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Abstract
To complete the Extended-Soft-Core (ESC) model, we derive in this note the nucleon-nucleon

and hyperon-nucleon potentials due to meson-pairs with JPC = 0++, with derivative couplings. In

effective chiral field theory models this represents the so called c3-term. In this note we assume

that it is dominated by the ∆33-resonance. This enables the SU(3) generalization to all baryon-

baryon channels where the baryons belong to the {8}-irrep, containing N, Λ,Σ, and Ξ, i.e. the

JPC = 1
2

+
-states. The potentials are worked out explicitly, and the SU(3)-matrix elements are

constructed for all two-baryon channels.

Important applications are: (i) Construction of a new ESC-model, (ii) The SU(3)-generalization

of the Fugita-Myazawa threebody forces.
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I. INTRODUCTION

To complete the Extended-Soft-Core (ESC) model, we derive in this note the nucleon-
nucleon potential due to meson-pairs with JPC = 0++, with derivative couplings. The
philosophy and technical devices used in this derivation are described in detail in [1, 2]. In
connection with the ESC-model we mention the following points:

• In the Nijmegen soft-core models, the form factor is taken to be Gaussian. This means
that the form factors do not contain the two-meson contributions accurately, but at
best in some mean sense.

• Many unstable boson-exchanges Hj contain in principle also effects from their decay
channels. It is especially important to include the long and intermediate range parts
in nucleon-nucleon potentials designed for the interactions where Tlab ≤ 400 MeV.

• Meson-baryon resonances Ri, notably the ∆33(1236)-resonance, in low energy BB-
channels can be approximated as non-propagating and the corresponding box graphs
lead to long range potentials.

As pointed out in [1] all three points are met by the inclusion of the meson-pair vertices.
In particularly 2π-exchange effects can be included by the meson-pair potentials, see Fig. 1.
Also, when the two-meson contributions are taken care off by the pair interactions, the
Gaussian form factors more truly represent the effects of the quark composition composition
of the nucleons.

∑
i,j,...

Ri, Hj, etc.

M1 M2

⇒
∑

pairs

M1 M2

MPE

FIG. 1: Meson-pair description and low-energy approximation.

As pointed out by Ko and Rudaz [3] besides the most simple Lagrangian L(0)
σππ = gσππσπ·π

also the coupling with two derivatives appears in the linear σ-model Lagrangian, which is
useful in keeping the scalar meson width’s within reasonable bounds as the scalar mass
increases. Also, such couplings and the corresponding contribution to the BB-potentials
were considered in the context of an SUf (3) generalization in [4]. This Lagrangian reads

L(1)
σππ = g′σππσ(∂µπ · ∂µπ) Also, such a coupling of the scalar mesons can give an account for

the c3-term in the (NN2π effective field-theory interaction Lagrangian [5, 6]

L(1) = −ψ̄
[
8c1D

−1m2
π

π2

F 2
π

+ 4c3Dµ ·Dµ + 2c4σµντ ·Dµ ×Dν

]
ψ , (1.1)

where D = 1 + π2/F 2
π and Dµ = D−1∂µπ/Fπ, with Fπ = 2fπ = 185 MeV. The c3-term has

been determined in e.g. nucleon-nucleon [9]. Notice that because we use the conventions
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of [7] there is a minus sign in the c3-term. Since we have shown elsewhere [8] that tensor-
meson exchange can account only 20% of the c3-coefficient, we assume that the remaining
part comes from scalar-meson exchange. This is the motivation for the derivation given in
this note of the nucleon-nucleon pair-potentials due to the derivative coupling of a scalar
(ππ)0-pair coupling.

Application of the c3-term NN-potential, with a gaussian cut-off Λ ≈ 1 Gev/c2, to a fit
in nucleon-nucleon, using the ESC-model, reveals that it is impossible to reach a sensible
description of the NN-phases when we fix the value at c3 = −5 GeV−1, obtained in [9]. This
is caused by the large oscillations of this potential below 1 fm. Only by making Λ much
smaller it should be possible to use such a potential in the ESC-model. In view of this fact,
we analyze an interpretation of this interaction in terms of scalar and diffractive exchange,
using an expansion of the πN -amplitude valid for low t-values. It turns out that the c3-term
can be ascribed to a form factor effect in the NN-system. As such this interaction is largely
already contained implicitly in the ESC-model.
However, this is inadequate for the description of the three-body NNN force (TBF)
using the ESC-model pair-interactions. Namely, it appears not possible to reproduce the
Fujita-Miyazawa three-nucleon interaction [10] . Also, for YN- and YNN-forces the SU(3)-
structure of the decuplet resonances ∆33(1236),Σ

∗(1385), etc. is not yet represented in the
ESC-modeling. Therefore, it will be a natural next step to incorporate the c3-pair inter-
action, interpreted as coming from the decuplet resonances, in the ESC-model BB-potentials.

In section II we give the ππNN -vertex. In section II-V the consequences for the nucleon-
nucleon potential are worked out up the 1/M -corrections. This is similar to the techniques
employed for the other pair potentials, see [1]. In Appendices A and B some useful definitions
and results are collected that were not given in the references. In Appendix C we give
the small t interpretation of the c3 interaction, and discuss how it is accomodated by the
ESC-model. In Appendix VI the SU(3) structure of the c3-term in (1.1) is derived. In
Appendix VII useful SU(2) Glebsch-Gordon coefficients are listed. In Appexdix E the gauge-
invariant πN∆33-coupling is applied to the computation of the ∆33-resonance contribution
to the πN -amplitude. The corresponding c1,3-coefficients are computed, and the relation
with the FM-interaction is given.

II. DERIVATIVE SCALAR-PAIR NN-INTERACTION HAMILTONIANS

We consider the πN → πN amplitude and denote the initial and final pion momenta
respectively as q and q′. Similarly, the initial and final nucleon momenta are denoted by p
and p′. As usual, we introduce the variables

P =
1

2
(p′ + p) Q =

1

2
(q′ + q) , ∆ = q′ − q = p′ − p . (2.1)

The interaction Hamiltonian for the derivative scalar type (ππ)-coupling to nucleons reads
as follows

HS2
I = +

gS2
m3

π

(∂µπ · ∂µπ)
(
ψ̄ψ
)
. (2.2)

Comparison of (2.2) and (1.1) yields gS2 = +4(c3mπ) (mπ/Fπ)
2 ≈ −1.60.

Remark: check conventions and signs!
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For the interaction Hamiltonian (2.2) we get the ’pionic’ vertex factor

(q′|∂µπ · ∂µπ|q) ⇒ 2(q′ · q) = 2(Q2 − 1

4
∆2) . (2.3)

In the CM-system, we use the customary combinations of nucleon momenta:

q =
1

2
(p′ + p) , k = (p′ − p) = k1 + k2 . (2.4)

The nucleon-spinor vertex factor is

Γ(p′, p) = (p′|
(
ψ̄ψ
)
|p) = ū(p′)u(p)

⇒
√

(E ′ +M)(E +M)

4M2

[
1− σ · p′σ · p

(E ′ +M)(E +M)

]

≈ 1− 1

4M2

[(
q2 − 1

4
k2

)
+ iσ · q× k

]
≈ 1 +O

(
1

M2

)
. (2.5)

Here, the reduction to the Pauli-spinors is carried through in the CM-system. In the follow-
ing we evaluate the potentials up to and including the 1/M -corrections.

III. DERIVATIVE-SCALAR-PAIR EXCHANGE: 1-PAIR-EXCHANGE

The general formulas for the fourth-order meson-pair exchange kernels are given in [1],
equations (2.1) and (2.2). Here, we use the same conventions w.r.t. to the exchanged
momenta kµ1,2 = (ω1,2,k1,2), and the nomenclature of the contributing momentum-space
graphs. The connection with the momenta q, q′ introduced in section 2 will be given below
in this section.
The pair-potentials can be written as

V
(n)
pair(αβ) = C(n)(αβ) g(n)(αβ)

∫
d3k1d

3k2
(2π)6

· ei(k1+k2)·r Fα(k
2
1)Fβ(k

2
2) ·

×
∑

p

Õ
(n)
αβ,p (q;k1, ω1;k2, ω2) D

(n)
p (ω1, ω2) . (3.1)

Here, the index n distinguishes the 1-pair (n = 1) and two-pair (n = 2) meson-pair
exchange, and the index p distinguishes the different time-ordered graphs. The labels
(αβ) refer to the particular pion-pair, or more generally pseudo-scalar meson-pair, that
is being exchanged. So, in this note always α = π, β = π. For the couplings we have

g(1) = gS2(ππ)0
(fP/mπ)

2 and g(2) =
(
gS2(ππ)0

)2
, with powers of mπ, depending on the definitions

of the Hamiltonians. Note that in this paper the isospin factor C(n) = 6, see [1], Table I.
In the following of these notes we suppress this isospin factor C(n) in the formulas for the
potentials.
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In the adiabatic approximation, i.e. E(p) ≈ M , the energy denominators of the various
time-ordered graphs for 1-pair exchange are

D(1)
a (ω1, ω2) =

1

2ω1ω2

1

ω2(ω1 + ω2)
,

D
(1)
b (ω1, ω2) =

1

2ω2
1ω

2
2

,

D(1)
c (ω1, ω2) =

1

2ω1ω2

1

ω1(ω1 + ω2)
. (3.2)

A. MTPE, One-Pair-Exchange with Vertex I

The (NNππ)-vertex for HI we write as, cfrm. (2.5),

ū(p′)Γ
(2)
S2u(p) =

gS2
m3

π

2gµν
(
QµQν −

1

4
∆µ∆ν

)
· [ū(p′)u(p)]

= 2
gS2
m3

π

(
Q2 − 1

4
∆2

)
· Γ(p′, p) . (3.3)

The reduction to Pauli-spinors in the CM-system is given above.
To evaluate the contribution from the graphs (a), (b), and (c), we need the Qµ-vector

and the ∆µ-vector. One has

Qµ =
1

2
(q′ + q)µ =





(a) : Qµ = (−ω1 + ω2,+k1 − k2) /2
(b) : Qµ = (+ω1 + ω2,+k1 − k2) /2
(c) : Qµ = (+ω1 − ω2,+k1 − k2) /2

(3.4)

∆µ = (q′ − q)µ =





(a) : ∆µ = (+ω1 + ω2,−k1 − k2)
(b) : ∆µ = (−ω1 + ω2,−k1 − k2)
(c) : ∆µ = (−ω1 − ω2,−k1 − k2)

(3.5)

From (3.4) and (3.5) one deduces

q′ · q = Q2 − 1

4
∆2 =





(a) : −ω1ω2 + k1 · k2

(b) : +ω1ω2 + k1 · k2

(c) : −ω1ω2 + k1 · k2

(3.6)

We write the operators in (3.3) factorized as a product of the operator for the 1-pair vertex
and an operator for the two single pion couplings, i.e.

Õ
(n)
αβ,p (q;k1, ω1;k2, ω2) = Õ

(S2)
αβ,p Õ

(2PS)
αβ , Õ

(2PS)
αβ = −

(
fP
mπ

)2

(k1 · k2 − iσ1 · k1 × k2) ,

Õ
(S2)
αβ,p = +2

gS2
m3

π

(q′ · q) = +2
gS2
m3

π

(±ω1ω2 + k1 · k2) . (3.7)

Next, we evaluate the contribution to the pair-vertex summed over the graphs:

∑

p=a,b,c

[q′(p) · q(p)] D(1)
p (ω1, ω2) (3.8)
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The different contributions are:

1)
∑

p=a,b,c

[q′0(p)q0(p)] D
(1)
p (ω1, ω2) = 0 ,

2)
∑

p=a,b,c

[q′(p) · q(p)] D(1)
p (ω1, ω2) =

k1 · k2

ω2
1ω

2
2

(3.9)

The mirror graphs give similar contributions and are included by making the replacement

σ1 →
1

2
(σ1 + σ2) , (3.10)

everywhere in the matrix elements. Collecting now all results, and selecting the symmetric,
and taking into account that the pair vertex can be left and right in the 1-pair graphs, one
finally obtains the contribution

∑

p

Õ(S2,1)
ππ (k1, ω1;k2, ω2)D

(1)
p (ω1, ω2) =

−2

(
gS2
m3

π

)(
fP
mπ

)2

(k1 · k2)

{
k1 · k2 −

i

2
(σ1 + σ2) · k1 × k2

}
· 1

ω2
1ω

2
2

. (3.11)

The Fourier transformation leads to the potential

V
(S2,1)
ad (r) = −2

(
gS2
m3

π

)(
fP
mπ

)2 ∫
d3k1d

3k2
(2π)6

ei(k1+k2)·r F1(k
2
1)F2(k

2
2) · (k1 · k2)

2 · 1

ω2
1ω

2
2

= −2

(
gS2
m3

π

)(
fP
mπ

)2

lim
r1,r2→r

(∇1 ·∇2)
2I2,π(mπ, r1)I2,π(mπ, r2)

= −2

(
gS2
m3

π

)(
fP
mπ

)2 [
2

r2
I ′2,π(mπ, r1)I

′
2,π(mπ, r2) + I ′′2,π(mπ, r1)I

′′
2,π(mπ, r2)

]
.(3.12)

Notice that the term in the integrand odd under the interchange k1 ↔ k2 vanishes upon
integration. For a definition of the function I2,π(r), and the lateron used I2,π(r) and Fπ(r),
we refer to [2, 11].
The non-local central potential, coming from the −(q2+k2/4)/4M2-piece in (2.5) is ϕ(r) =

−(2Mred/(4M
2) V

(S2)
ad (r), where ϕ(r) is defined as in Eq. (35) of [12]. We expect that

ϕ(r) < 0.05. (The non-local spin-orbit is negected in the Nijmegen work.) The k2/8M2-
piece (2.5) leads to corrections via the extra derivatives [∇2

1 + 2∇1 ·∇2 +∇2
2]. This leads

to contributions from the third- and fourth-order derivatives of the φ0
C(mπ, r)-functions and

are (presumably) small in view of the m2
π/8M

2-coefficient.

IV. 1/M CORRECTIONS

A. Non-adiabatic contributions

The nonadiabatic corrections from the 1/M expansion of the energy denominators is
explained in Ref. [2] and also used in [1], section IV. The expansion of the denominators
gives an extra momentum dependent factor in the numerator, which can be rewritten as

[k1 · k2 − q · (k1 − k2)] /2M . (4.1)
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The one-pair energy denominators become

Dna
a (ω1, ω2) =

1

2ω1ω2

1

ω2
2(ω1 + ω2)

,

Dna
b (ω1, ω2) =

1

2ω1ω2

(
1

ω2
1ω2

+
1

ω1ω2
2

)
,

Dna
c (ω1, ω2) =

1

2ω1ω2

1

ω2
1(ω1 + ω2)

. (4.2)

Notice that all Dna
p (ω1, ω2) are symmetric in k1 and k2. Therefore, only the terms symmetric

in the exchanged momenta will survive the k1, k2 integrations.
The numerator is a product of (i) the nonadiabatic momentum dependent factor, alluded to
above, (ii) the factor in (3.7), and (iii) the 2q′ · q-factor worked out in (3.6). Taking all this
into account, we arrive at the nonadiabatic correction

V (S2,1)
na (r) = −2

gS2
m3

π

(
fP
mπ

)2

· 1

2M
·
∫
d3k1d

3k2
(2π)6

ei(k1+k2)·r F1(k
2
1)F2(k

2
2) ·

×
[
(k1 · k2)

2 +
i

2
(σ1 + σ2) · k1 × k2 q · (k1 − k2)

]
·

×
∑

p

Õ(S2,1)
ππ,p Dna

p (ω1, ω2) , (4.3)

where
Õ(S2,1)

ππ,p = ±ω1ω2 + k1 · k2 . (4.4)

Here for p = a, c the (−)-sign and for p = b the (+)-sign applies. Using (4.2) and (4.4) the
sum over the graphs in (4.3) is easily performed and yields

∑

p

Õ(S2,1)
ππ,p Dna

p (ω1, ω2) =
1

ω1ω2

1

ω1 + ω2

+
1

ω2
1ω

2
2

[
1

ω1

+
1

ω2

− 1

ω1 + ω2

]
(k1 · k2) . (4.5)

The potential (4.3) can now be worked our further, giving for α = π, β = π

V
(S2,1)
na,C (r) = −gS2

m3
π

(
fP
mπ

)2

· 1

M
· lim
r1,r2→r

[(
2

r2
∂2

∂r1∂r2
+

∂2

∂r21

∂2

∂r22

)
B1,1(r1, r2)

−
{

6

r2

(
∂2

∂r21
− 1

r1

∂

∂r1

)(
∂2

∂r22
− 1

r2

∂

∂r2

)
+

∂3

∂r31

∂3

∂r32

}
Bna

ππ(r1, r2)

]

V
(S2,1)
na,SO (r) = −gS2

m3
π

(
fP
mπ

)2

· 1

M
· 1

r2
lim

r1,r2→r

[
2
∂2B1,1

∂r1∂r2
(r1, r2)

−
(
2
∂2

∂r21

∂2

∂r22
− 1

r1

∂

∂r1

∂2

∂r22
− 1

r2

∂

∂r2

∂2

∂r21

)
Bna

ππ(r1, r2)

]
. (4.6)

The functions Bm,n and Bna
αβ are defined in Appendix A.

B. Pseudo-vector vertex contributions

The pseudovector vertex gives 1/M -terms as can be seen from

ū(p′)Γ
(1)
P u(p) = −i fP

mπ

[
σ · (p′ − p)± ω

2M
σ · (p′ + p)

]
, (4.7)
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where upper (lower) sign applies for creation (absorption) of the pion at the vertex. For
graph (a) the operator for the nucleon line on the right is readily seen to be

−
(
fP
mπ

)2
1

2M

[ (
ω1k

2
2 − ω2k

2
1

)
− 2q · (ω1k2 + ω2k1) + 2iσ2 · q× (ω1k2 − ω2k1)

]
(4.8)

The same expression for gragh (b) is obviously obtained from (4.7) by making the the
substitution ω1 → −ω1, and for graph (c) the substitution ω1,2 → −ω1,2. The mirror graphs
are included by making again the replacement given in (3.10). Combining all this with the
denominators D1

i (ω1, ω2) in (3.2) gives the following 1/M -corrections

V (S2,1)
pv (r) = −gS2

m3
π

(
fP
mπ

)2

· 1

M
·
∫
d3k1d

3k2
(2π)6

F1(k
2
1)F2(k

2
2) · ei(k1+k2)·r ·

× 1

ω1ω2 (ω1 + ω2)

[{
m2

π(ω
2
1 + ω2

2)− 2ω2
1ω

2
2

}
− (k2

1 + k2
2)(k1 · k2)

− i (σ1 + σ2) · q× k
(
ω2
1 + ω2

2 + k1 · k2

)]
. (4.9)

Using the Fourier transforms given in A, one obtains

V
(S2,1)
pv,C (r) = −gS2

m3
π

(
fP
mπ

)2

· 1

M
· lim
r1,r2→r

[ {
m2

π (B−1,1 + B1,−1)− 2B−1,−1

}
(r1, r2)+

+
∂2

∂r1∂r2

{
B−1,1 +B1,−1 − 2m2

πB1,1

}]
,

V
(S2,1)
pv,SO (r) = +

gS2
m3

π

(
fP
mπ

)2

· 1

M
· 2
r

d

dr
lim

r1,r2→r

[
(B−1,1 + B1,−1)−

∂2

∂r1∂r2
B1,1

]
(r1, r2) .(4.10)

V. DERIVATIVE SCALAR MESON-PAIR EXCHANGE: 2-PAIR-EXCHANGE

There are 2 two-pair exchange diagrams, cfrm. [1], and we designate the left nucleon line
by the suffix a and the right nucleon line by the suffix b. Then, for the two-pair graph with
the lower vertex on line (a) and the upper vertex on line (b).

(q′ · q)a = (q′ · q)b = −ω1ω2 + k1 · k2 . (5.1)

The energy denominators, summed over the 2 graphs give

D(2)(ω1, ω2) = − 1

2ω1ω2

1

ω1 + ω2

. (5.2)

V
(S2,2)
ad,C (r) = −

(
gS2
m3

π

)2

·
∫
d3k1d

3k2
(2π)6

ei(k1+k2)·r F1(k
2
1)F2(k

2
2) · (−ω1ω2 + k1 · k2)

2 D(2)(ω1, ω2)

= −1

2

(
gS2
m3

π

)2

· lim
r1,r2→r

{
B−1,−1(r1, r2) + 2(∇1 ·∇2)B0,0(r1, r2) + (∇1 ·∇2)

2B1,1(r1, r2)
}
.(5.3)

Here, the functions Bn,m(r1, r2) and the (∇1 ·∇2)-operations are given in Appendix B.

There are no 1/M -corrections to the 2-pair contribution to the potentials.
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∑
r

Rr = ∆33,Σ
∗, ...

M1 M2 ⇒
∑

pairs
p q

MPE

m n

i j

s

r

FIG. 2: Meson-pair description ∆33-induced BB-interaction

∑
r,s

p q

m n

i j

s

r

(a)

⊕
q p

m n

i j

s

r

(b)

FIG. 3: One-pair SU(3) matrix elements M1−pair(j, n; i,m) =M (a)(j, n; i,m) +M (b)(j, n; i,m)

VI. SU(3) STRUCTURE ∆33 INTERPRETATION c3-TERM

In this appendix we work out the SU(3)-structure coefficients for the one and two pair-
approximation to the ∆33-induced BB-interaction, see Fig. 3. The interaction Lagrangian
for the coupling of the SU(3)-decuplet {κ1} = {10∗} to the SU(3)-octets for the baryons
{κ2} = {8} and the mesons {µ} = {8} is [15]

Lint(x) =
∑

ν1ν2ν3γ

gγ



κ1 κ∗2 µ

γ
ν1 ν2 −ν3


 ·




µ∗ µ 1

−ν3 ν3 0


 · χ̄(κ1)

−ν1 (x) ψ
(κ2)
ν2

(x)φ(µ)
ν3

(x). (6.1)

Here, κ1 = {10}, κ2 = {8}, and µ = {8}. Furthermore,



µ µ∗ 1

ν −ν 0


 = (−)I3+IH+(Y+YH)/2/

√
Nµ ⇒ − 1

2
√
2
(−)Q(ν3). (6.2)
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So,

Lint(x) ⇒ 1

2
√
2

∑

ν1ν2ν3γ

gγ



κ1 κ∗2 µ

γ
ν1 ν2 −ν3


 ·



µ µ∗ 1

ν3 −ν3 0


 ·

×(−)Q(ν1)(−)Q(−ν3) χ̄
(κ1)
−ν1 (x) ψ

(κ2)
ν2

(x)φ(µ)
ν3

(x). (6.3)

This Lagrangian is invariant under transformations g ∈ SU(3) i.e.

U [g] Lint U
−1[g] = Lint. (6.4)

Within an SU(3)-irrep each state can be tranformed into any other state within the irreps.
Therefore, (6.4) means for matrix elements

(U [g]f ′|Lint|U [g]f) = (f ′|Lint|f) . (6.5)

Below, we evaluate the matrix elements for the coupling of the decuplet ∆33,Σ
∗, ...

{10∗}-states to the meson-baryon {8× 8}-states.

The coefficients for the vertices of the meson-baryon coupling to the SU(3)-decuplet are
given by [16]

d∗(r; i, p) ≡ (r|Lint(0)|i, p) , (6.6)

Here, r (1, .., 10) denotes the decuplet states, i, p (1, ..., 8) denote the baryon and meson
octet states. The 10 decuplet states and their coupling to the {8} ⊗ {8}-states are given in
Ref. [19], Table 3.4. This makes the construction of the ten 8x8-mtrices d∗(r; i, p) in prin-
ciple straightforward. However, this is rather tricky because of convention-sensitivity, and
therefore we prefer here to use the octet-model representation, i.e. SU(3)/Z(3) representa-
tion, where the {10∗}⊕{10}-states can be represented by a symmetric tensor Skl, k, l = 1, 8
[17]. Here, including a factor 1/

√
2 to avoid double counting, the decuplet {10} couplings

to {8} ⊗ {8}-states we describe by

Γ∗(k, l; i, p) ≡ (k, l|Lint(0)|i, p) /
√
2. (6.7)

Then, the SU(3) matrix elements for the 1-pair graph in Fig. 2 is given by the sum of the
graph (a) and (b) in Fig. 2, where the index s runs over the 8 octet baryon states. (Notice
that the meson lines have no direction due to the fact that the meson fields are hermitean,
i.e. φ†

i = φi.) Similarly for the 2-pair matrix element, where now the line with index s in
Fig. 3 runs over the 10 decuplet irrep {10}-states. So,

M1−pair(j, n; i,m) =
8∑

p,q,s=1

8∑

k,l=1

[O(s;m, p) O(n; s, q) +O(s;m, q) O(n; s, p)] ·

×
[
Γ̄∗(kl; j, q)

]
[Γ∗(kl; i, p)] , (6.8a)

M2−pair(j, n; i,m) =
8∑

p,q

8∑

kl,rt=1

[
Γ̄∗(kl; j, q)

]
[Γ∗(kl; i, p)] ·

[
Γ̄∗(rt;n, q)

]
[Γ∗(rt;m, p)] .(6.8b)

Here, Γ̄∗ are the complex conjugates, and for pseudoscalars

O(s;m, p) = −iαP fs,m,p + (1− αP ) ds,m,p, (6.9)
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O(n, q;m, p) =

q p

n m

s

⊕

q p

n m

s

FIG. 4: Meson-baryon SU(3) matrix elements O(n, q;m, p)

where fs,m,p and ds,m,p are the su(3)-algebra structure constants.
Using (6.9) and some identities for the structure constants [17, 18] we can work out the
1-pair matrix element further. Denoting a = αP and b = 1−αP we have,

∑
s is understood,

O(n, q;m, p) ≡ O(s;m, p)O(n; s, q) +O(s;m, q)O(n; s, p)

= [−ia fsmp + b dsmp] [−ia fnsq + b dnsq] +

[−ia fsmq + b dsmq] [−ia fnsp + b dnsp]

= −a2 (fsmp fnsq + fsmq fnsp) + b2 (dsmp dnsq + dsmq dnsp)

−iab (fsmp dnsq + dsmp fnsq + fsmq dnsp + dsmq fnsp)

1. ad ab-term: Using identity [Ditt15] [18] we have
(
. . .

)
= − (fmps dnqs + fmqs dpms) = +fmns dpqs,

− (fnqs dmps + fnps dqns) = r −mns dpqs,

which means that the ab-term vanishes.

2. ad a2-term: Using identity [Ditt24] [18]

fmps fnqs =
2

3
(δmnδpq − δmqδnp) + dmns dpqs − dmqs dnps,

fmqs fnps =
2

3
(δmnδpq − δmpδnq) + dmns dpqs − dmps dnqs,

Summing these terms we get for the a2-term

−
(
. . .

)
=

2

3
[2δmnδpq − δmqδnp − δmpδnq]

+2dmns dpqs − {dmqs dnps + dmps dnqs}
The identity [Ditt23] [18] gives

{dmqs dnps + dmps dnqs} =
1

3
(δmqδnp + δmnδpq + δmpδnq)− dmns dpqs,

11



which gives upon substitution in the a2-term

a2 : [δmnδpq − δmqδnp − δmpδnq) + 3dmns dpqs,

3. ad b2-term: Using identity [Ditt23] [18]

+

(
. . .

)
=

1

3
[δmpδnq + δmnδpq + δmqδnp]− dmns dpqs.

Collecting the results we obtain

O(n, q;m, p) = a2 {[δmnδpq − δmqδnp − δmpδnq] + 3dmns dpqs}

+
1

3
b2 {[δmnδpq + δmqδnp + δmpδnq]− 3dmns dpqs} =

(
a2 +

1

3
b2
)
δmnδpq −

(
a2 − 1

3
b2
)

{(δmpδnq + δmqδnp)− 3dmns dpqs} (6.10)

For αP = 2/5 we have

a2 +
1

3
b2 =

1

3

(
4α2

P − 2αP + 1
)
→ 7

25
,

a2 − 1

3
b2 =

1

3

(
2α2

P + 2αP − 1
)
→ 1

25
.

A. Interpretation: t-channel exchange SU(3)-irreps

From the symmetry in the pseudoscalar labels m and n, and the baryon labels p and q,
it is clear that from the t-channel exchange viewpoint only the SU(3)-irreps {1}, {8s}, and
{27} are involved. Following [17] we multiply with the octet vectors ap and aq which gives:

a) (a2 + b2/3)-term: δmn[
∑

p apap] which is a {1}-irrep.
b) (a2 − b2/3)-term:

3(a2 − b2/3)

{
2

3
aman − dmns(a ∗ a)s

}
=

2(a2 − b2/3)

{[
aman −

3

5
dmns(a ∗ a)s −

1

8
δmn(

∑

p

apap)

]

− 9

10
dmns(a ∗ a)s +

1

8
δmn(

∑

p

apap)

}
⇒

2(a2 − b2/3)

{
[M27]mn −

9

10
[M8s ]mn +

1

8
[M1]mn

}
. (6.11)

Conclusion: the SU(3) generalization of the c3-term in the πN interaction Lagrangian,
using ∆33-dominance, leads to the {1}t−, {8s}t−, and {27}t-irrep scalar derivative pair-
interaction.
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VII. SU(3) STRUCTURE MPE FROM OCTET BARYON RESONANCES

In this appendix we work out the SU(3)-structure coefficients for the one and two pair-
approximation to the baryon resonance induced BB-interactions, similarly to the graphs
of Fig. 2. Here we evaluate the matrix elements for the coupling of the baryon-resonance
octet states to the meson-baryon {8× 8}-states.

The coefficients for the vertices of the meson-baryon coupling to the SU(3)-octet are given
by [16]

Γ∗(k, l; i, p) ≡ (r|Lint(0)|i, p) /
√
2. (7.1)

Here, k, l (1, .., 8) give the decuplet states, and i, p (1, ..., 8) denote the baryon and meson
octet states. Then, the SU(3) matrix elements for the 1-pair graph in Fig. 2 is given by
the sum of the graph (a) and (b) in Fig. 2, where the index s runs over the 8 octet baryon
states. (Notice that the meson lines have no direction due to the fact that the meson fields

are hermitean, i.e. φ†
i = φi.) Similarly for the 2-pair matrix element, where now the line

with index s in Fig. 2 runs over the 8 octet states. So,

M1−pair(j, n; i,m) =
8∑

p,q,s=1

8∑

k,l=1

[O(s;m, p) O(n; s, q) +O(s;m, q) O(n; s, p)] ·

×
[
Γ̄∗(k, l; j, q)

]
[Γ∗(k, l; i, p)] , (7.2a)

M2−pair(j, n; i,m) =
8∑

p,q

8∑

k,l,s,t=1

[
Γ̄∗(k, l; j, q)

]
[Γ∗(k, l; i, p)] ·

×
[
Γ̄∗(s, t;n, q)

]
[Γ∗(s, t;m, p)] . (7.2b)

Here, Γ̄∗ are the complex conjugates, and again for pseudoscalars

O(s;m, p) = −iαP fs,m,p + (1− αP ) ds,m,p, (7.3)

where fs,m,p and ds,m,p are the su(3)-algebra structure constants.
The rest of the construction is completely the same as in Appendix VI.

A. SU(3)/Z3 Octet-model states

The baryon and meson states are given in Table I, see [19]. From Table I one readily
finds the physical states in terms of the octet-base states Bi, Pi. We have

Σ+ = (ψ1 − iψ2)/
√
2 , π+ = (φ1 − iφ2)/

√
2, (7.4a)

Σ− = (ψ1 + iψ2)/
√
2 , π− = (φ1 + iφ2)/

√
2, (7.4b)

Σ0 = ψ3 , π0 = φ3, (7.4c)

p = (ψ4 − iψ5)/
√
2 , K+ = (φ4 − iφ5)/

√
2, (7.4d)

Ξ− = −(ψ4 + iψ5)/
√
2 , K− = (φ4 + iφ5)/

√
2, (7.4e)

n = (ψ6 − iψ7)/
√
2 , K0 = (φ6 − iφ7)/

√
2, (7.4f)

Ξ0 = (ψ6 + iψ7)/
√
2 , K̄0 = (φ6 + iφ7)/

√
2, (7.4g)

Λ = ψ8 , η8 = φ8. (7.4h)
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TABLE I: Wave functions of the Baryon and meson octet representations in terms of physical

components.

states ψ(i = 1− 8) state φ(i = 1− 8)

B1 = ψ1 (Σ+ +Σ−)/
√
2 P1 = φ1 (π+ + π−)/

√
2

B2 = ψ2 i(Σ
+ − Σ−)/

√
2 P2 = φ2 i(π+ − π−)/

√
2

B3 = ψ3 Σ0 P3 = φ3 π0

B4 = ψ4 (p− Ξ−)/
√
2 P4 = φ4 (K+ +K−)/

√
2

B5 = ψ5 i(p+ Ξ−)/
√
2 P5 = φ5 i(K

+ −K−)/
√
2

B6 = ψ6 (n+ Ξ0)/
√
2 P6 = φ6 (K0 + K̄0)/

√
2

B7 = ψ7 i(n− Ξ0)/
√
2 P7 = φ7 i(K0 − K̄0)/

√
2

B8 = ψ8 Λ P8 = φ8 η8

For the isospin states in terms of the particle states we use the Condon-Shortley
phase convention. This implies for the proper isospinor states of the K-on and
anti-K-on spinors

K =

(
K+

K0

)
, K̄ = iτ2K

† =

(
K̄0

−K−

)
, (7.5)

B. Computation {8} ⊗ {8} − {10}-coupling Vertices in SU(3)/Z3

Representing the octet meson and baryon states by 8-dimensional vectors with components
am and bi respectively, we split the meson-baryon wave function components as follows in a
symmetric and antisymmetric part

ambi =
1

2
(ambi + aibm) +

1

2
(ambi − aibm) ≡ Smi + Ami (7.6)

Then

Sij =

[
1

8
δijδkl +

3

5
dijmdmkl +

1

2
{(δikδjl + δilδjk)

−6

5
dijpdpmn (δmkδnl + δmlδnk)−

1

4
δijδkl

}]
Skl, (7.7a)

Aij =

[
1

3
fijmfmkl +

1

2

{
(δikδjl − δilδjk)−

2

3
fijpfpmn (δmkδnl − δmlδnk)

}]
Akl. (7.7b)

Here, Aij is splitted into the irreps {8a} and {10} ⊕ {10∗}, and similarly Sij into the irreps
{1}, {8s}, and {27}.
For the vertex Γ∗(k, l; i,m) connecting the meson-baryon state |i,m〉 to the {10}-state
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|10; k, l〉 one has

Γ∗[k, l; i,m] =
1

2
(δkiδlm − δkmδli)−

1

6

8∑

r=1

fklrfrst (δsiδtm − δsmδti) (7.8)

Then, the s-channel ∆33-resonance contribution to the meson-baryon matrix element for
|i,m〉 → |j, n〉 is given by

M (j, n; i,m) =
8∑

k,l=1

Γ∗[k, l; j, n] Γ∗[k, l; i,m] (7.9)

The evaluation of the 4 terms in this product is straightforward:

1.
1

4

8∑

k,l=1

(δkjδln − δknδlj) (δkiδlm − δkmδli) =
1

2
[δijδmn − δinδjm] ,

2. − 1

12

8∑

k,l=1

(δkjδln − δknδlj) fklr′fr′s′t′ (δs′iδt′m − δs′mδt′i) = −1

3

8∑

r=1

fimrfjnr,

3. − 1

12

8∑

k,l=1

fklrfrst (δsjδtn − δsnδtj) (δkiδlm − δkmδli) = −1

3

8∑

r=1

fimrfjnr,

4. +
1

36

8∑

k,l=1

fklrfrst (δsjδtn − δsnδtj) fklr′fr′s′t′ (δs′iδt′m − δs′mδt′i) = +
1

3

8∑

r=1

fimrfjnr,

which gives

M (j, n; i,m) =
1

2
[δijδmn − δinδjm]−

1

3

8∑

r=1

fimrfjnr, (7.10)

and

〈MfBf |M |BiMm〉 =
8∑

j,n=1

8∑

i,m=1

a∗nb
∗
jM (j, n; i,m) ambi. (7.11)

The three-body force due to the ∆33-resonance is depicted in the right panel (b) of Fig. 5.
In the ”effective two-body potential” the ”third nucleon” is summed and integrated over.
This has the consequence that for the ”third-nucleon” the pseudoscalars do not couple.
Therefore, in matter the nucleon line, or in general the baryon line, with the ∆33-resonance
is integrated out for a non-zero contribution. Then, for symmetric baryonic matter, the
relevant pion-nucleon operator in panel (b) is

8∑

i,i′=1

M (i′, n; i,m) δi′i =
5

2
δmn. (7.12)

This is very useful for making SU(3) checks on the ”effective two-body” NN, YN, and YY
potentials.
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′ p′b
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m

n
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(b)

FIG. 5: FM Three-particle amplitude from ∆33-resonance.

VIII. FUJITA-MIYAZAWA AMPLITUDE

The expressions in (E14) should be compared to those in Fugita-Miyazawa [10] ∆33

amplitude for πN , and with the c3-pair term in the Lagrangian.

LFM = +ψ̄

[{(
(A+ B)∇1 ·∇2 +D

)
δij − (A− B) σ ·∇1 ×∇2 ǫijkτk

}
·

× π1,i(x)π2,j(x)

]
ψ, (8.1)

where

A =
5

18π2

∫
σ33
ω2
p

dp, B =
3

5
A, D =

2π

3
(a1 + 2a3), (8.2)

with the numerical values J ≡
∫
dp σ33/ω

2
p = 3.7m−3

π , and a1 + 2a3 = −0.06m−1
π . This

implies that A,B > 0 and D < 0 and for the ratio (D/A)FM ≈ −0.4m2
π.

Remark: The D-term represents s-wave πN scattering at low energies. This is not given by
the ∆33-resonance, but by the the nucleon s- and u- exchange diagrams, ππ-pair diagrams,
plus others. In the Miyazawa paper the D-term comes from the subtraction term in the πN
dispersion relations due to Oehme.
So, the D-term could be omitted when calculating the ππ-pair interaction for the two-body
NN-, YN-, and YY-potentials. Inclusion of the D-term implies merely a shift in the ππ-pair
coupling constants. We include the D-term also in the two-body potential because it is
convenient to refer always to the complete FM-interaction!
Furthermore, the SU3-generalization does not apply to the subtraction terms!

Comparing the isoscalar part with the pair-interaction

H(S2)
I = +

gS2

m3
π

ψ̄

[
∂µπ · ∂µπ

]
ψ

we have gS2
= m3

π (A+ B) ≈ 0.167, and gS2
= −mπD ≈ 0.126.

16



To cover completely the δij-term in (8.1) we need the additional pair interaction

H(S1)
I = +

∆gS1

mπ

[
ψ̄ψ
]
· (π · π)

with ∆gS1
= gS2

+mπD ≈ 0.04.

In momentum space the FM Lagrangian gives, (MFM)ij = −〈p′, q′|LFM(0)|p, q〉,

(MFM)ij = −ū(p′, s′)
[(

(A+B) q′ · q−D

)
δij

− (A− B) (q× q′ · σ) ǫijkτk
]
u(p, s). (8.3)

Comparison with (E14) gives for case I, i.e. s =M2,

A+ B =
3ḡ2GI

m2
π∆M

(
1 +

3m

2M
− 3m2

4M2

)
, (8.4a)

D = − 3ḡ2GI

m2
π∆M

(
3m2

8M2

)
m2. (8.4b)

For case II, i.e. s = (M +m)2,

A+ B =
2ḡ2GI

3m2
π∆M

(
1 +

7m

4M
− m2

2M2

)
, (8.5a)

D = − 2ḡ2GI

3m2
π∆M

(
1− 7m

4M
+

5m2

2M2

)
m2. (8.5b)

We note that the ratio (D/A)I ≪ (D/A)FM and (D/A)II ∼ (D/A)FM showing that case II
is the more appropriate approximation.

Y = +1, I = 3
2

Y = 0, I = 1

Y = −1, I = 1
2

Y = −2, I = 0

∆33(1236)

Σ∗(1385)

Ξ∗(1530)

Ω−(1674)

FIG. 6: Contents SU(3) {10}-irrep.
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A. SU(3)-generalization Fujita-Miyazawa amplitude

The SU(3)-structure of the three-body amplitude in Fig. 7 is

M(m, l, n; i, k, j) =
8∑

p,q=1

O(m : k, p) O(n; l, q)

[
10∑

r=1

d̄∗(r; l, q) d∗(r; k, p)

]
(8.6)

=
8∑

p,q=1

O(m : k, p) O(n; l, q)

[
8∑

k,l=1

Γ̄∗(k, l; l, q) Γ∗(k, l; k, p)

]
(8.7)

p

q

i j

kN lN

m n

r

(a)

⊕
p

q

i j

kN lN

m n

r

(b)

FIG. 7: Three-body FM-graphs

B. BB effective FM-potential in Nuclear Matter

The effective BB FM-potential in nuclear matter is obtained by integrating out the ”third-
nucleon”. The resulting two-body potential we obtain by imposing charge and spin conserva-
tion for that nucleon is that for symmetric matter. This implies that only the ∆33-excitation
on the ”third nucleon” will contribute because of the pseudoscalar character of the exchanged
mesons. Using the notation kN = k and lN = l to denote the SU(3)-indices of the ”third nu-
cleon”. We have for the effective two-body SU(3) matrix elements for protons and neutrons
respectively

M̄p(p, q) =
5∑

kN ,lN=4

8∑

r,s=1

Γ̄∗(r, s; lN , q) Γ
∗(r, s; kN , p), (8.8a)

M̄n(p, q) =
7∑

kN ,lN=6

8∑

r,s=1

Γ̄∗(r, s; lN , q) Γ
∗(r, s; kN , p), (8.8b)

which gives, for N=p or N=n,

ON(j, n; i,m) = O(j; i, p) O(n;m, q) M̄N(p, q), (8.9a)

O(m; i, p) = 2 [iαP fmip + (1− αP ) dmip] . (8.9b)
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For nuclear matter we have
ONM = xpOp + xnOn. (8.10)

In case of symmetric matter xp = xn = 1/2, and for neutron matter xp = 0, xn = 1.

Footnote: Note that the π, η and K couplings to the ”third nucleon” do not contribute in
a nuclear medium becuase of the sum over the spins of this nucleon.

The matrix element between two BB-states is given by

f〈BB|VFM |BB〉i =
1

4

∑

jn

∑

im

Z(ĵ, î) Z(n̂, m̂) ON(j, n; i,m) VFM(r). (8.11)

where the wave-function factors Z(...) are described in [28], and î = i − i0 etc are defined

such that î = 1, 2.
To illustrate the computation of the SU(3) matrix elements we give as an example the Σ+n
matrix element. Using the states defined in (7.4) we get

〈Σ+n|MFM |Σ+n〉 = 1

4

8∑

i,j,m,n=1

8∑

p=1

〈ψ1 − iψ2|ψj〉〈ψ6 − iψ7|ψn〉 ·

×〈ψjψn|MFM |ψiψm〉〈ψi|ψ1 − iψ2〉〈ψm|ψ1 − iψ2〉

=
1

4

8∑

i,j,m,n=1

8∑

p=1

(δ1j + iδ2j)(δ6n + iδ7n)(δ1j − iδ2j)(δ6n − iδ7n)〈ψjψn|MFM |ψiψm〉

=
1

4

2∑

i,j=1

7∑

m,n=6

8∑

p=1

Z(j, i)Z(n− 5,m− 5)〈ψjψn|MFM |ψiψm〉, (8.12)

where Z denotes the 2x2 matrix

Z =

(
1 −i
i 1

)
. (8.13)
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APPENDIX A: INTEGRAL REPRESENTATIONS

We employ throughout these notes the integral representations introduced in [2] and used
in [1, 11]. Special cases needed and not covered so far we give in this appendix.
From the inegral identity

1

ω1 + ω2

=
2

π

∫ ∞

0

dλ
λ2

(ω2
1 + λ2)(ω2

2 + λ2)
(A1)
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Supplying the Gaussian form factors, the Fourier transform B0,0 of (A1) is, see e.g. [2] for
the complete procedure,

B0,0(r1, r2) =
2

π

∫ ∞

0

λ2dλ Fα(λ,m1, r1)Fβ(λ,m2, r2) . (A2)

Using (A1) one easily derives

1

ω2
1

1

ω1 + ω2

=
2

π

∫ ∞

0

dλ

[
1

ω2
1

− 1

ω2
1 + λ2

]
1

ω2
2 + λ2

(A3)

Again, adding the Gaussian form factors, the Fourier transformation yields

⇒ 2

π

∫ ∞

0

dλ

[
I2(m1, r1)− Fα(λ,m1, r1)

]
· Fβ(λ,m2, r2) . (A4)

Here, the functions I2(m, r) and Fα(λ,m, r) have been defined in e.g. [11], eq. (4.5).
I2(m, r) = (m/4π)φ0

C(mr) the basic generalized Gauss-Yukawa function for meson exchange
with a gaussian form factor. Using (A3)-(A4) one easily derives the Fourier transform

(
1

ω2
1

+
1

ω2
2

)
1

ω1 + ω2

⇒ 2

π

∫ ∞

0

dλ

[
I2,α(m1, r1)Fβ(λ,m2, r2) + Fα(λ,m1, r1)I2,β(m2, r2)

− 2Fα(λ,m1, r1) Fβ(λ,m2, r2)

]
. (A5)

The integral representation

ω2
1

ω2
2

1

ω1 + ω2

=
2

π

∫ ∞

0

dλ

[
1− λ2

ω2
1 + λ2

] [
1

ω2
2

− 1

ω2
2 + λ2

]
(A6)

From the identity (A6) one derives the Fourier transform for the left hand side as being
given by the expression

⇒ 2

π

∫ ∞

0

dλ

{[
I0,α(m1, r1)− λ2Fα(λ,m1, r1)

]
· [I2,β(m2, r2)− Fβ(λ,m2, r2)]

}

≡ B−2,2(r1, r2) (A7)

Similarly,

ω2
2

ω2
1

1

ω1 + ω2

F.T. ⇒ B2,−2(r1, r2) (A8)

Notice that we have introduced the (non-local) Fourier transforms

1

ωm
1 ω

n
2

1

ω1 + ω2

F.T. ⇒ Bm,n(r1, r2) . (A9)

In particular, quite often appears

B1,1(r1, r2) =
2

π

∫ ∞

0

dλ Fα(λ,m1, r1) Fβ(λ,m2, r2) . (A10)
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In the non-adiabatic 1/M -correction computation, we encountered the denominator

Dna =
1

ω2
1ω

2
2

[
1

ω1

+
1

ω2

− 1

ω1 + ω2

]
, (A11)

which gives upon F.T. the coordinate space function

Bna
αβ(r1, r2) =

2

π

∫ ∞

0

dλ

λ2

[
I2(mα, r1)I2(mβ, r2)− Fα(λ, r1)Fβ(λ, r2)

]
. (A12)

APPENDIX B: DIFFERENTIATION DICTIONARY

We employ throughout these notes the integral representations introduced in [2] and used
in [1, 11]. Special cases needed and not covered so far we give in this appendix.

(i) lim
r1,r2→r

1

2
(σ1 + σ2) · q× (∇1 +∇2) F (r1)G(r2) ⇒ −1

r

d

dr
[F (r)G(r)] L · S,

(ii) lim
r1,r2→r

1

2
(σ1 + σ2) · q× (∇1 +∇2) (∇1 ·∇2) F (r1)G(r2) ⇒ −1

r

d

dr
[F ′(r)G′(r)] L · S,

(iii) lim
r1,r2→r

1

2
(σ1 + σ2) ·∇1 ×∇2 q · (∇1 −∇2) F (r1)G(r2) ⇒ − 2

r2
F ′G′ L · S,

(iv) lim
r1,r2→r

1

2
(σ1 + σ2) ·∇1 ×∇2 q · (∇1 −∇2) (∇1 ·∇2) F (r1)G(r2) ⇒

−
[
1

r
(F ′

1G1 + F1G
′
1) + 2F ′

1G
′
1

]
L · S = − 1

r2

[(
F ′′ − 1

r
F ′

)
G′′ + F ′′

(
G′′ − 1

r
G′

) ]
L · S(B1)

Here F1 = F (r1)/r1, F
′
1 = (F ′′ − F ′/r) /r, and similarly for G1, G

′
1.

The Bm,n-functions have the generic form

Bm,n(r1, r2) =
2

π

∫ ∞

0

dλ
∑

k

F (k)
α (λ, r1) G

(k)
β (λ, r2) , (B2)

where F and G are In or Fα(λ, r) functions. From this it is clear that taking the partial
derivatives and the limit r1, r2 → r give functions of the form

∂p+q

∂rp1∂r
q
2

Bm,n(r1, r2) ⇒ 2

π

∫ ∞

0

dλ
∑

k

dpF
(k)
α

drp
(λ, r)

dqG
(k)
β

drq
(λ, r) . (B3)

One can verify easily that

(i) lim
r1,r2→r

(∇1 ·∇2)Bm,n(r1, r2) =
2

π

∫ ∞

0

dλ
∑

k

[
dF

(k)
α

dr

dG
(k)
β

dr

]
(λ, r) ,

(ii) lim
r1,r2→r

(∇1 ·∇2)
2Bm,n(r1, r2) =

2

π

∫ ∞

0

dλ
∑

k

[
2

r2
dF

(k)
α

dr

dG
(k)
β

dr
+
d2F

(k)
α

dr2
d2G

(k)
β

dr2

]
(λ, r) .(B4)
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APPENDIX C: INTERPRETATION c1 AND c3-INTERACTION

1. The πN -amplitude from the c1- and c3-term: The pair-interaction Hamiltonians corre-
sponding to c1 and c3 in (1.1) are of the form

HS1
I = +

gS1
mπ

(π · π)
(
ψ̄ψ
)

, HS2
I = +

gS2
m3

π

(∂µπ · ∂µπ)
(
ψ̄ψ
)
. (C1)

The lowest order contribution to the πN -amplitude is

M =
2

mπ

[
gS1

+ gS2

q′ · q
m2

π

]
=

2

mπ

(gS1
+ gS2

)− gS2

mπ

t

m2
π

, (C2)

where q and q′ are respectively the initial and final pion momenta, and t = (q′ − q)2.

2. The πN -amplitude from σ and P -exchange: The ππ-coupling of the σ and pomeron are
defined by

Lσππ =
1

2
gσππmπ (σπ · π) , LPππ =

1

2
gPππmπ (Pπ · π) . (C3)

Then, in terms of the width gσππ is given by the formula g2σππ/4π = 2(m2
σ/m

2
π)(Γσ/p), where

p =
√
m2

σ − 4m2
π/2. In Born-Approximation one has

M = mπ

[
gσππgσNN

t−m2
σ

eaσt +
gPππgPNN

M2
eaP t

]
, (C4)

From c1 ≈ 0, one has

−gσππgσNN

m2
σ

+
gPππgPNN

M2
≈ 0 . (C5)

Introducing the expansion
M = M(0) +M(1)t+ . . . , (C6)

for low t gives, using (C4) and (C5), that the term linear in t of the πN -amplitude is given
by

M(1) ≈ mπ
gσππgσNN

m2
σ

(
aP − aσ −

1

m2
σ

)

= mπ
gσππgσNN

m2
σ

(
1

4m2
P

− 1

Λ2
σ

− 1

m2
σ

)

≈ −mπ
gσππgσNN

m2
σ

1

Λ2
σ

. (C7)

Here, we used mP ≈ 310 MeV and mσ ≈ 2mP .

3. Conjecture: Assuming now that M(1) corresponds to the c3-term in (1.1), and so also to
the pair-interaction (2.2), one has the relation

gS2

4π
≈ +

m4
π

m2
σΛ

2
σ

gσππgσNN

4π
. (C8)
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In order to answer the question whether equation (C8) is a reasonable one, we use the value
for gS2

given in section II, and from [13] the estimates

m2
σ ≈ 30m2

π,
gσππgσNN

4π
≈ 25 . (C9)

Then, we obtain Λσ ≈ 2.56mπ = 360 MeV. Now we must realize that

1

Λ2
σ

=
1

Λ2
σππ

+
1

Λ2
σNN

(C10)

Assuming that the cut-off’s for the σππ- and σNN -vertex are approximately equal, we
obtain from (C10)

Λσππ ≈ ΛσNN ≈
√
2Λσ = 510 MeV . (C11)

This is a perfectly acceptable value for these cut-off parameters. Therefore, we conclude
that the c3-term in the Lagrangian (1.1) finds a natural explanation in σ and P -exchange.
It can be considered as due to the first term in the low t expansion of the form factor.

The upshot of this analysis is that in dynamical models for low energy πN the c3-term
must not be included. Inclusion of this term with the strength as estimated in [9] would
mean ’double counting’.
4. Note on c1: From C1 and 1.1 one easily finds that

gS1
= 8(c1mπ)

(
mπ

Fπ

)2

(C12)

Using the result of Ref. [9] c1 = −0.76 ± 0.07, one gets gS1
= −0.43 ± 0.04. This would

imply a very large (ππ)0-pair interaction in the ESC-model, much larger as found in fitting
the data using the ESC-model. Also, a consequence in ΛN would be that the attraction
would mainly come from the region beyond r = 1 fm, which is in conflict with the studies of
Λ-hypernuclei [14] The natural explanation is also here that indeed the effective c1 is mainly
produced by σ and P exchange.
5. Miscelaneous relations Indroducing the dimensionless parameters c̃1 =: c1/M and c̃3 =:
c1/M, where M = 1 GeV/c2, one readily finds in Born-approximation for the contribution
to the πN -amplitude

M =
1

mπ

(
mπ

Fπ

)2{
8 (2c̃1 − c̃3) + 4c̃3

t

m2
π

}
(C13)

The low t-expansion of (C4), see also (C7), gives upon comparison with (C13) the relations

2c̃1 − c̃3 =
m2

π

8

M

mπ

(
Fπ

mπ

)2 [
−gσππgσNN

m2
σ

+
gPππgPNN

M2

]

c̃3 =
m2

π

4

M

mπ

(
Fπ

mπ

)2 [
−gσππgσNN

m2
σ

(
m2

π

m2
σ

+
m2

π

Λ2
σ

)
+
gPππgPNN

M2

m2
π

4m2
P

]
. (C14)

Using these formulas one can compute the contribution to c1,3 for the f0(760)- and f0(980)-
states.
6. Application to Nucleon-nucleon: The (ππ)0- and (ππ)1-pair interactions in nucleon-
nucleon (NN) represent in the diagrams with one pair-vertex the effects of the 2π-cut in
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the scalar and the vector meson form factor. The πN -diagrams, discussed above, are sub-
graphs of the NN -graphs containing these 2π-cuts. Therefore, taking into account these
one-pair terms is covering the interactions contained in the Lagrangian (1.1). The NN -
graphs with two pair vetices describe the decays of the scalar and vector mesons in two
pions. They are contained in the ’broad meson’ description of scalar σ = ǫ(760) etc. and
(ρ(760) etc exchange.

In the case of other pairs one must decide in each case whether the inclusion of the
two-pair graphs in essence is double counting. For example in the case of the (πρ)1-pair,
which has the same quantum numbers as the a1(1270), the two-pair term is included because
a1-exchange is not included in the OBE-set. The same is true for (ππ) with the quantum
numbers of the tensor mesons.

Another class of graphs is the following. Consider the exchange of σ and P , coupling to
the nucleon lines via their 2π-decay on both nucleon lines. For t = 0 these graphs look like
a graph with an internal (π · π)4-vertex. In view of the cancelation (C4) we conclude that
this vertex is very weak, and justifies the neglect of these graphs.

In conclusion, the pair terms in ESC cover the effects of the terms generated by the
effective field theories [5]. It has the advantage not being limited to the long range region,
but leads to potentials for all distances. Of course, the included physics is restricted to low
and intermediate momentum transfers (|t| ≤ 1 GeV).

APPENDIX D: PHENOMENOLOGICAL πN∆33 COUPLING

In this section we use the following local (N∗N P) interaction

HY ∗NP = −i
(
i
f ∗
Y ∗NP

mπ+

)
ψ̄NψY ∗,µ · ∂µφP , (D1)

where ψY ∗,µ denotes the Rarita-Schwinger spinor. It now well known that in this form
the 33-resonance does not couple to the right spin-3/2 degrees of freedom, hence we call it
”phenomenological”. In momentum space the vertex is given by

〈P |
∫
d4x HY ∗NP (x)|p, q〉 = (2π)4δ4(P − p− q) · fY ∗NP

mπ+

· ū∗µ(P, s′) u(p, s) · qµ

≡ (2π)4δ4(P − p− q)
[
ū∗µ(P, s

′) Γµ
Y ∗NP (P ; p, q)u(p, s)

]
, (D2)

which gives the vertex

Γµ
Y ∗NP (P ; p, q) =

f ∗
Y ∗NP

mπ+

. (D3)

The JP = 3
2

+
-resonance is described by the Rarita-Schwinger Dirac spinors [20] satisfying

the equations
(P/−MY ) u

µ
Y (P ) = 0 , γµu

µ
Y (P ) = Pµu

µ
Y (P ) = 0, (D4)

and the resonance propagator is

Pµν(p) =
Uµν(p)

p2 −M2
Y + iǫ

, (D5)
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where the spin projector is [20]

Uµν(p) =

+3/2∑

σ=−3/2

uµ(p, σ)ūν(p) = (p/+MY ) ·

·
(
−gµν +

1

3
γµγν +

1

3MY

(γµpν − γνpµ) +
2

3M2
Y

pµpν

)
. (D6)

The JP = 3
2

+
-pole S-matrix element is

Sfi =
f ∗
12f

∗
34

m2
π+

(−i)2
∫

d4P

(2π)4
ū(pf , sf )

[
(−qµ) iUµν(Pµ)

P 2 −M2
Y + iǫ

(−q′ν)
]
u(pi, si)

×(2π)4δ4(P − p− q)(2π)4δ4(p′ − q′ − P )

= −(2π)4iδ4(p′ + q′ − p− q)
(
f ∗
12f

∗
34/m

2
π+

)

×ū(pf , sf )

[
qµUµν(P )q

′ν

s−M2
Y + iǫ

]
u(pi, si), (D7)

with s = (p+ q)2 = (p′ + q′)2. The corresponding invariant amplitudes are [21]

Afi = +
f ∗
12f

∗
34

m2
π+

· 1

s−M2
Y + iǫ

·
{
1

2
(t− 2m2)(M +MY )

+
M

6M2
Y

[
M2 −m2 − s

]2
+

1

3
MY

(
s−M2

]

+
M

3

[
s−M2

]
+

m2

3MY

[
M2 −m2 − s

]}
, (D8a)

Bfi = −f
∗
12f

∗
34

m2
π+

· 1

s−M2
Y + iǫ

·
{
−1

2
(t− 2m2)− 1

6M2
Y

[
s−M2 +m2

]2

+
2

3
M MY − 1

3

(
m2 − 2M2

)
+

M

3MY

(
M2 −m2 − s

)}
. (D8b)

Here, m and M denote the pion and nucleon mass respectively.

π N-threshold: With s ≈M2+2mM , t−2m2 = −2q′·q, s+m2−M2 = m(2M+m) ≈ 2Mm,
we get

Afi ≈ −f
∗
12f

∗
34

m2
π+

·
(
MY −M − 2Mm

M +MY

)−1 [
−q′ · q + 2

3
Mm

{
1 +

m(M2 −mMY )

M2
Y (M +MY )

}]
,

Bfi ≈ +
f ∗
12f

∗
34

m2
π+

·
(
MY −M − 2Mm

M +MY

)−1 [
+q′ · q + 2

3
M2

{
1− m

MY

+
MY

M

−(2M2 +M2
Y )

m2

2M2M2
Y

}]
(M +MY )

−1. (D9)
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The M33 = Afi −mπBfi amplitude becomes

M33 ≈ −f
∗
12f

∗
34

m2
π+

·
(
MY −M − 2Mm

M +MY

)−1

ū(p′, s′)

[
−
(
1 +

m

M +MY

)
(q′ · q)

+
2

3
Mm

{
1 +

m(M2 −mMY )

M2
Y (M +MY )

− M

M +MY

(
1− m

MY

+
MY

M
− 2M2 +M2

Y

2M2M2
Y

m2

)}]
u(p, s)

≈ −f
∗
12f

∗
34

m2
π+

·
(
MY −M − 2Mm

M +MY

)−1

ū(p′, s′)

[
−(q′ · q)− 2

3
Mm ·

×
{
1− m

M

(
1 +

∆M

2M

)
/

(
1 +

5∆M

2M

)}]
u(p, s)

≈ −2
f ∗
12f

∗
34

m2
π+∆M

·
(
1− m

M

)
ū(p′, s′)

[
−(q′ · q)− 2

3
Mm ·

×
{
1− m

M

(
1− 2

∆M

M

)}]
u(p, s). (D10)

In [21] the fitted ∆33-coupling is f 2
N∆π/4π = 0.478, and a cut-off Λ = 603.22 MeV.

Comparing the with the coefficient of the q′ · q-term we have for the corresponding c3-pair
term coupling

gS2
/4π ≈ (f 2

N∆π/4π)(mπ/∆M) = 0.216. (D11)

Here, ∆M =M∆ −MN .

APPENDIX E: GAUGE-INVARIANT πN∆33 COUPLING

The so-called ’gauge-invariant coupling of the ∆33-resonance which is a spin-3/2 particle,
restricting to the positive energy states, reads [24–26]

LGI = gGI ǫ
µναβ

[(
∂µΨ

(+)
ν

)
γ5γαψ

(+) + ψ(+)γ5γα
(
∂µΨ

(+)ν
)]

(∂βφ) (E1)

The Ψµ field contains besides the spin-3/2 also spin-1/2 components. Using the interaction
(E1) it is assured that only the spin-3/2 components couple to the πN -channel. This is not
the case for the coupling in (D1).

In [25], section 5.4, the interaction Hamiltonian in the Takahashi-Umezawa formalism [27]
is derived, which leads to the s- and u-channel πN amplitudes, [25] eqn. (5.43),

Mκ′,κ(s) = −1

2
g2GI

∫
dκ1

κ1 + iǫ
ǫµναβū(p′, s′)γαγ5 q

′
β(P̄s)µ(P̄s)µ′

(
P̄/s +M∆

)
·

×
(
gνν′ −

1

3
γνγν′

)
∆(Ps)ǫ

µ′ν′α′β′

γα′γ5qβ′ u(p, s), (E2a)

Mκ′,κ(u) = −1

2
g2GI

∫
dκ1

κ1 + iǫ
ǫµναβū(p′, s′)γαγ5 qβ(P̄s)µ(P̄u)µ′

(
P̄/u +M∆

)
·

×
(
gνν′ −

1

3
γνγν′

)
∆(Pu)ǫ

µ′ν′α′β′

γα′γ5q
′
β′ u(p, s), (E2b)
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where P̄i = Pi+nκ1, i=s,u. Here, Pi = ∆i+nκ̄−nκ1 and ∆(Pi) = ǫ(P 0
i )δ(P

2
i −M2

∆) (i = s, u).
The ∆i are

∆s =
1

2
(p′ + p+ q′ + q), ∆u =

1

2
(p′ + p− q′ − q). (E3)

Using the identity

δ(P 2
i −M2

∆) =
1

|κ+1 − κ−1 |
(
δ(κ1 − κ+1 ) + δ(κ1 − κ−1 )

]
,

κpm1 = ∆i · n+ κ̄± Ai, (E4)

where Ai =
√
(n ·∆i)2 −∆2

i +M2
∆. The ǫ(P 0

i ) selects both solutions with a relative mi-
nus sign, and since P̄i are κ1-independent, the κ1-integral applies only to the quasi scalar
propagator 1/(κ1 + iǫ), and gives the factor

1

2Ai

[
1

∆i · n+ κ̄− Ai + iǫ
− 1

∆i · n+ κ̄+ Ai + iǫ

]
=

1

(∆i · n+ κ̄)2 − A2
i + iǫ

. ≡ Di(∆s, n, κ̄).

Contracting all indices the amplitudes become

Mκ′,κ(s) = −1

2
g2GI ū(p

′, s′)

[(
P̄/s +M∆

)(
P̄ 2
s (q

′ · q)− 1

3
P̄ 2
s q/

′q/− 1

3
P̄/sq/

′(P̄s · q)

+
1

3
P̄/sq/(P̄s · q′)−

2

3
(P̄s · q′)(P̄s · q)

)]
u(p, s) ·D(∆s, n, κ̄), (E5a)

Mκ′,κ(u) = −1

2
g2GI ū(p

′, s′)

[(
P̄/u +M∆

)(
P̄ 2
u (q

′ · q)− 1

3
P̄ 2
uq/q/

′ − 1

3
P̄/uq/(P̄u · q′)

+
1

3
P̄/uq/

′(P̄u · q)−
2

3
(P̄u · q′)(P̄u · q)

)]
u(p, s) ·D(∆u, n, κ̄). (E5b)

These expressions are worked out in detail in Ref. [25, 26]. Here, for our discussion we use
only the amplitudes for κ = κ′ = 0. Using the standard decomposition

M0,0 = ū(p′, s′)

[
A0,0 + B0,0 Q/

]
u(p, s), Q =

1

2
(q′ + q), (E6)
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one obtains [25, 26],

A
(s)
0,0 = −1

2
g2GI

[
+s(M +M∆) q

′ · q − s

3
(s−M2)(M +M∆)−

1

6
m2M∆(s−M2 +m2)

+
1

6
M∆(s−M2)(s−M2 +m2)− 1

6
(M +M∆)(s−M2 +m2)2

]
·D(s,M2

∆), (E7a)

B
(s)
0,0 = −1

2
g2GI

[
+s (q′ · q)− s

3
(−2M(M +M∆) +m2)− 1

6
(s+MM∆)(s−M2 +m2)

+
1

6
(s−MM∆)(s−M2 +m2)− 1

6
(s−M2 +m2)2

]
·D(s,M2

∆), (E7b)

A
(u)
0,0 = −1

2
g2GI

[
+u(M +M∆) q

′ · q − u

3
(u−M2)(M +M∆)−

1

6
m2M∆(u−M2 +m2)

+
1

6
M∆(u−M2)(u−M2 +m2)− 1

6
(M +M∆)(u−M2 +m2)2

]
·D(s,M2

∆),(E7c)

B
(u)
0,0 = −1

2
g2GI

[
−u (q′ · q)− u

3
(2M(M +M∆)−m2) +

1

6
(u+MM∆)(u−M2 +m2)

−1

6
(u−MM∆)(u−M2 +m2) +

1

6
(u−M2 +m2)2

]
·D(u,M2

∆). (E7d)

Defining

A0,0 = A
(s)
0,0 + A

(u)
0,0 , B0,0 = B

(s)
0,0 + B

(u)
0,0 , (E8)

and using in the denominators the approximation s = u =M2, we have

A0,0 = −1

2
g2GI

[
+(s+ u)(M +M∆) q

′ · q − 1

3
(M +M∆)

{
s(s−M2) + u(u−M2)

}

−1

6
m4M∆ +

1

6
M∆

{
(s−M2)(s−M2) + (u−M2)(u−M2)

}

−1

6
(M +M∆)

{
(s−M2 +m2)2 + (u−M2 +m2)2

}]
·D(M2,M2

∆), (E9a)

B0,0 = −1

2
g2GI (s− u)

[
+(q′ · q) + 1

3

{
(2M(M +M∆)−m2

}
)− 1

3
MM∆

−1

6
(s+ u− 2M2 + 2m2)

]
·D(M2,M2

∆). (E9b)
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A0,0 = −1

2
g2GI

[
+(s+ u)(M +M∆) q

′ · q − 1

3
(M +M∆)(M

2 +m2)(s+ u)

+
1

6
(M +M∆)(2M

2 + 3m2)(2M2 −m2)− 1

6
(M∆ −M)m4

− 1

12
{5(M +M∆)− (M∆ −M)}

{
(s−M2)2 + (u−M2)2

}]
·

×D(M2,M2
∆), (E10a)

B0,0 = −1

2
g2GI (s− u)

[
+(q′ · q) + 1

2
(M(M +M∆)−

1

6
M(M∆ −M)− 1

3
m2

−1

6
(s+ u− 2M2 + 2m2)

]
·D(M2,M2

∆). (E10b)

Next we note that D(M2,M2
∆) = (M2 −M2

∆)
−1 = −[(M +M∆)(M∆ −M)]−1, and keeping

only the dominant terms, i.e. terms in the numerator proportional to (M +M∆), we get the
low energy approximation

A0,0 = +
g2GI

2∆M

[
+(s+ u) q′ · q − 1

3
(M2 +m2)(s+ u)

+
1

6
(2M2 + 3m2)(2M2 −m2)− 5

12

{
(s−M2)2 + (u−M2)2

}]
, (E11a)

B0,0 = +
g2GI

4∆M
(s− u) M, (E11b)

with ∆M =M∆ −M .

I. nucleon-pole s = M2: From s + t + u = 2M2 + 2m2 we have u −M2 = −(s −M2) +
(2m2 − t) ⇒ 2(q′ · q) for s→M2. This gives

s+ u = 2M2 + 2q′ · q, s− u = −2q′ · q. (E12)

and

(s−M2)2 + (u−M2)2 → 4(q′ · q)2 → 0.

All this leads to the low energy approximation

A0,0 = +
g2GI

2∆M

[
2

3
(2M2 −m2) (q′ · q)− 1

2
m4

]
,

≈ − g2GI

2∆M

[
2

3
(2M2 −m2) (q′ · q)− 1

6

(
8M2 − 7m2

)
m2

]
,

B0,0 = − g2GI

2∆M
(q′ · q) M ≈ +

g2GI

2∆M
M
(
q′ · q−m2

)
. (E13)

For the amplitude this leads to the approximation

M33 = − g2GI

2∆M
ū(p′, s′)

[
2

3
(2M2 − 3

2
Mm−m2) (q′ · q)− 1

6

(
8M2 − 6Mm− 7m2

)
m2

]
u(p, s)

= − 3ḡ2GI

m2
π∆M

ū(p′, s′)

[
(1− 3m

4M
− m2

2M2
) (q′ · q)−

(
1− 3m

4M
− 7m2

8M2

)
m2

]
u(p, s)

⇒ +
3ḡ2GI

m2
π∆M

ū(p′, s′)

[
(1− 3m

4M
− m2

2M2
) (q′ · q)−

(
3m2

8M2

)
m2

]
u(p, s). (E14)
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Note that we introduced in the last two lines the dimensionless coupling ḡGI = gGI/Mmπ.
The last line is obtained by the substitution q′ · q ≈ −(q′ · q −m2) facilitating the relation
with the coefficients c1,3 in (1.1). We obtain

−4
m2

π

F 2
π

c3 =
3

∆M
ḡ2GI , −8

m2
π

F 2
π

c1 = +
3

∆M

m2

m2
π

(
3m2

8M2

)
. (E15)

II. πN-threshold s ≈ M2 + 2Mm: From s + t + u = 2M2 + 2m2 we have u − M2 =
−(s−M2) + (2m2 − t) ⇒ 2(q′ · q)− 2Mm. This case gives

s+ u = 2M2 + 2q′ · q, s− u = 4Mm− 2q′ · q. (E16)

and

(s−M2)2 + (u−M2)2 → 4(q′ · q)2 → 8Mm [Mm− q′ · q] .
The corresponding low energy approximation reads

A0,0 ≈ − g2GI

2∆M

[
4

3
M2

(
1 +

5m

2M
− m2

2M2

)
(q′ · q) + 2

3
M2

(
3− 5m

M
+

7m2

4M2

)
m2

]
,

B0,0 = +
g2GI

2∆M
[2Mm− q′ · q] M ≈ +

g2GI

2∆M
M
[
q′ · q+ (2Mm−m2)

]
. (E17)

For the amplitude (E17) leads to the approximation

M33 = − g2GI

2∆M
ū(p′, s′)

[
2

3
(2M2 +

7

2
Mm−m2) (q′ · q)− 1

6

(
14Mm− 7m2

)
m2

]
u(p, s)

= − 2ḡ2GI

3m2
π∆M

ū(p′, s′)

[
(1 +

7m

4M
− m2

2M2
) (q′ · q)−

(
7m

4M
− 7m2

8M2

)
m2

]
u(p, s)

⇒ +
2ḡ2GI

3m2
π∆M

ū(p′, s′)

[
(1 +

7m

4M
− m2

2M2
) (q′ · q)−

(
1− 3m2

8M2

)
m2

]
u(p, s).

(E18)

APPENDIX F: NUCLEON-RESONANCE PAIR-INTERACTIONS

In this section we derive the effective πN -interaction generated by the s-channel Nucleon
resonance states P11(1440) and S11(1535), and their SU(3) octet companions. We derive
forms with coefficients A,B,C and D like in the FM-Lagrangian. The πN amplitude reads

M = ū(pf , sf )

[
A(s, t, u) +

1

2
(q/′ + q/) B(s, t, u)

]
u(pi, si) (F1a)

= χ†(sf )

[
F (pf ,pi) + σ · q̂f G(pf ,pi) σ · q̂

]
χ(si). (F1b)

The relation between these the first (relativistic) presentation and the second (non-
relativistic) presentation, using [7] Dirac-spinors, is

F =

√
(E ′ +M ′)(E +M)

4M ′M

{
A+

1

2

[
(
√
s′ −M ′) + (

√
s−M)

]
B

}
, (F2a)

G =

√
(E ′ −M ′)(E −M)

4M ′M

{
−A+

1

2

[
(
√
s′ +M ′) + (

√
s+M)

]
B

}
. (F2b)
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We develop the amplitudes around the πN threshold, and use the approximations

E(p) ≈M +
p2

2M
, E ′(p′) ≈M ′ +

p′2

2M ′√
s−M ≈ m ,

√
s+M ≈ 2M +m,√

s′ −M ′ ≈ m′ ,
√
s′ +M ′ ≈ 2M ′ +m′,

s−M2
R = (

√
s−MR)(

√
s+MR) ≈

1

2
(m′ +m)

[
MR +

1

2
(M ′ +M)

]
,

√
s =

√
s′ ≈ 1

2
[(M ′ +M) + (m′ +m)] ,

where M ′ =Mf ,m
′ = mf . The last approximation is based on the on-energy-shell assump-

tion.
We define the effective Lagrangian such that in first-order it reproduces the πN -amplitude

similarly to [10], see expression (8.1), i.e.

Leff ≡ +ψ̄R

[{(
(A+ B)∇1 ·∇2 +D

)
δij − (A−B) σ ·∇1 ×∇2 ǫijkτk

}
·

× π1,i(x)π2,j(x)

]
ψN + h.c. (F3)

1. JP = 1
2

−
baryon-resonance

For the P11 meson-baryon resonance, e.g. the Roper resonance P11(1440), the local (N’N
P) interaction

LNRNP = fRNP [ψ̄RτψN ] · φP + h.c. (F4)

The amplitudes A and B are, see [21] Appendix C,

A(s, t, u) = +
f 2
RNP

s−M2
R + iǫ

[
1

2
(M ′ +M) +MR

]
, B(s, t, u) = +

f 2
RNP

s−M2
R + iǫ

(F5)

where the average baryon and meson masses are M̄ = (M ′ +M)/2 and m̄ = (m′ +m)/2.
Also, the last expressions for A and B refer to the threshold approximation. The Pauli-spinor
threshold amplitudes become

F ≈ f ′2

M̄ + m̄−MR + iǫ
, G ≈ p′p

4M ′M

f ′2

M̄ + m̄+MR

, (F6)

where the average baryon and meson masses are M̄ = (M ′ +M)/2 and m̄ = (m′ +m)/2.
Taking into account the resonance character we should use the resonance propagator

1

s−M2
R + iǫ

⇒ 1

s−M2
R + iMRΓR

=
s−M2

R − iMRΓR

(s−M2
R)

2 +M2
RΓ

2
R

(F7)

Restricting ourselves to the Real-part implies the multiplication of the F and G amplitudes
above by

s−M2
R + iǫ

s−M2
R + iMRΓR

⇒ (s−MR)
2

(s−M2
R)

2 +M2
RΓ

2
R
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which leads to

F ≈ f ′2 (M̄ + m̄)2 −M2
R

(s̄−M2
R)

2 +M2
RΓ

2
R

(
M̄ + m̄+MR

)
, (F8a)

G ≈ f ′2 p′p

4M ′M

(M̄ + m̄)2 −M2
R

(s̄−M2
R)

2 +M2
RΓ

2
R

(
M̄ + m̄−MR

)
, (F8b)

where s̄ = (M̄ + m̄)2. In the M-amplitude becomes in the CM-system, i.e. p′ = −q and
p = −q,

M ≈ f ′2 (M̄ + m̄)2 −M2
R

(s̄−M2
R)

2 +M2
RΓ

2
R

{(
M̄ + m̄+MR

)

+
(
M̄ + m̄−MR

) σ · q′ σ · q
4M ′M

}
. (F9)

Then, the effective Lagrangian which reproduces the M-amplitude in first order reads

Leff = f ′2 (M̄ + m̄)2 −M2
R

(s̄−M2
R)

2 +M2
RΓ

2
R

ψ̄R

[( (
M̄ + m̄+MR

)
+

(M̄ + m̄−MR)

4M ′M
·

×(∇1 ·∇2)

)
δij + i

(M̄ + m̄−MR)

4M ′M
σ ·∇1 ×∇2ǫijkτk

]
ψN φ1,iφ2,j. (F10)

Here, we inserted the isospin operators, because the effective Lagrangian must be hermitean.
In case of the isospin zero η-mesons the spin-orbit term vanishes.

Compared with the parameters in the effective Lagrangian for the FM-interaction we
have

A+ B = +f ′2 (M̄ + m̄)2 −M2
R

(s̄−M2
R)

2 +M2
RΓ

2
R

(M̄ + m̄−MR)

4M ′M
, (F11a)

A−B = +f ′2 (M̄ + m̄)2 −M2
R

(s̄−M2
R)

2 +M2
RΓ

2
R

(M̄ + m̄−MR)

4M ′M
, (F11b)

D = +f ′2 (M̄ + m̄)2 +M2
R

(s̄−M2
R)

2 +M2
RΓ

2
R

(
M̄ + m̄+MR

)
. (F11c)

2. JP = 1
2

+
baryon-resonance

For the S11(1535) meson-baryon resonance the local (N’N P) interaction

LNRNP = ifRNP [ψ̄Rγ5τψN ] · φP + h.c. (F12)

The amplitudes A and B are, see [21] Appendix C,

A(s, t, u) = +
f 2
RNP

s−M2
R + iǫ

[
1

2
(M ′ +M)−MR

]
, (F13a)

B(s, t, u) = +
f 2
RNP

s−M2
R + iǫ

(F13b)

32



The Pauli-spinor amplitudes around the threshold become

F ≈ f ′2

M̄ + m̄+MR + iǫ
, (F14a)

G ≈ p′p

4M ′M

f ′2

M̄ + m̄−MR

. (F14b)

Taking into account the resonance character, like in the previous subsection, we obtain

F ≈ f ′2 (M̄ + m̄)2 −M2
R

s−M2
R)

2 +M2
RΓ

2
R

(
M̄ + m̄−MR

)
, (F15a)

G ≈ f ′2 p′p

4M ′M

(M̄ + m̄)2 −M2
R

s−M2
R)

2 +M2
RΓ

2
R

(
M̄ + m̄+MR

)
, (F15b)

and the M-amplitude becomes in the CM-system, i.e. p′ = −q and p = −q,

M ≈ f ′2 (M̄ + m̄)2 −M2
R

s−M2
R)

2 +M2
RΓ

2
R

{(
M̄ + m̄−MR

)

+
(
M̄ + m̄+MR

) σ · q′ σ · q
4M ′M

}
. (F16)

Then, the effective Lagrangian which reproduces the M-amplitude in first order reads

Leff = f ′2 (M̄ + m̄)2 −M2
R

s−M2
R)

2 +M2
RΓ

2
R

ψ̄R

[( (
M̄ + m̄−MR

)
+

(M̄ + m̄+MR)

4M ′M
·

×(∇1 ·∇2)

)
δij + i

(M̄ + m̄) +MR

4M ′M
σ ·∇1 ×∇2ǫijkτk

]
ψN φ1,iφ2,j. (F17)

Here, we inserted the isospin operators, because the effective Lagrangian must be hermitean.
In case of the η-mesons the spin-orbit term vanishes.

Compared with the parameters in the effective Lagrangian for the FM-interaction we
have

A+ B = +f ′2 (M̄ + m̄)2 +M2
R

(s̄+M2
R)

2 +M2
RΓ

2
R

(M̄ + m̄+MR)

4M ′M
, (F18a)

A−B = +f ′2 (M̄ + m̄)2 +M2
R

(s̄+M2
R)

2 +M2
RΓ

2
R

(M̄ + m̄+MR)

4M ′M
, (F18b)

D = +f ′2 (M̄ + m̄)2 +M2
R

(s̄+M2
R)

2 +M2
RΓ

2
R

(
M̄ + m̄−MR

)
. (F18c)
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