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I. INTRODUCTION

In these notes we derive the effective two-body baryon-baryon ( nucleon-nucleon, hyperon-

nucleon, hyperon-hyperon) force in matter from the triple-, quadruple-pomeron, and more
general the N-tuple-pomeron, vertex.
General motivation: It was found by Nishizaki, Takatkska and Yamamoto [1] that the
soft-core interactions tend to give a too low maximum for the neutron star mass, which is
Mo = 1.44M. To remedy this they add a repulsive universal TBF. This is all the more
necessary since the discovery of the two-solar mass neutron stars [2, 3].

Like in Ref. [4], we consider the three- and also the four-body interactions between baryons
as generated by the triple- and quadruple-pomeron vertex (see [5, 6] for references). Then,
we integrate out one or two of the baryons to give an effective two-body potential.

In this note, we consider the triple-, quadruple-, and N-tuple-body interaction between
baryons as a given by the triple-, quadruple-, and N-tuple-pomeron vertex. The framework
we use is the description of the Pomeron with a scalar field op(z). It is a ghost-field in the
sense that the propagator is gaussian with (-)-sign. So, the Pomeron does not propagate and
gives only so-called 'contact’ interactions with a Gaussian form factor. This is the picture
used in [7] and also in the spirit of the Reggeon Field-theory formalism, see e.g. [6] and
references.

Remarks: (i) We give two derivations of the effective two-body potentials: with (a) Carte-
sian coordinates x;, and with Jacobian coordinates x,,. (i) The multi-pomeron Lagrangians
are without division by 3! and 4! for the triple- and quadruple-couplings respectively. As
a consequence the effective two-body potentials get combinatorial factors 3! respectively
4! (iii) The pomeron-vertices are defined with ‘unrationalized couplings’ Gp,Gsp, and
Gyp for the pomeron-baryon, the triple-pomeron, and qudruple-pomeron couplings respec-
tively. The ’rationalized couplings’ are defined as gp = G /4w, gsp = Gsp/(V/47)%2, and
gsp = Gyp/(47)2.

The content of these notes is as follows. In section II we review the two-body potential
from pomeron-exchange. In section III the three-body potential is given and the effective
two-body is derived, using in configuration space simple cartesian vectors for the position of
the baryons. Similarly, in section IV and section V this is done for the four-body and N-body
potentials. In section VI we discuus the triple- and quadruple couplings in connection with
the Regge field-theory perspective. In Appendix A the derivation of the configuration space
potentials is reviewed, within the context of the used normalization of the non-relativistic
one-particle states. In Appendix B the three-body configuration-space potentials are derived
using Jacobian coordinates for the baryons. Similarly in Appendix C for the four-body
potentials. Finally, in Appendix D the Jacobian coordinates are described in more detail.

Literature: Nishizaki, Takatsuka, Yamamoto, P.T.P. 105 (2001); ibid 108 (2002).
A.B. Kaidalov & K.A. Ter-Materosyan, Nucl.Phys. B75 (1974).
Th.A. Rijken, Thesis, Nijmegen 1975 (unpublished).
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FIG. 1: Pomeron and triple-pomeron exchange graphs

Combinatorial factors: Associate o(x) with the Pomeron, and
the BBP coupling

Lepp = gp W(az)w(aj)]o(m) (1.1)
The triple and quartic pomeron self-interactions we define as
Lppp = gsp 0°(x) , Lpppp = gap 0 (). (1.2)
a. Triple-pomeron exchange three-body force: 4th order diagram
Map ~ %[Lgp  Lopr]t = 4% % Lap L3 p
— Combinatorial factor diagram : 4 x % x 3l =1.
b. Quartic-pomeron exchange four-body force: Hth order diagram
Muyp ~ é[[{%P + EBBP}E) =9 X % Lip Lypp
— Combinatorial factor diagram : 5 x % x 4l =1.

Conclusion: The Lagrangians in (1.2) give no extra combinatorial
factors in the 3- and 4-body potential diagram.

II. TWO-BODY POTENTIAL FROM POMERON-EXCHANGE

Because of the universal coupling strength of the Pomeron to Baryons, we can restrict
ourselves to nucleons, without loss of generality. We start from the pomeron-interaction.



The Lagrangian and the propagator, we take as [§]

Lp = Gpy(a)ip(z) op(z) (2.1a)
AL(K?) = exp(—k?/4m%)/ M?* | (2.1b)

where the scaling mass M = 1GeV. Then, the matrix element for the graph of Fig. 1 in the
CM-system is given by [9], see Appendix A,

Mp(py, o p1,p2) = Gp (@ )u(p)] [@(—p')u(=p)] - AF[(p' — p)*]
~ Gpexp (=k*/4m3) /M2, (2.2)

where we used the CM-momenta, i.e. p; = —ps = p, and p| = —p, = p’. We also
introduced k = p’ — p. Then, the potential in configuration space is given by

dgk ik-x / /
Vp(riz) = e“*Mp(p',p)d(k — p' + p)

(2m)?
G2 4 m3
= T;ﬁﬁi exp( m%rﬁ) (2.3)
For the volume integral we get
1(2) = /d3T12Vp(T12) = G%/MQ . (24)

ITII. THREE-BODY POTENTIAL FROM THE TRIPLE-POMERON VERTEX
For the triple-pomeron vertex we take the Lagrangian

Lppp = G3pM o3(x) (3.1)
Then, the matrix element for the graph of 1 is given by

MsP(paap/mPéSPl,Pz:Ps) = G3PG§D M H?:l {[ﬂ(p;)u(ﬂ)] A?[(P; - pi)Q]}
~ GapGp M AL[(p; — pi)?] - (3.2)

The corresponding three-body potential in configuration space is given by

d3p; d3pi —ilo! X —pixs
V(X/17X/27X£’,;X17X27X3) = H?:l |:/ (27]')3 (27T)3 -e (pz i~ Pi Z):|

X Mp(pl, P, y; D1, P2, P3) (Z p; — Zp@-) . (33)

Introducing now the combinations

1
4 =5 (p;+pi) » ki=p;—pi (3.4a)
/ 1 1
p;=a+ §ki ; Pi=4qi — §ki : (3.4Db)



Then, we have that d&®p.d®p; = d*q;d*k;, and
/ / / 1 /
Pz"xz‘—Pi'Xi:%'(xi—x)+§ki'(xi + x;) (3.5)
The g¢;-integrations can be done immediately,
/dg% exp{q; - (x; —x;)} = (27)°6(x} — x3).

After this we get for the three-body potential

V(x], X5, X5, X1, X2, X3) = V(X1,Xa,X3)0(X] — x1)d(x, — Xo)0(X5 — X3) (3.6a)

Phi e
V(Xl,Xg,Xg) = G3PG?3 |:H?:1/ (27T)3 € e 1:| +0 (kl + k2 + k3) '
x exp (—ki/4m}) exp (—k3/4m}) exp (—k3/4m}) - M™° (3.6b)

where the Pomeron propagator AL[k?] given in Eq. (2.1b) is used.

A. The triple pomeron effective two-body potential

To obtain the effective two-body potential in a baryonic medium, we integrate over the co-
ordinate x3 of the third nucleon. From (3.6b) it is evident that this gives a factor (27)3d(ks).
Using this we get from (3.6b) the two-body potential

Vers(x1,%2) = PNM/d3$3 V(x1,%2,X3), (3.7a)
— 3 PNM dSkl d3k2 —iki1-x1 ,—ika-X2
VessGa, %) = GorGe g / (27)? / erpt 0

x6(ky + ko) exp (—ki/4m3) exp (—k3/4m3)

dky
= G3pG3 AR / L gikita=x2) oxp (—ki/2m3)

P Ms (2m)6
3
pnuy 8 4 (mp 1
In the last expression we introduced the rationalized couplings
gP:Gp/v47T > 93PIG3P/<47T)3/2. (38)

Note that

(i) gp is the Pomeron parameter in the Nijmegen potential program and pa-
pers.

(ii) result (3.7b) should be multiplied by the combinatorial factor: 3!



From (3.7b) one sees that if g3p > 0 this gives repulsion in a few/many-body system.

Comparing formula (3.7b) with formula (8.3) in the ESC08c paper [10]

pNM 1 4 mp ]_

shows that g5, = 8gsp.

Now, one has that
2p% P}
== == =4pg . 3.9
PNM 302 Po 6n2 PNM Po (3.9)

The volume integral of V,;; is

, s3PNm 4 3 2 (pF)3 1 4
M

Lvers = 93p9p 305 - 77 95P9P3 3 C— (3.10)

M T

IV. FOUR-BODY POTENTIAL FROM THE QUADRUPLE-POMERON VER-
TEX

For the quadruple-pomeron vertex we take the Lagrangian
£4p == G4P O';lg(l‘) (41)
Then, the matrix element for the graph of 1 is given by

M4P(p/17p/27pg7pil;pl7p27p37p4> = G4PG;1:’ H?:l {[a(p;)u(pl)] A?[(p;, - p’L)Q]}
~ G4PG313 H?:lAg[(p; _pz‘)Z] : (4.2)

The corresponding four-body potential in configuration space is given by

dgp; dgpz‘ —i(p X —Di %
V(X/DXI27X§37X21;X17X27X37X4):Hzlzl [/W/We <p2 i Pi ‘):| .

4 4
X Myp (P, P,y P, P4 D1, P2y D3, Pa) O (Z p; — Z Pz‘) . (4.3)
i=1 i=1

Introducing now the combinations

q; = %(PQ +pi) , ki=pi—p;, or (4.4a)
P; =qi+ %ki , Pi=4q; — %ki : (4.4Db)

Then, we have that d®p.d®p; = d*q;d*k;, and
DX~ P = (< - x) + gk (4 x) (45)



Again, the ¢;-integrations can be done immediately, leading to the four-body potential

V(x], X5, X5, X); X1, X2, X3, X4) = V(Xl,X27X37X4)H?:15(X; - X;), (4.6a)
d3k; o
V(x1,%2,%3,%4) = GypGp I}, {/ 2n)? e_Zkz‘xl} 0 (ki + ko + ks +ky) -

x exp (—ki/4m}) exp (—k3/4m}) exp (—k3/4m}) exp (—kj/4mP) - M~° . (4.6D)

A. The quadruple effective two-body potential

To obtain the effective two-body potential in a baryonic medium, we integrate over the
coordinate x3 and x4 of the third and fourth nucleon. From (4.6b) it is evident that this
gives the factors (2m)36(ks) and (27)35(ks). Using this we get from (4.6b the two-body
potential

Verp(x1,%2) = phous /d3353 /d3$4 V(x1,X2, X3,X4)

2 3 3
4 PNM d’ky d’ ke —iky-x1  —ikaXo
Vers(x,%2) = GarGlp M3 ./(271)3 / (27?)36 ‘ .

x6(ky + ko) exp (—ki/4m3) exp (—k3/4m3)

e G4 p?VM . dskl efiky(xl*xz) . ex (_k2/2m2>
4P PMg (271')6 p 1 P

2 3
p 4 m 1
= songt 2 = (ZE) e (—gmis). (170

Again, we introduced in the last line the rationalized 4-point coupling gip = Gup/(47)?,
similar to the rationalized 3-point coupling gsp.

Note that the result (4.7a) should be multiplied by the combinatorial factor 4!
From (4.7a) it follows that if g4p > 0 this gives repulsion in a few/many-body system.
Now, one has that

2p} P
P =5 Py = 4po - (4.8)

PNM = 3020 POT 52

The volume integral of V sy is

2 6
1 4PNM _ s 4 4 (pr 1
Iyeps = 94P9P—M8 = 94P9P—97T4 (_M> M2

V. N-BODY POTENTIAL FROM THE N-TUPLE-POMERON VERTEX

The work of the foregoing sections is easily generalized to the case of an N-tuple-pomeron
vertex. For the N-tuple-pomeron vertex we take the Lagrangian

Ly = GEIM“N oN(2) (5.1)



The N-body potential is

V(X,h s 7XIN;X17 s 7XN) = V(Xh B 7XN)H11\415(X; - Xi)? (528’)
d3k; K

Vixi,...xy)=GWaN ¥, {/ oy e—zkwxl} 5 (ki +ko+...+ky)-

x exp (—ki/4m}) exp (—k3/4m}) ... exp (—k3 /4m}) - M* TN | (5.2b)

Similarly to the section III the effective two-body potential in a baryonic medium is obtained
by integrating over the coordinates xs, ..., xy of the nucleons (baryons). From (5.2b) it is
evident that this gives the factors (2m)3d(k3) .... (27)30(ky4). Using this we get from (5.2b)
the two-body potential

Ve(fj\,p(Xth) = p%]\f/d?’xg .../d3xN V(xX1,X2,...XN)
N—2 3 3
d’k d’k: , :
V(N)(Xl,X2) = G;N)GN Pt / . / 2 pikixpmikexa

eff PaesN-17 | 2n)3 | (2n)
x0(ky + ko) exp (—ki /4m3) exp (—k3/4m7)

N—2
— oWaN PNM d’ky otk (x1—x2) | oy (—k2/2m2)
PPN | (20) PATHR/Ame

_ 3
_ (47?)(N*4)/2 (N) N p%]\f ) 8 ([ ™mp ex _lmQ 2 (5.3)
= gp ‘9p MEN=1 o /x —\/5 p o'"plz | .

Therefore, if gggN) > ( this gives repulsion in a few /many-body system. In (5.3) we introduced

the rationalized coupling gggN) = GgDN)/(éL?T).

VI. DISCUSSION AND CONCLUSION

The relation between the triple and quadruple couplings and the Regge residues is as
follows:

(i) Triple-pomeron coupling: The relation between the pomeron coupling gp and the residue
of the pomeron is given by [7]

c \ap(0)
i ) , (6.1)

G = 5(0) <W

where § & (6 — 8)M?. Analogously, the relation between the triple-pomeron coupling gzp
and the triple-residue is given by

s \ 3ap(0)/2
G3p = 7‘0(0) (%) (62)
Therefore,
Ggp 7’0(0) S ap(0) T0(0>
= ~(6—8 ) 6.3
Gr = ) OO 6:2)



According to [5] r9(0)/7(0) = 1/40 and therefore we expect Gsp/Gp =~ (0.15 — 0.20).
Comparing this with the result of the previous section implies that what is needed in the
nuclear saturation is a factor two larger as expected from the triple-pomeron contribution.
This leaves room for a contribution also from the change in the vector- (and scalar-) meson
masses, which we used in [12].

(ii) Quadruple-pomeron coupling:
Similarly to the triple-pomeron vertex, taking the relation between the quadruple-pomeron
coupling g4p and the quadruple-residue ¢ as given by

5 \ 2ap(0)
Gap = qo(0) <W> (6.4)
Then,
Gip  qo(0) /5 \3or(0)/2 q0(0)
= ~ (14.5 —22.5 . 6.5
Gr = ) (3e) ( )20(0) (65)

(iii) Quadruple-pomeron in Reggeon field theory:

In Reggeon field theory, see e.g. [6], the (bare) gap Ay of the pomeron intercept i.e.
ap(0) = 1 — A and the (bare) triple- and quartic- couplings, respectively o and A, is
related by Ag = —r2/X\o. For an estimate we identify: gip = ro and gjp = 4. In com-
paring with Regge phenomenology of the total cross sections we do not distinguish here
between 'bare’ and 'renormalized’ quantities. In fitting the high-energy pp cross sections,
Donnachie and Landshoff [13] used the 'hard’ and the ’soft” pomeron trajectories ag(t) and
oy (t) respectively:

Oéo(t) =1- AO + Oé,t,
Oél(t) =1- Al + O/t,

For the soft pomeron they fitted A; = —0.0667, and for the hard pomeron Ay = —0.452.
Using the soft pomeron and the relation above from [6], we find

G4p = —4T§/A1 ~ 60G§P,
which gives Gyp/4m =~ 30 for Gsp/4dm = 0.2. So, apart from the precise numbers for the

parameters the result seems to be that Gyp >> Gsp.

Remark: Also Gsp and G4p are running coupling constants. Therefore for low energies
these couplings may be larger than in the Regge-regime.

(iv) Polynomial-pomeron coupling:
Consider a general polynomial pomeron-vertex, using the Lagrangian

Lra = Y Gp M o} (2). (6.6)
N=3

Then, from the results above the effective two-body repulsion is given by

V(Pol)( ) = f: (N) N PN ii mp ’ R
eff \X1,X2) = 9gp gPMgN_4 i r \ V2 exp o'"PT12

N=3
. 1 4 mp 5 1 2,.2
= Eﬁ (E) exp (—imprlg) - [(gp, pun); (6.7)

9



with the volume-integral

N PNM
Veff ng 9P jsN—1 ~ f(gp. pnmr). (6.8)
p P p’ -p
f N f N A f N
[ ] [ ]
" ‘\
O' \\
k . ‘o k
» .
I' “
e AR
I" \‘\
? [
f N f N A f N
@ P P P

FIG. 2: CM One-boson-exchange graphs: The dashed lines with momentum k refers to the bosons:
pseudo-scalar, vector, axial-vector, or scalar mesons.

APPENDIX A: DERIVATION CONFIGURATION-SPACE POTENTIALS

In Fig. 2 the two time-ordered graphs are drawn for a scalar exchange proces. In momen-
tum space the matrix element from (a) and (b) is, realizing that two time-ordered graphs
are equivalent to a single Feynman graph,

1
(0, 05| M |py,p2) = —G* &(p + Py — p1 — p2) o2 (A1)
k

where we used that in the CM-frame energy conservation makes the energy transfer zero,

and the notation w;, = Vk2 + m?2.
Splitting off the CM-motion goes as follows. With

1

R=-
5

1

§(P1 —p2) , P=pi+po,

X]; +X3) , I' =X — X,

p —_=

the two-particle wave function is
: ?

(x1,X2|p1,P2) = exp [Z(Pl + p2) 'R} 1 eXp [5(1)1 — Pp2) 'I'] .

10



In configuration space

- Epydpy (EPpidps o
(21, 2| M, 22) = / 2 / Gy @)@l pelaz) (o) -

(P, py|M |py, p2) = (2m) 7" / d’pyd’pl / d’pyd’p, -
w o~ (P71 +ph-h e+i(p1-zl+p2-:v2)<p/17p/2|M‘p1,p2> — (27)*12 .
X /dSP’d?’p’ /dSPdSp e IPMRI=PR) =it mpr) (! PYIN|p, P). (A2)
With
(p, P'|M|p,P) =6(P'—P) M(p',p)
Performing the P and P’ integrations one obtains
(x| M |2y, 25) = (27)*0(R' — R) (¢'|M]r), (A3a)
wIMlr) = (20)° [ [y e ar(pp). (A3D)

Introducing the standard variables
1 / /
a=5@+p), k=p'—p, (A4)

and replacing [ d®p'd®p — [ d*qd’k, the ¢ integrations can be executed immediately. One
gets for M (k) = —G?/w?(k)

(| M) = (2m)°° / / P =) G2 (g k) (A5a)
A3k ikr
- / o € kT (k). (A5D)

For Pomeron exchange —1/w? — +exp(—k?/A?)/M?. Then, one has with ris = x; — X,

(s ah| Mplos,a) = (20) *5(R' — R) (¢|Vilria),
G2 1 A3 —m2 2 G2 4 m?jg —m2 2
e v vEL

which explains Eq. 2.3.

APPENDIX B: THREE-BODY CONFIGURATION-SPACE POTENTIALS,
JACOBIAN-COORDINATES METHOD

The free three-particle wave function is

V(X1 Xg,X3) = I, [eipi'xi} : (B1)

11



The matrix element corresponding to the triple-pomeron graph in Fig. 1 is

—k2/
(pllapéapg’M|plap2ap3) = G3PG:;3M H?:l ] (Zpl sz> ! (B2)
where k; = p, — p;.
The Jacobi-coordinates in configuration and momentum space are defined as
1 1
X, = —=(xX1 — Xo) , — B3a
0 \/5( 1 2) Py = \/§(p1 p2) ( )
1
X\ = %(Pﬁ +Xg — 2X3) , PA = %(pl + P2 — 2p3) (B3b)
1 1
R;=—(x1+X0+x3) , P3=— + po + p3). B3c
3 \/g( 1 2 3) 3 \/g(Pl P2 + P3) ( )
One has
Zpi'xi = P, X, +Pxr-X\+P3-Rg,
> K =k, + k5 + (Py — Py)”.
The potential is given by
(x1, X2, X3|V3|x1, X2, X3) = {/dz% /d?’pi} V3 (X1, X5, X3) (P, Ph, P3| Map|pi, p2, ps) -
x5 (X1, X9, X3) = (2m) 1% /ngéd?’p;dgp'/\ /d3Pd3ppd3p>\ exp [—i(P} - R; — P3 - P3)] -
x exp [—i(p), - X), = Py - X,)] exp [~i(p) - X\ — PA - xy)] -
X GapGh [M?] ™ exp {—(k2 +K2)/A} -
x exp {—(P} — P3)?/A?} (3V3)7'6* (P} — Py). (B4)

Since everything factorizes we can perform all integrals in an elementary way. The integrals

are

Iy = (27?)3/d3Péd3P3 exp [—i(P} - R — Py - P3)]exp { — (P} — P3)?/A*} -

X(53(Pg — P3) = 53(Ré — Rg)
= ) [ @ en (i) X, — By )] e {-K)/A7)

3
= &(x, —x,) A ex —1A2X2
P 14 2ﬁ p 4 Pl

Iy = (2m)” /dgp d*py exp [—i(ph - X\ — Px - X)) exp { —k3)/A%}

- () o]

12
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Separating the d-functions by defining
(x1, X2, X3|V3|x1, X2, x3) = [II}_6%(x} — x;)] V5(x1, %2, X3) (B6)

the potential becomes

Vil X2 %5) = (27) " GapGpM (ﬁ) (%)3exp e ex] e

Integration over particle 3 gives
Verp(X1,X2) = pun /d3a:3 V(x1,X2,X3). (B8)
Translating the integrand back to the variables x;,7 = 1,2,3) we have
f3 = xi—l—xiz%(x%—kxg—i—xg—xl-Xz—m 'X3—X2'X3)7

which leads to the x3-integral

3 Loy o 67\ *? Lo 2
/d T3 €Xp {_EA {x3 —x3-(x1+ XQ)}} = <P) exp {ﬂA (x1 + X2) 1
giving
A3
Vepr(xi,%x2) = (2m)""2G3pGhpun(2)° M eXp{ —A*(x) — x3) }
9/2 mip L o5 o
= (271’) GngPpMNM5 exp Qmprm , (BQ)

where we used A = 2mp. Inserting the rationalized couplings gp, g3p defined by Gp = V4wgp
and Gsp = (47)%/2g3p one has

3
P 2 4 m 1
Verp(x1,%X2) = gspgp —/\Afl];] o —\/7? (—\/g) exp {—§m2pr32} , (B10)

This formula agrees with (3.7b)!

APPENDIX C: FOUR-BODY CONFIGURATION-SPACE POTENTIALS,
JACOBIAN-COORDINATES METHOD

The free four-particle wave function is
¢4(X1,X2,X3) = H?:l [Bipilxi} . (C].)
The matrix element corresponding to the triple-pomeron graph in Fig. 1 is

(e )

—k2/
(PY, Py Dy DAl M |p1, D2, p3, pa) = GapGpM I,

13



where k; = p, — p;.

The Jacobi-coordinates in configuration and momentum space are defined as

1 1
Xp=—"72=X1—X2) , Pp=—7=(P1— C3a
) \/5(1 2) , Py \/§(p1 p2) (C3a)
1 1
XA:%(Xl"‘XQ—QXS) ; pA:%(pl‘i‘pQ_ZpS) (C3b)
L (%1 4 %0 + x5 — 3%4) L (b1 + ps + ps — 3p4) (C30)
X, = — (X1 + X9 + X3 — 3X4) , = — c
" B 1 2 3 4 Pu iB P1 T~ P2 —P3 P4
1 1
Ri=—=x+x2+x3+x4) , Pa=—=(p1 +P2+P3+Pa) (C3d)
4 \/Z
One has
4
sz"xi:pp'Xp+p,\-X>\+p#-XM+P4-R4,
=1

> K =k, + K5 + K. + (P, — Py)”.
The potential is given by

(XI17X/27Xg>xﬁl‘v4‘xlax27x37x4> = H?:l {/ dgp;/dgpi} wZ(X/bX/QvXéaXiL) '
><(p’l,pé,pé,,pQ!lep!pl,pz,ps,m)wfi(xl,Xz,X3,X4) =
(2m)~* /dSPéd?’p'pd?’p’/\d?’p; /dSPdgppdSpAd3pu exp [—i(P} - R, — P, -Py)|-

x exp [—i(p), - X}, = P, - X,)] exp [<i(P) - X} — px - X)) exp [—i(P), - X], — Pu - X)) -
xGapGh M2 ™ exp {—(2 + K2+ K2)/A} -
x exp {—(P}) — P4)?/A?} (4V4)7'6*(P) — Py). (C4)

Since everything factorizes we can perform all integrals in an elementary way. The integrals
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are

Iey = (2m)7° / d*Pyd® Pyexp [—i(P) - R — Py - Py)] exp {—(Pil — P4)2/A2} .

x5 (P} — Py) = *(R), — Ry)

I, = (2m)~° /d3p;d3pp exp [—i(p), - X, — P, - x,)] exp {—k2)/A*}

= &(x, —x,) A 3exp —1/\23{2
PP\ 2y 4° TP
I, = (2n)°° /dgp’)\d:gp)\ exp [—i(p) - X} — P - x)\)] exp {—ki)/AQ}

= 5(x, — L ’ —1A2 2
(X/\ XA) 2ﬁ exp 4 X\ s

I, = (2m)~° /d3p;d3pu exp [—z‘(pL . XL —Pu- Xu)] exp {—ki)/Az}
A 1
30! 2.2
= 0°(x), — x,) <ﬁ> exp [_ZA Xu} .
Separating the d-functions by defining

(XllaX,27Xé7X£1|‘/4|X17X27X37X4) = [Hleég(xé - XZ)] ‘/ZI(XMXQ)X?MXZL)

the potential becomes

AN?
Vi(x1, X9, X3,%4) = (2m) 2GupGH M (M) (7?)9/2 :
1
X exp {—ZAZ(X?) +x3 + xi)] :
Integration over particle 3 and 4 gives

‘/eff(XhXQ) = p?WN /d3$3d3$4 V(X17X27X37X4)'

Translating the integrand back to the variables x;,7 = 1,2,3) we have

>~ w

— 2 2 2 _
Ji=x,+x,+x, =

1
—§(X1'X2+X1'X3+X2'X3X1'X4+X2'X4+X3'X4)
3 2 3
= (X x5 — 5% - %) + < (x5 +x7)

4 3 4
1
) [(x1 +Xg) - (X3 + X4) + X3 - X4
2 1
= S(xf+x5 - 3% $Xa) + §(X3 —xy)?

4
1 1
—i—Z(xg + )(4)2 — §(X1 +X3) - (X3 + X4).

(x] + x5 + x5+ x3)

w
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Introducing x = (x3 + x4)/2 and y = x3 — X4 leads to the 34-integrals

1 1
/d3xd3y exp {—ZAQ {x2 —x-(x1 + Xz)} — §A2y21 =

& 3/2 47 3/2 1
(P) (P> P [EA2<X1+X2>2]

A3 1
Vagsla) = (20) 2 Gup G s o0 |~ 540~ 0

giving
_ m? 1
= ) GGl (V2) Jhew |-gmih] . ()

where we used A = 2mp. Inserting the rationalized couplings gp, g4p defined by Gp = V4wgp
and Gyp = (47)?g4p one has

1 Pun 4 mp')” L 5 o
Verr(x1,X2) = 8gupgp Wﬁ 7 eXp | =5 MpTy | (C10)
This formula agrees with (4.7a)!
79 ms3
mao ‘
my
my
T4
T
)

FIG. 3: Jacobi-coordinates of a four particle system.

APPENDIX D: JACOBI-COORDINATES A=4 SYSTEMS

For an N-body system the Jacobian coordinates r; are constructed via the following rules:

ri = X; — Xo, (Dla)
J m J
k
r, = E — X — X541, Mo; = E mp. (le)
k=1 MMoj k=1
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Here, xy.1 = 0 and for j=N this is defined as ry = R the center of mass
1
R = M;mkxk, M = mon = ;mk (D2)

For N=4 this leads to the Jacobian coordinates

r = X1 — Xy, (D3a)
m1Xp + meoX
r, = R12—X3:M—X37 (D3b)
mi + Mo
m1Xy + MoXso + M3X
rs = R123—X4: 171 272 373 — Xy, (D3C)

mi + mg + Mg

R = Ry — miXp + MoXg + M3Xg + m4X4' (D3d)
my + Mo + M3 + My
The inverse of (D3) reads
m m m
X1 = R + 2 ry + 3 ro + 1 Is, (D4a)
my + My my + mg + Mg my + mg + ms + My
m m m
X9 = R - ! r+ 3 ro + 4 Irs, (D4b)
my + mo mi + Mo + M3 mi1 + Mo + M3 + My
X3 = R — ™ +m2 ro + 4 rs, (D4C)

2
m1+m2+m3 m1+m2+m3+m4
my + Mo + M3

x4 = R— rs. (D4d)
my + mo + M3 + My

1. Four-pomeron Potential

For the multi-pomeron potentials for the leading term we neglect the baryon mass-
differences. Therefore we take m; = mo = ms = my. Then,

ry = X; — X9 = \/ixp, (Dba)
1 3
ry = §(X1 +X2) — X3 = 5%\ (D5b)
1 4
rz = g(xl + Xy +X3) — X4 = 3% (D5c¢)
1 1
ry = Z(Xl + X9 + X3 + X4) = ZR, (D5d)
with the inverse
1 1 1
X1 = R+ 51’1 + grg + ng, (D6a)
1 1 1
X9 = R — 5[‘1 + §I'2 + ng, (D6b)
2 1
X3 = R — gI’Q + ng, (DGC)
3
Xy = R — ng. (D6d)

17



Analogous to the A=3 case we work with the configuration and momentum space Jacobi-
variables

X, = =0 =) . B, = (P pa). (D7a)
X\ = %(Xl +Xy —2X3) , PA = \/ié(m + P2 — 2p3), (D7b)
X, = %(Xl +Xo+X3—3Xy4) , Pu= %(pl + p2 + P3 — 3pa), (D7c)
RZ%(X1+X2+X3+X4) ) PZ%(P1+P2+P3+P4)- (D7d)

This gives \
Zpi:P'R+pp'xp+pA'XA+pu'Xu (D8)

=1

The connection with the Jacobi-coordinates used in the case of the triton is given by

rr=p, 2= 5 A7 <D9)

which indeed yields
(x1 — X2)® + (x1 — x3)% + (%2 — x3)° = 3(p® + A?).

In Fig. 3 the constellation of the different vectors are displayed. We note that only particle
4 is connected with the center of mass.
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3.4/ 13
W) = [ [ @ Vel

T
d3 d3k i(q-(r'—r) Ji(k-(r'+r
_ // (26';)6 (e (/=) il (' 4) /2y (¢ o)

where q = (p’ +p)/2,k = p' — p.
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