 + 8γQ · Q34

}

= i

√
3

4π
εm,i · N ′′

0

(
1

8

)(
π

3α

)3/2
(

π

4(γ + λ)

)3/2 ∫
d3Q34

(
γ + 2λ

γ + λ
Q34,i − ki

)
·

×
{

1

4α
− 1

6

(
w2 − 6w · Q34 + 9Q2

34

)}
·

× exp

{
−
(

(9α+ 4γ) − 4γ2

γ + λ

)
Q2

34 + 6αa · Q34

}
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= i

√
3

4π
(εm · k) · N ′′

0

(
1

8

)(
π

3α

)3/2
(

π2

36αγ

)3/2

·

× 1

4α

{
−
[
1 +

ᾱ

6α

γ + 2λ

γ + λ

]
+
ᾱ

α

(
1 +

ᾱ

18α

γ + 2λ

γ + λ

)}
·

×
(

9αγ

9α(γ + λ) + 4γλ

)3/2

exp(αq2)

= i

√
3

4π
(εm · k) · 1

4α

{
−
[
1 +

ᾱ

6α

γ + 2λ

γ + λ

]
+
ᾱ

α

(
1 +

ᾱ

18α

γ + 2λ

γ + λ

)}
·

×2
√

3 α 2
√

2

(
π

8γ

)3/4 (
9αγ

9α(γ + λ) + 4γλ

)3/2

exp(αq2).

(D8)

Here, we used that q = −k/2. we have

I(L=0)′′
m (k2 = 0) = i

√
3

4π
(εm · k) ·

{
−
[
1 +

ᾱ

6α

γ + 2λ

γ + λ

]
+

+
ᾱ

α

(
1 +

ᾱ

18α

γ + 2λ

γ + λ

)}
·

×
√

6

(
π

8γ

)3/4 (
9αγ

9α(γ + λ) + 4γλ

)3/2

. (D9)

(b) LM = 1:

I(L=1)′′
m,n (k2) = − 3

4π
√

2
RM εm,iεn,j · N ′′

0

(
1

8

)(
π

3α

)3/2
(

π

4(γ + λ)

)3/2 ∫
d3Q34 ·

×
⎧⎨⎩ 1

8(γ + λ)
δij −

⎡⎣1 −
(

γ

γ + λ

)2
⎤⎦ Q34,iQ34,j

⎫⎬⎭ ·

×
{

1

4α
− 1

6

(
w2 − 6w · Q34 + 9Q2

34

)}
·

× exp

{
−
(

(9α+ 4γ) − 4γ2

γ + λ

)
Q2

34 + 6αa · Q34

}

= − 3

4π
√

2
RM (εm · εn) · N ′′

0

(
1

8

)(
π

3α

)3/2
(

π2

36αγ

)3/2

·

×
⎧⎨⎩ 1

32α(γ + λ)

(
1 − ᾱ

α

)
− ᾱ

72α3

(
1 − 5

3

ᾱ

α

)⎡⎣1 −
(

γ

γ + λ

)2
⎤⎦⎫⎬⎭ ·

×
(

9αγ

9α(γ + λ) + 4γλ

)3/2

exp(αq2)

= − 3

4π
√

2
RM (εm · εn) · 2

√
2

(
π

8γ

)3/4
R2

A√
3
·
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×
⎧⎨⎩ 1

32α(γ + λ)

(
1 − ᾱ

α

)
− ᾱ

72α3

(
1 − 5

3

ᾱ

α

)⎡⎣1 −
(

γ

γ + λ

)2
⎤⎦⎫⎬⎭ ·

×
(

9αγ

9α(γ + λ) + 4γλ

)3/2

exp(αq2). (D10)

This gives

I(L=1)′′
m,n (k2 = 0) = − 3

4π
√

2
RM (εm · εn) · 2

√
2

(
π

8γ

)3/4
R2

A√
3
·

×
{

1

32α(γ + λ)

(
1 − ᾱ

α

)
− ᾱ

72α3

(
1 − 5

3

ᾱ

α

)
·

×
⎡⎣1 −

(
γ

γ + λ

)2
⎤⎦⎫⎬⎭

(
9αγ

9α(γ + λ) + 4γλ

)3/2

.(D11)

3. Summary and Ratio’s for Overlaps

(a) Ratio’s for LM = 0:

I(L=0)′′
m (k2 = 0)

I
(L=0)
m (k2 = 0)

=
1

2

√
3

⎧⎨⎩1 − ᾱ

α

(
1 +

ᾱ

18α

γ + 2λ

γ + λ

)(
1 +

ᾱ

6α

γ + 2λ

γ + λ

)−1
⎫⎬⎭ .

(D12)

(b) Ratio’s for LM = 1:

I(L=1)′′
m,n (k2 = 0)

I
(L=1)
m,n (k2 = 0)

=
1

2

√
3

{(
1 − ᾱ

α

)
− 4ᾱλ

9α2

(
1 − 5ᾱ

3α

)
2γ + λ

γ + λ

}
·

×
(

1 − 4ᾱλ

9α2

2γ + λ

γ + λ

)−1

. (D13)

APPENDIX E: CONNECTION OVERLAP INTEGRALS LE YOUANC ET AL

Using the representation δε(x) = exp [−x2/ε] /
√
πε we have

δ3(Q) = lim
ε→0

(πε)−3/2 exp
(
−Q2/ε

)
= lim

λ→∞

(
4λ

π

)3/2

exp
(
−4λ Q2

)
.

(E1)

To establish the connection, we write the quark-gluon form-factor of section D as

F (Q2) =
(
π

4λ0

)3/2

·
(

4λ

π

)3/2

exp
(
−4λ Q2

)
, (E2)
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and take limλ→∞. First we note that, see definition (D2),

lim
λ→∞

ᾱ

α
=

9α

9α+ 4γ
. (E3)

Furthermore,

Ī0 ⇒ N0

(
1

8

)(
π

3α

)3/2
(

π2

36αγ

)3/2 (
9αγ

9α(γ + λ) + 4γλ

)3/2

·
(

4λ

π

)3/2

λ→∞−→ N0

(
1

8

)(
π

3α

)3/2
(

π

9α+ 4γ

)3/2

=

(
3R2

ARM

3R2
A +R2

M

)3/2

. (E4)

Below, we apply this limit to the overlap integrals of the foregoing section.

1. Overlaps for (56) → (56) Transitions

From (D5) we get, after multiplication with (4λ/π)3/2,

I(L=0)
m (k2 = 0)

λ→∞−→ −i
√

3

4π
(εm · k)

[
2
√

2 π−3/2
] ( π

8γ

)3/2
12α + 4γ

9α+ 4γ

(
36αγ

9α+ 4γ

)3/2

= −i
√

3

4π
(εm · k) · π−3/4 ·

(
3R2

ARM

3R2
A +R2

M

)3/2
4R2

A +R2
M

3R2
A +R2

M

. (E5)

Similarly, from (D7) we get

I(L=1)
m (k2 = 0)

λ→∞−→ − 3

4π

RM√
2

(εm · ε∗n) 2
√

2

(
π

R2
M

)3/4

·
[
− 1

R2
M

4γ

9α + 4γ
π−3/2

](
36αγ

9α+ 4γ

)3/2

= +
3

4π
(εm · ε∗n) · 1

2

√
2 π−3/4 ·

(
3R2

ARM

3R2
A +R2

M

)3/2
RM

3R2
A +R2

M

. (E6)

2. Overlaps for (56) → (70) Transitions

From (D9) we get

I(L=0)′′
m (k2 = 0)

λ→∞−→ +i

√
3

4π
(εm · k) · 9

2
π−3/4 ·

(
R2

ARM

3R2
A +R2

M

)3/2

·

×
⎡⎣( R2

A

3R2
A +R2

M

)2

− R2
A +R2

M

3R2
A +R2

M

⎤⎦ . (E7)

From (D11) we get

I(L=1)′′
m (k2 = 0)

λ→∞−→ − 3

4π
(εm · ε∗n) · 1

4

√
6 π−3/4 ·

(
3R2

ARM

3R2
A +R2

M

)3/2

·

× RM

3R2
A +R2

M

(
2R2

A −R2
M

3R2
A +R2

M

)
. (E8)
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3. Ratio’s for Overlaps

From formulas (D12) and (D13) the limits limλ→∞ give the ratio’s:

(a) Ratio’s for LM = 0:

I(L=0)′′
m (k2 = 0)

I
(L=0)
m (k2 = 0)

= −1

2

√
3

⎡⎣( R2
A

3R2
A +R2

M

)2

− R2
A +R2

M

4R2
A +R2

M

⎤⎦ . (E9)

(b) Ratio’s for LM = 1:

I(L=1)′′
m (k2 = 0)

I
(L=1)
m (k2 = 0)

= −1

2

√
3

(
2R2

A −R2
M

3R2
A +R2

M

)
. (E10)

4. Comparison with formulas Le Youanc et al

1. Comparison Pair-creation constants: Writing Eq. (3.12) in Ref. [3] as

Im(N ′;N,M) ≡ −i
√

3

4π
(εm · k) Ī(N ′;N,M), (E11)

where

Ī(N ′;N,M) = π−3/4

(
3R2

ARM

3R2
A +R2

M

)3/2
4R2

A +R2
M

3R2
A +R2

M

. (E12)

Then, comparing the expression for gV in Eq. (3.13) of Ref. [3]

fNNρ = γ
(

2

3π

)1/2

π3/4m
3/2
V

(
3R2

ARM

3R2
A +R2

M

)3/2
4R2

A +R2
M

3R2
A +R2

M

= γ
(

2

3π

)1/2

π3/2m
3/2
V Ī(N ′;N,M), (E13)

with Eq. (50)

gV = (3/
√

2) π−3/4γ̄qq̄

(
π

4λ0

)3/2
√
mVRM

(ΛQPCRM)2

⇒ 3

4
π−3/2γ̄qq̄

(
π

4λ0

)3/2
√
mV

Λ2
QPC

· Ī(N ′;N,M). (E14)

This gives

γ̄qq̄ λ
−3/2
0 =

√
2

3

32π

3

(
mV Λ2

QPC

)
· γ,

and therefore, requiring that γ̄qq̄ = γ, we obtain the relation
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λ
−3/2
0 =

√
2

3

32π

3

(
mV Λ2

QPC

)
≡ Λ3

0. (E15)

From (E15) we get Λ0 ≈ 1 GeV, giving λ0 ≈ 0.2 fm, which is in reasonable agreement with
the actually used λ-value for the QQG form-factor.

2. Comparison Integral Formulas:

a. (56) → (56) Transitions:

a1. Without Quark-Form Factor F (Q2) = 1:

I(L=0)
m (k2 = 0) = −i

√
3

4π
(εm · k) ×

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

A : +π−3/4

[(
3R2

ARM

3R2
A+R2

M

) 3
24R2

A+R2
M

3R2
A+R2

M

]

→ 2
√

2 (π/R2
M)

3/4

[(
3R2

A

3R2
A+R2

M

) 3
24R2

A+R2
M

3R2
A+R2

M

]
·
(

RM

RΛ

)3
B : +7

6
2
√

2 (π/R2
M)

3/4

I(L=1)
m,n (k2 = 0) = − 3

4π
(εm · ε∗n) ×

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

A : −1
2

√
2 π−3/4

[(
3R2

ARM

3R2
A+R2

M

) 3
2 RM

3R2
A+R2

M

]

→ −2R−1
M (π/R2

M)
3/4

[(
3R2

A

3R2
A+R2

M

) 3
2 R2

M

3R2
A+R2

M

]
·
(

RM

RΛ

)3
B : +4R−1

M (π/R2
M)

3/4
.

(E16)

a2. With Quark-Form Factor F (Q2) �= 1:

I(L=0)
m (k2 = 0) = −i

√
3

4π
(εm · k) ×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A : +π−3/4

[(
3R2

ARM

3R2
A+R2

M

) 3
24R2

A+R2
M

3R2
A+R2

M

]

→ 2
√

2 (π/R2
M)

3/4

[(
3R2

A

3R2
A+R2

M

) 3
24R2

A+R2
M

3R2
A+R2

M

]
·
(

RM

RΛ

)3
B : +2

√
2 (π/R2

M)
3/4
(

3R2
AR2

M

3R2
A(R2

M+R2
Λ)+R2

MR2
Λ

)3/2

·
× [CD/6 + 1] ,

I(L=1)
m,n (k2 = 0) = − 3

4π
(εm · ε∗n) ×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A : −1
2

√
2 π−3/4

[(
3R2

ARM

3R2
A+R2

M

) 3
2 RM

3R2
A+R2

M

]

→ −2R−1
M (π/R2

M)
3/4

[(
3R2

A

3R2
A+R2

M

) 3
2 R2

M

3R2
A+R2

M

]
·
(

RM

RΛ

)3
B : +2R−1

M (π/R2
M)

3/4
(

3R2
AR2

M

3R2
A(R2

M+R2
Λ)+R2

MR2
Λ

)3/2

·

× R2
M

R2
M+R2

Λ

{
1 − C

R2
Λ

3R2
A

}
.

(E17)
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We note that because of (E2) for a proper comparison we have to multiply the A-entries
with a factor (π/4λ0)

3/2. Taking λ0 = R2
Λ/8, we get the expressions after → in the equations

above.

Noticeable is the sign change between the A- and the B-expressions
in (E16) and (E17). This is due to a sign flip in the following factor
in the formulas (D9) and (D11) between λ = 0 and λ→ ∞:

{
. . .
}

=
γ

γ + λ
−
⎡⎣1 −

(
γ

γ + λ

)2
⎤⎦(4ᾱγ

9α2

)

=
γ

γ + λ

[
1 − 4λ

2γ + λ

9α(γ + λ) + 4γλ

]
,

which is > 0 for small λ, and < 0 for large λ.
b. (56) → (70) Transitions:

I(L=0)′′
m (k2 = 0)

I
(L=0)
m (k2 = 0)

=

⎧⎪⎪⎨⎪⎪⎩
A : −1

2

√
3

[(
R2

A

3R2
A+R2

M

)2

− R2
A+R2

M

3R2
A+R2

M

]
B : +1

2

√
3
{
1 − C 1+CD/18

1+CD/6

}
,

I(L=1)′′
m (k2 = 0)

I
(L=1)
m (k2 = 0)

=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

A : −1
2

√
3
(

2R2
A−R2

M

3R2
A+R2

M

)
B : −1

2

√
3
{
(1 − C) − (1 − 5C/3)CE · R2

Λ

3R2
A

}
·

×
(
1 − R2

Λ

3R2
A
CE
)−1

.

Here,

C =
ᾱ

α
=

3R2
A (R2

M +R2
Λ)

3R2
A (R2

M +R2
Λ) +R2

MR
2
Λ

= 1 − R2
Λ

R2
M

. . . ≈ 1,

D =
R2

M + 2R2
Λ

R2
M +R2

Λ

= 1 +
R2

Λ

R2
M

. . . ≈ 1, E =
2R2

M +R2
Λ

R2
M +R2

Λ

= 3 −D.

Here, (A) refers to [3], and (B) to the formulas in these notes.

APPENDIX F: VECTOR DOMINANCE AND CFI

For a formulation of the basic relations of vector-dominance model (VDM) consider the
hahronic reaction V A→ B, where V is a vector meson and A and B are arbitrary hadrons.
From the LSZ-reduction formulas we have for the amplitude

Tμ(V A→ B) = 〈B|jV,μ(0)|A〉 , (F1)

where jV,μ(x) is the hadronic current to which the vector-meson field Vμ(x) couples, i.e.(
∂ρ∂ρ +m2

V

)
Vμ(x) = jV,μ(x) . (F2)
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Here, the vector current is assumed to be conserved, i.e. ∂μjV,μ(x) = 0. Taking matrix
elements of (F2) between arbitrary states, and using translational invariance, one easily
derives

〈B|Vμ(0)|A〉 = (m2
V − k2)−1〈B|jV,μ(0)|A〉 , (F3)

which using CFI (se F7)

jem
μ (x) =

∑
V =ρ,ω,φ

e
m2

V

2γV

Vμ(x) . (F4)

This gives for the matrix elements of the electromagnetic current the expression

〈B|jem
μ (0)|A〉 =

∑
V =ρ,ω,φ

e

2γV

m2
V

m2
V − k2

〈B|jV,μ(0)|A〉 . (F5)

From the QCD electromagnetic current operator in (u, d, s)-space

jem
μ =

e

3

[
2ūγμu− d̄γμd− s̄γμs

]
= e

[
1

2

(
ūγμu− d̄γμd

)
+

1

6

(
ūγμu+ d̄γμd

)
− 1

3
s̄γμs

]

=
e√
2

[
1√
2

(
ūγμu− d̄γμd

)
+

1

3
√

2

(
ūγμu+ d̄γμd

)
−

√
2

3
s̄γμs

]

≡
∑

V =ρ0,ω,φ

e
m2

V

2γV

Vμ(x) . (F6)

and (F5) for k2 = 0 we have

m2
ρ√

2γρ

ρμ(x) =
1

2

(
ūγμu− d̄γμd

)
,

m2
ω√

2γω

ωμ(x) =
1

6

(
ūγμu+ d̄γμd

)
,

m2
φ√

2γφ

φμ(x) = −1

3
(s̄γμs) . (F7)

From SU(3) one has

ρ0
μ ∼ 1√

2

(
ūγμu− d̄γμd

)
,

φ8
μ ∼ 1√

6

(
ūγμu+ d̄γμd− 2s̄γμs

)
,

φ1
μ ∼ 1√

3

(
ūγμu+ d̄γμd+ s̄γμs

)
. (F8)

Ideal mixing gives for the physical ω and φ

ω =
√

2/3 φ1 +
√

1/3 φ8 ,

φ = −
√

1/3 φ1 +
√

2/3 φ8 , (F9)
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which implies that

ωμ ∼ 1√
2

(
ūγμu+ d̄γμd

)
, φμ ∼ − (s̄γμs) . (F10)

Comparison with (F7) implies that

γ−1
ρ : γ−1

ω : γ−1
φ = 3 : 1 :

√
2 . (F11)

The photon vector-meson couplings have been determined in the Orsay e+e−-experiments
[35], yielding

γ2
ρ/4π = 0.58 ± 0.06 , γ2

ω/4π = 4.6 ± 0.45 , γ2
φ/4π = 3.6 ± 0.3 . (F12)

Considering the nucleon interaction Hamiltonians

HI = gNNρψ̄γμτψ · ρμ + gNNωψ̄γμψω
μ + gNNφψ̄γμψφ

μ , (F13)

one finds from (F5) for the electromagnetic charge form factors of the nucleon at k2 = 0,
i.e. VDM hypothesis,

1

2
= F V

1 (0) =
gNNρ

2γρ

,

1

2
= F S

1 (0) =
gNNω

2γω

+
gNNφ

2γφ

. (F14)

Assuming gNNφ = 0, in view of the fact that φ contains only s-quarks, see (F10), and the
nucluon none, we get

gNNρ = γρ , gNNω = γω , (F15)

which implies the prediction [36]

gNNω

gNNρ

=
γω

γρ

= 3 . (F16)

In order to make contact with the fV -constants in [37], notice that in terms of the fV ’s,
equation (F7) reads

m2
ρ√

2fρ

ρμ(x) =
1

2

(
ūγμu− d̄γμd

)
,

m2
ω√

2fω

ωμ(x) =
1

2

(
ūγμu+ d̄γμd

)
,

m2
φ√

2fφ

φμ(x) = (s̄γμs) . (F17)

Comparison (F7) and (F17) gives

fρ = γρ , fω = γω/3 , fφ = −γφ/3 . (F18)

From (F16) and (F18) we obtain that

fρ = fω = γω/3 , (F19)

and moreover mρ ≈ mω. So, the ρ and ω are pretty degenerate.
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p1

p2

k1

k2

l1

l2(a)

FIG. 2: 3P0-model with scalar-exchange (a).

APPENDIX G: VPP-DECAY AND QPC

To check the relation between the pair-creation constant γqq̄ in these notes and γ in
the literature [3, 5], we compute the matrix element for V → P + P . This process in
the QPC-model is depicted in Fig. 2. There is in addition a diagram where the exchange
is between the p2-line and the pair (b), which can be taken into account by giving the
contribution from Fig. 2 an extra factor 2.

The decay matrix element is

〈PB(k) PC(l)|S|VA(p)〉 = −i
∫
d4x 〈PB(k) PC(l)|H(S)

I |VA(p)〉 =

−i γqq̄

Λ2
QPC

∑
rAsA

∑
rBsB

∑
rCsC

∫
d3p1 d

3p2

∫
d3k1 d

3k2

∫
d3l1 d

3l2 ·

×δ(p − p1 − p2) δ(k − k1 − k2) δ(l − l1 − l2) δ(k1 + k2 + l1 − p1) δ(l2 − p2) ·
×ψ̃(L=0)∗

B (k1,k2) ψ̃
(L=0)∗
C (l1, l2) ψ̃

(L=0)
A (p1,p2) · χ(0)(rB, sB) χ(0)(rC , sC) χ(1)

m (rA, sA) ·
×〈0|d(k2, sB)b(k1, rB) d(l2, sC)b(l1, rC)

∑
i,j

q̄i(x)qi(x) · q̄j(x)qj(x) · b†(p1, rA)b†(p2, sB)|0〉.

(G1)

The evaluation of the vacuum expectation gives the factors

ū(k1, rB) u(p1, rA) ≈ δrA,rB
,

ū(l1, rC) u(k2, sB) ≈ 1

2mQ

(−)1/2−sB

[
χ†
−sB

σj · (k2 − l1)χrC

]
, (G2)

which leads to the spin factor

δrA,rB
δsA,sC

(−)1/2−sB

[
χ†
−sB

σj · (k2 − l1)χrC

]
·

×χ(0)(rB, sB) χ(0)(rC , sC) χ(1)
m (rA, sA) =

⇒ −1

2
ε−m · (k2 − l1) =

1

2

√
4π

3
Y−m

1 (k2 − l1). (G3)

The matrix element (G1) becomes

〈PB(k) PC(l)|S|VA(p)〉 = −2π iδ(EA − EB − EC)(2π)−3 γqq̄

Λ2
QPCmQ

·
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×
∫
d3p1 d

3p2

∫
d3k1 d

3k2

∫
d3l1 d

3l2 δ(p − p1 − p2) ·
×δ(k − k1 − k2) δ(l − l1 − l2) δ(k1 + k2 + l1 − p1) δ(l2 − p2) ·
×ψ̃(L=0)∗

B (k1,k2) ψ̃
(L=0)∗
C (l1, l2) ψ̃

(L=0)
A (p1,p2) · [ε−m · (k2 − l1)] . (G4)

1. Momentum integral for V → PP (I)

We define the basic overlap integral I0(A;B,M), wher A and B are mesons, as

I0(A;B,M) ≡
∫
d3p1 d

3p2

∫
d3k1 d

3k2

∫
d3l1 d

3l2 δ(p − p1 − p2) ·
×δ(k − k1 − k2) δ(l − l1 − l2) δ(k1 + k2 + l1 − p1) δ(l2 − p2)

×ψ̃∗
B(k1,k2) ψ̃

∗
C(l1, l2) ψ̃

(
Ap1,p2)

= N0

∫
d3p1 d

3p2

∫
d3k1 d

3k2

∫
d3l1 d

3l2 δ(p − p1 − p2) ·
×δ(k − k1 − k2) δ(l − l1 − l2) δ(k1 + k2 + l1 − p1) δ(l2 − p2)

× exp [+f(p1,p2;k1,k2, l1, l2] , (G5)

where in the last expression k5 is understood to be fixed according to the δ-function in the
first expression, and in this section

N0 =

(
R2

AR
2
BR

2
C

π3

)3/4

, (G6)

and

f(p1, . . . , l2) = −1

8

[
R2

AΔ2
A +R2

BΔ2
B +R2

CΔ2
C

]
, (G7)

where

ΔA = p1 − p2 , ΔB = k1 − k2 , ΔC = l1 − l2. (G8)

We work in the rest system of A, i.e. p = 0. Then, defining Q = p1 − k1 = k2 + l1, i.e. the
momentum transfer from the meson-quarks to the created pair, we can solve for the quark
momenta:

p1 = +
1

2
ΔA , p2 = −1

2
ΔA,

k1 = +
1

2
ΔA − Q , k2 = +

1

2
ΔA − ΔC + Q,

l1 = −1

2
ΔA + ΔC , l2 = −1

2
ΔA. (G9)

Then, the relations between the momenta from the δ-functions in (G1) are

k1 + k2 = ΔA − ΔC = k , or ΔC = ΔA − k,

k1 − k2 = ΔB = ΔA − 2Q − k,

l1 + l2 = −ΔA + ΔC = l = −k. (G10)
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Choosing as independent integration variables Q and ΔA the f-function reads

f(. . .) ⇒ −1

8

[
(R2

B +R2
C)k2

]
− 1

8

[
(R2

A +R2
B +R2

C) + Δ2

− 2(R2
B +R2

C) ΔA · k + 4R2
B Q2 + 4R2

B Q · k − 4R2
B ΔA · Q

]
. (G11)

Then, the basic integral becomes

I0(A;B,M) = N0 exp
{
−1

8
(R2

B +R2
C)k2

}
·
{

1

8

∫
d3ΔA

∫
d3Q·

× exp
(
−1

8

[
(R2

A +R2
B +R2

C) Δ2 − 2(R2
B +R2

C) ΔA · a

+ 4R2
B Q2 + 4R2

B Q · b − 4R2
B ΔA · Q

])}
, (G12)

where a = b = k. Performance of the integrations yields

I0(A;B,M) = N0

(
2π

R2
B

)3/2 (
2π

R2
A +R2

C

)3/2

exp
{
−1

8
(R2

B +R2
C)k2

}
·

× exp

{
−1

8

[(R2
B +R2

C)a −R2
Bb]

2

(R2
A +R2

C)

}

a=b=k−→ N0

(
2π

R2
B

)3/2 (
2π

R2
A +R2

C

)3/2

exp

[
−1

8

R2
A(R2

B +R2
C) +R2

BR
2
C

R2
A +R2

C

k2

]
.

(G13)

We note that extra momentum in integrand:

ΔA,i → 4

R2
B +R2

C

∇a,i → − R2
C

R2
A +R2

C

k,

Qi → − 2

R2
B

∇b,i → −1

2

R2
C

R2
A +R2

C

k.

Inclusion of factor

[ε−m · (k2 − l1)] = [ε−m · (−ΔA + Q + 2k)] (G14)

gives

I(A;B,M) = N0

(
2π

R2
B

)3/2 (
2π

R2
A +R2

C

)3/2
4R2

A + 5R2
C

2(R2
A +R2

C)
·

× exp

[
−1

8

R2
A(R2

B +R2
C) +R2

BR
2
C

R2
A +R2

C

k2

]
(ε · k).

(G15)
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2. Momentum integral for V → PP (II)

Here we evaluate the momemtum integral as appears in [3, 5]. Then, we have an extra
δ(Q) in the integrand. The integral becomes

I ′0(A;B,M) = N0 exp
{
−1

8
(R2

B +R2
C)k2

}
·
{

1

8

∫
d3ΔA ·

× exp
(
−1

8

[
(R2

A +R2
B +R2

C) Δ2 − 2(R2
B +R2

C) ΔA · a
])}

,

(G16)

giving

I ′0(A;B,M) = N0

(
2π

R2
A +R2

B +R2
C

)3/2

exp
{
−1

8
(R2

B +R2
C)k2

}
·

× exp

[
1

8

(R2
B +R2

C)2

R2
A +R2

B +R2
C

a2

]

a=k−→
(

2π

R2
A +R2

B +R2
C

)3/2

exp

[
−1

8

R2
A(R2

B +R2
C)

R2
A +R2

B +R2
C

k2

]
.

(G17)

We note that extra momentum in the integrand:

ΔA,i →
4

R2
B +R2

C

∇a,i → R2
B +R2

C

R2
A +R2

B +R2
C

k , (G18)

Inclusion of factor

[ε−m · (k2 − l1)] = [ε−m · (−ΔA + Q + 2k)]
Q=0−→ ε−m · (−ΔA + 2k),

gives

I ′(A;B,M) = N0

(
2π

R2
A +R2

B +R2
C

)3/2
2R2

A +R2
B +R2

C

R2
A +R2

B +R2
C

·

× exp

[
−1

8

R2
A(R2

B +R2
C)

R2
A +R2

B +R2
C

k2

]
(ε−m · k).

(G19)

3. Decay ρ(760) → π + π

The phenomenological hadronic interaction Hamiltonian for the decay ρ→ π + π is

HI = −fρππ π × ∂μπ · ρμ. (G20)

In the rest frame of the ρ-meson matrix element is

〈k1, k2|S|k〉 = −(2π)4δ(k − k1 − k2) · (2π)−9/2 1

8EρE1E2

(k1 − k2) · ρ(k)

⇒ 2πδ(mρ − 2Eπ) · (2π)3δ(k1 + k2)
1

2mρ

2√
2mρ

(kπ · ρ). (G21)
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I: The decay coupling becomes

fρππ = (2π)3/2 · (2π)−3 ·
√

2 m3/2
ρ · 2 γqq̄

Λ2
QPCmQ

(
R2

AR
2
BR

2
C

π3

)3/4

×
(

2π

R2
B

)3/2 (
2π

R2
A +R2

C

)3/2
(4R2

A + 5R2
C)

2(R2
A +R2

C)

= 4γqq̄ π
−3/4 (mρRA)3/2

(ΛQPCRA)2

2

mρRA

(
RARC

R2
A +R2

C

)3/2
(4R2

A + 5R2
C)

(R2
A +R2

C)

(G22)

Here, we used mQ ≈ mρ/2. With RA = Rρ and RB = RC = Rπ we have

fρππ = 4γqq̄ π
−3/4 (mρRρ)

3/2

(ΛQPCRρ)2

2

mρRρ

(
RρRπ

R2
ρ +R2

π

)3/2 (4R2
ρ + 5R2

π)

(R2
ρ +R2

π)

(G23)

II: In [3] the decay coupling becomes

fρππ = γ
(

2

3π

)1/2

π3/4 (mρRρ)
3/2

(
3R2

π

2R2
π +R2

ρ

)3/2 ( R2
π +R2

ρ

2R2
π +R2

ρ

)3/2

. (G24)

From (G23) and (G24) we finally obtain the ratio

γqq̄/γ =
π

8

√
3

2
(ΛQPCRρ)

2 (mρRρ)

[
R2

π +R2
ρ

RπRρ

3R2
π

2R2
π +R2

ρ

R2
π +R2

ρ

2R2
π +R2

ρ

]3/2

·

×
(R2

ρ +R2
π)

(4R2
ρ + 5R2

π)
≡ π

8

√
3

2
(ΛQPCRρ)

2 (mρRρ) F (R2
π/R

2
ρ)

⇒ π
√

2

27
(ΛQPCRρ)

2 (mρRρ) , for Rπ = Rρ. (G25)

Here we defined

F (x) = 3
√

3 x3/4 1 + x

4 + 5x

(
1 + x

1 + 2x

)3

.

For x = 1/2 and x = 1 one has F = 0.69 and F = 0.34 respectively. In Table II we list
the Rρ = Rπ values for which the ratio γqq̄/γ = 1. From this table the choice, see Table V,
Λqq̄ = 600 MeV and Rρ = 0.66 corresponds indeed to γqq̄ ≈ γ = 2.19.

[1] L. Micu, Nucl. Phys. B10 , 521 (1969); R. Carlitz and M. Kislinger, Phys. Rev. D 2, 336(1970).
[2] L.B. Okun, Leptons and Quarks, chapter 29, North-Holland Publishing Company 1984.
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