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Abstract

Effective Hyperon-nucleon Two-Meson-Pair Exchange potentials are derived for the (πρ)1-pairs

etc. that figure in the Extended-soft-core (ESC) models for Baryon-baryon scattering [1, 2]. For

comparison we also give, in an appendix, the Fujita-Miyazawa three-nucleon potentials.

The pair-vertices contain: (i) heavy-boson effects, (ii) resonance effects, and (iii) negative-energy

baryon contributions. The first two effects have been discussed in [3, 4]. Item (iii) see [5, 6], where

it is shown that the negative energy intermediate state baryon contributions can be described by

an effective interaction Hamiltonian. The two-body integral equations for positive-energy baryons

becomes relativistic covariant.

The out-integration of the ”third” nucleon reduces the three-body contribution, and only from

the pair-interactions included in ESC04, ESC08 the contributions from (ππ)0, (πη), (πσ) and (πω)

pairs survive. The G-matrix model GESC18 includes the multi-pomeron (MPP) repulsion, and we

added the meson-pair vertices (σσ), (V V ) and (AA).

The results of the inclusion of the three-body interactions generated by the pair-interactions are:

(a) The (πη), (πσ), (πω) pair interactions lead to Uσσ ≥ +1.5; (b) The Λ-nucleus interaction is

strong enough to support the Isaka-Yamamoto calculations on Λ-hypernuclei; (c) The (σσ) pair

interactions give the possibility of a sizeable attraction in ΞN(3S1, T = 1); (d) The MPP-strength

can be taken as large as to support the 2M⊙ neutron stars.

PACS numbers:
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FIG. 1: Meson-pair description and low-energy approximation.

==============================================================

I. INTRODUCTION

Meson-Pair-Exchange (MPE) YNN potentials are derived for all meson-pairs that figure

in the Extended-soft-core (ESC) models for Baryon-baryon scattering [1, 2].

Two-meson-exchange three-body-potentials have been studied already for a long time, start-

ing with Primakov and Holstein [7], and followed by Drell and Huang [8], Miyazawa and

Fujita [9, 10]. The Tucson-Melbourne three-body force [11, 12] is based on extrapolations

of the pion-nucleon amplitudes, phenomenological input, and using PCAC and current al-

gebra for controlling the form of the (off-shell) pion-nucleon momenta, with an emphasis on

(broken) chiral-symmetry (BCS). However, these constructions are not done in close cor-

respondence with a realistic two-body force. Later Grangè et al [13] worked out a rather

complete three-nucleon potential for the Paris potentials [14]. Here, important contributions

were alluded to nucleon-antinucleon (NN̄) pairs contributions.

It is the aim of this paper to derive the three-nucleon potential corresponding to the

dynamics contained in the ESC-models. Very early, pion-pair exchange in connection with

the three-nucleon potential was discussed and in principle consistent with the two-nucleon

force [8]. Especially, with the ESC-model, we are in an ideal position to derive three-body

BB-potentials, which are consistent with the two-body BB-potentials, because it is the only

realistic baryon-baryon interaction model that incorporates meson-pair-exchange as well as

one-boson-exchange (OBE). All the occurring parameters were fitted to the Nijmegen partial
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wave analysis [15] for the two-nucleon scattering data for Tlab ≤ 350 MeV, and the low-energy

data, reaching χ2
p.d.p. = 1.09, see for details [16].

Now, because of the large cancellations that take place from the iterated OBE-potentials

in the three-body systems, a particular prominent role is played by the meson-pair interac-

tions. This was recognized already a long time agoo. In the fifties and sixties three-body

potentials were worked out already [8, 17], and also the effect of excited intermediate

states involving e.g. the ∆33-resonance [9]. Since all the effects of the heavy-bosons and

meson-baryon resonances are implicitly included in the pair-interactions of the ESC-model,

a rather complete description of the three-body forces will emerge by working out all the

OBE-iterated, and mesoson-pair-exchanges (MPE).

It has been shown in [18] that the three-body potentials from the iterated OBE-exchanges

vanish in the absence of negative-energy nucleon-sates are absolutely suppressed, which

we assume in the ESC-model approach. Then, this brings forward the prominence of the

meson-pair contributions to the three-body force.

The methods used in this treatise on the three-nucleon force were developed in [19] and

applied in [3, 4].

The content of these notes is as follows: In section II the meson pair interactions Hamil-

tonians are defined, the BB matrix elements in Dirac and Pauli spinor space, and the YNN-

graphs are given. In section III the Feynman diagram calculation is worked out, taking the

(πρ)!-pair as an example. In section IV the three-particle potential in configuration space

is described. In section V the two-meson-pair exchange three-body potentials are listed for

all pair types. In section VI the effective two-body potentials in nuclear matter are derived

by the out-integration of the ”third” nucleon. In section VII the LNR-approximation is

applied, which leads to rather drastic reduction in the contributions. In section VIII the

configuration-space three-body induced hyperon-nucleon potentials are derived. In section

IX the multi-pomeron effective 2-body potentials are described. Sections X, XI the ΛN,ΣN ,

and ΞN G-matrix applications. Section XII gives the result for the nuclear saturation. Sec-

tions XIII and XIV contain the Conclusions, Outlook, and Discussion.

The notes contain a number of both technical and physics appendices: In appendix A the
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eaxact reduction of Dirac-spinors to Pauli-spinors is given. Appendix D describes the Fourier

transformation for non-local potentials. Appendices E, F, and G contain differentiation for-

mules, Fourier integrals, and the transformation to configuration space. Appendix I gives

the SU(3) structure of the pair-couplings, and the meson mixing. Appendix J discusses

the SU(3) structure of the ”effective” potentials. Appendix H treats the Fujita-Miyazawa

potential.

Appendix L and M derive the σV V - and σAA-potentials respectively. Appendix N gives an

estimate of the σσσ-coupling based on local chiral symmetry and mean-field (MF) models.

In appendix O the Pomeron contributions to the (σσ), (V V )0 and (AA)0 pair couplings is

estimated. Finally, in Appendix N the two-body potentials due to the (σσ)0, (V V )0, and

(AA)0 pairs are derived and discussed.

==============================================================

II. THE MESON-PAIR INTERACTIONS

Before we can proceed and calculate the pair-meson potentials, we have to define the

nucleon-nucleon-meson (NNm) and nucleon-nucleon-meson-meson (NNm1m2) Hamiltoni-

ans. For point couplings the nucleon-nucleon-meson Hamiltonians are [20]

HPV =
fP
mπ

ψ̄γ5γµτψ ·∂µφP , (2.1a)

HV = gV ψ̄γµτψ ·φµ
V − fV

2M
ψ̄σµντψ ·∂νφµ

V , (2.1b)

HS = gSψ̄τψ ·φS , (2.1c)

where φ denotes the pseudovector-, vector-, and scalar-meson field, respectively. For the

isospin I = 0 mesons, the isospin Pauli matrices, τ , are absent.
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A. Meson-Pair Interaction Hamiltonians

For the phenomenological meson-pair interactions the Hamiltonians, for meson-pairs with

quantum numbers (J,P,C), are

JPC = 0++ : HS = ψ̄ψ
[
g
(1)
(ππ)0

π ·π + g
(2)
(ππ)0

∂µπ ·∂µπ/m2
π + g(σσ)σ

2
]
/mπ, (2.2a)

HE = ψ̄τψ · π
[
g(πη)η + g(πη′)η

′
]
/mπ, (2.2b)

JPC = 1−− : HV = g(ππ)1ψ̄γµτψ · (π×∂µπ)/m2
π

−f(ππ)1
2M

ψ̄σµντψ∂
ν · (π×∂µπ)/m2

π, (2.2c)

JPC = 1++ : HA = g(πρ)1ψ̄γ5γµτψ · (π × ρµ)/mπ, (2.2d)

HP = g(πσ)ψ̄γ5γµτψ · (π∂µσ − σ∂µπ)/m2
π

+ g(πP )ψ̄γ5γµτψ · (π∂µP − P∂µπ)/m2
π, (2.2e)

JPC = 1+− : HH = −ig(πρ)0ψ̄γ5σµνψ∂ν(π ·ρµ)/m2
π, (2.2f)

HB = −ig(πω)ψ̄γ5σµντψ · ∂ν(π ωµ)/m2
π. (2.2g)

In Eq. (2.2e) we have included the Pomeron contribution, but in recent ESC-models

g(πP ) = 0.

As for the scaling of the pair-coupling parameters, we have choosen the π+-marss. For the

operators ∂µπ(x) this follows the non-linear chiral models. The other scaling mπ-factors

may be could be better replaced by M , the nucleon mass. This would presumably repre-

sent better the scale of the physics involved. For example pair-couplings from NN̄-pairs

(’negative-energy staes’) would be parameterized more naturally this way. However, in our

works on the ESC-model we sofar always used the mπ-mass as a scaling parameter, and

therefore we will do this also in this paper.

The transition from Dirac spinors to Pauli spinors is reviewed in Appendix C of [19].

Following this reference and keeping only terms up to order 1/M , we find that the vertex

operators in Pauli-spinor space for the NNm vertices are given by
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ū(p′)Γ
(1)
P u(p) = −i fP

mπ

[
σ1 ·k± ω

2M
σ1 ·(p′ + p)

]
, (2.3a)

ū(p′)Γ
(1)
V u(p) = gV

[{(
1 +

p′ · p
4M2

)
− i

4M2
p′ × p · σ

}
φ0
V

− 1

2M

{
(p′ + p) + i(1 + κV )σ1×k

}
·φV

]
, (2.3b)

ū(p′)Γ
(1)
S u(p) = gS

[(
1− p′ · p

4M2

)
− i

4M2
p′ × p · σ

]
, (2.3c)

where we defined k = p′ −p and κV = fV /gV . In the pseudovector vertex, the upper (lower)

sign stands for creation (absorption) of the pion at the vertex. In passing we note that the

inclusion of the 1/M2-terms is necessary in order to get spin-orbit potentials, like in the

case of the OBE-potentials.

Assigning always the momentum k1 to the pion, the NNm1m2-vertices (2.2a)-(2.2g) result

in

ū(p′)Γ
(2)
S u(p) =

g(ππ)0
mπ

[(
1− p′ · p

4M2

)
− i

4M2
p′ × p · σ

]
, (2.4a)

ū(p′)Γ
(2)
E u(p) =

g(πη)
mπ

[(
1− p′ · p

4M2

)
− i

4M2
p′ × p · σ

]
, (2.4b)

ū(p′)Γ
(2)
V u(p) = i

g(ππ)1
m2

π

[
(±ω1 ∓ ω2)

{(
1 +

p′ · p
4M2

)
− i

4M2
p′ × p · σ

}

+
1

M

{
q·(k1 − k2)− (1 + κ1)σ ·(k1 × k2)

}]
, (2.4c)

ū(p′)Γ
(2)
A u(p) = g(πρ)1

[
σ ·ρ− 1

M
σ ·q ρ0

]
/mπ, (2.4d)

ū(p′)Γ
(2)
P u(p) = i

g(πσ)
m2

π

[
σ ·(k1 − k2)−

1

M
σ ·q(±ω1 ∓ ω2)

]
, (2.4e)

ū(p′)Γ
(2)
H u(p) = ig(πρ)0

[
(±ω1 ± ω2)σ ·ρ+ σ ·(k1 + k2)ρ

0
]
/m2

π, (2.4f)

ū(p′)Γ
(2)
B u(p) = ig(πω)

[
(±ω1 ± ω2)σ ·ω + σ ·(k1 + k2)ω

0
]
/m2

π, (2.4g)

where q = 1
2
(p′ + p) and κ1 = (f/g)(ππ)1 . Again, the upper (lower) sign in front of ω1

and ω2 refers to creation (absorption) of the meson at the vertex. The (πP )-pair can be

obtained from the (πσ)-pair simply by making the substitution g(πσ) −→ g(πP ).

The (σσ)-pair coupling is similar to (2.4a) but with the coupling g(σσ)/mπ, and the (πη)-pair
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coupling is similar to (2.4b), but with g(πη′)/mπ.

B. Non-vanishing Effective Meson-Pair YNN-graphs

In Fig. 2 and Fig. 3 are shown the graphs that picture the possible contributions to the

effective hyperon-nucleon potentials under the condition that the ”spectator nucleon” (N3)

does not have a spin-flip nor a flavor change. This means that graphs with a pseudo-scalar

meson coupling to this N3 nucleon can not contribute.

k1 k2

π, η σ, ω

Λ′
1,Σ

′
1 N ′

3 N ′
2

Λ1,Σ1 N3 N2

a: V12;3

π, η σ, ω

k1 k3

Λ′
1,Σ

′
1 N ′

2 N ′
3

Λ1,Σ1 N2 N3

b: V13;2

k2 k3

π, η σ, ω

N ′
2 Λ′

1,Σ
′
1 N ′

3

N2 Λ1,Σ1 N3

c: V23;1

FIG. 2: The Born-Feynman direct-diagrams for V12;3, V13;2, V23;1

==============================================================

k1 k2

K κ,K∗

N ′
1 N ′

3 Λ′
2,Σ

′
2

Λ1,Σ1 N3 N2

a: V12;3

K σ, ω

k1 k3

N ′
1 Λ′

2,Σ
′
2 N ′

3

Λ1,Σ1 N2 N3

b: V13;2

k2 k3

K σ, ω

Λ′
2,Σ

′
2 N ′

1 N ′
3

N2 Λ1,Σ1 N3

c: V23;1

FIG. 3: The Born-Feynman exchange-diagrams for V12;3, V13;2, V23;1
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==============================================================

III. THE FEYNMAN-DIAGRAM COMPUTATION

In this section we evaluate the Feynman-diagrams in Fig. 2 for two cases for the purpose

of illustration.

1. (πρ)1-pair: Application of the Feynman-rules [20] we have for the diagram (a) in Fig. 2

−i(2π)4δ4(.....) V12;3 = (−i)3 gV
fP
mπ

g(πρ)1
mπ

(τ1)i(τ2)jǫijk(τ3)k ·

×
∫

d4k1
(2π)4

∫
d4k2
(2π)4

(+i)ū(p′1)γ5 (γ · p′1 − γ · p1) u(p1) ·

×ū(p′3)γ5γκu(p3)ū(p′2)
[
γµ +

i

2M
fV
gV
σµν(p

′
2 − p2)

ν

]
u(p2) ·

× i

k21 −m2
π + iǫ

−iηκµ
k22 −m2

ρ + iǫ
· (2π)4δ4(p′3 − p3 + k1 + k2) ·

×(2π)4δ4(p′1 − p1 − k1) (2π)
4δ4(p′2 − p2 − k2) , (3.1)

where we used

∑

λ

ǫαρ (λ)ǫ
µ
ρ(λ) = −ηµα +

kµkα

m2
ρ

→ −ηµα. (3.2)

Here we anticipated the fact that the vector-meson couples to a conserved current so that

the kµkα-term gives no contribution. From (3.1) we obtain

V12;3 = +gV
fP
mπ

g(πρ)1
mπ

(i τ 1 × τ 2 · τ 3) ·

×2M

[
ū(p′1)γ5u(p2)

] [
ū(p′3)γ5γ

µu(p3)

]
·

×ū(p′2)
[
γµ +

i

2M
fV
gV
σµν(p

′
2 − p2)

ν

]
u(p2) ·

× 1

k21 −m2
π + iǫ

1

k22 −m2
ρ + iǫ

, (3.3)

where because of the δ-functions in (3.1)

p′1 + p′2 + p′3 = p1 + p2 + p3 , (3.4a)

k1 = p′1 − p1 , k2 = p′2 − p2 , (3.4b)

p′3 − p3 = k1 + k2 . (3.4c)
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The exact transition from Dirac spinors to Pauli spinors is given in Appendix A. From

the expressions in A, keeping only terms up to order 1/M , and setting the scaling mass

M = M , we find that the vertex operators in Pauli-spinor space for the NNm vertices are

given by

ū(p′)u(p) =

[(
1− p′ · p

4M2

)
− i

4M2
p′ × p · σ

]
, (3.5a)

ū(p′)γ5u(p) = − 1

2M
[σ ·(p′ − p)] = − 1

2M
[σ ·k] , (3.5b)

ū(p′)γ0u(p) =

[(
1 +

p′ · p
4M2

)
+

i

4M2
p′ × p · σ

]
, (3.5c)

ū(p′)γ u(p) =
1

2M
[(p′ + p) + iσ × (p′ − p)] , (3.5d)

ū(p′)γ5γ
0u(p) = − 1

2M
[σ ·(p′ + p)] = − 1

M
[σ ·q] , (3.5e)

ū(p′)γ5γ u(p) = −
[
σ +

1

4M2
(σ · p′) σ (σ · p)

]
= −

[(
1− p′ · p

4M2

)
σ

− i

4M2
p′ × p+

1

4M2
(σ · p p′ + σ · p′ p)

]
≈ −σ, , (3.5f)

where we defined k = p′ − p, q = (p′ + p)/2, and κV = fV /gV . In passing we note that the

inclusion of the 1/M2-terms is necessary in order to get spin-orbit potentials, like in the

case of the OBE-potentials.

For the magnetic-coupling we use the Gordon decomposition

i ū(p′) σµν(p′ − p)νu(p) = ū(p′)

{
2Mγµ − (p′ + p)µ

}
u(p) (3.6)

We get

i ū(p′) σµν(p′ − p)νu(p) =⇒

µ = 0 :
1

M

[
p′ · p− 1

2
(p′2 + p2) + ip′ × p · σ

]
, , (3.7a)

µ = i : −
[
1

2
(p′ + p)− i

2
σ × (p′ − p)

]
. (3.7b)
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For the complete vector-vertex we obtain

ū(p′)Γµ
V u(p) ≡ ū(p′)

[
γµ +

i

2M
κV σ

µν(p′ − p)ν

]
u(p)

= ū(p′)
[
(1 + κV )γ

µ − κV
2M

(p′ + p)µ

]
u(p) =⇒

µ = 0 :

[
1 + (1 + 2κV )

p′ · p
4M2

− κV
p′2 + p2

4M2
+ i(1 + 2κV )

p′ × p · σ
4M2

]
, (3.8a)

µ = i :
1

M

[
1

2
(p′ + p) +

i

2
(1 + κV )σ × (p′ − p)

]
. (3.8b)

Using these expressions for the vertices, we find from (3.3

V12;3 ∼ +gV
fP
mπ

g(πρ)1
mπM

(i τ 1 × τ 2 · τ 3) ·

×(σ1 · k1)

{
(σ3 · q3 − σ3 · q2) +

i

2
(1 + κV ) σ2 × σ3 · k2

− 1

4M2
(σ3 · q3)

[
(1 + 2κV ) p

′
2 · p2 − κV

(
p′22 + p22

)]}
. (3.9)

Next, we add to (3.9) the expression for the Feynman-diagram (a) as in Fig. 3 where the

pion and rho are interchanged. Then we obtain the potential

V12;3 = +gV
fP
mπ

g(πρ)1
mπM

(i τ 1 × τ 2 · τ 3)

[{
(σ1 · k1)

(
σ3 · q3 − σ3 · q2

)

+
i

2
(1 + κV ) · (σ1 · k1)σ2 × σ3 · k2

}
G(0)(π,k1; ρ,k2)

−
{
(σ2 · k2)

(
σ3 · q3 − σ3 · q1

)

+
i

2
(1 + κV ) · (σ2 · k2)σ1 × σ3 · k1

}
G(0)(ρ,k1; π,k2)

]
, (3.10)

where

G(0)(π,k1; ρ,k2) = Fπ(k
2
1)Fρ(k

2
2) D

(0)
pair(ωπ(k1)ωρ(k2), (3.11)

with ω1 =
√
k2
1 +m2

π and ω2 =
√

k2
2 +m2

ρ. Furthermore, D
(0)
pair(ω1, ω2) = 1/(ω2

1ω
2
2), and

F (k2) denotes the form factor. Also, in (3.10) we have omitted the terms proportinal to

1/M3.

The expressions corresponding to the diagrams (b) and (c) of Fig. 3 can be readily obtained

from (3.10) making the appropriate substitutions.
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2. (ππ)0-pair: Application of the Feynman-rules [20] for the interaction of the (ππ)0-pairs

there are two different contributions.

a) Non-Derivative coupling: Similarly to the expression (3.3) one now has

V
(1)
12;3 = −

g
(1)
(ππ)0

m3
π

(
fP
mπ

)2

(τ 1 · τ 2) [ū(p
′
3)u(p3)] ·

×4M2 [ū(p′1)γ5u(p2)]
[
ū(p′2)γ5u(p2)

]
·

× 1

k21 −m2
π + iǫ

1

k22 −m2
π + iǫ

, (3.12)

which gives, for the leading (1/M)0-terms,

V
(1)
12;3 = −

g
(1)
(ππ)0

m3
π

(
fP
mπ

)2

(τ 1 · τ 2) (σ1 · k1 σ2 · k2) G
(0)(π,k1; π,k2), (3.13)

where

G(0)(π,k1; π,k2) = Fπ(k
2
1)Fπ(k

2
2) D

(0)
pair(ωπ(k1, ωπ(k2). (3.14)

b) Derivative coupling: Similarly to the expression (3.3) one now has

V
(2)
12;3 = +

g
(2)
(ππ)0

m3
π

(
fP
mπ

)2

(τ 1 · τ 2) (k1 · k2) [ū(p′3)u(p3)] ·

×4M2 [ū(p′1)γ5u(p2)]
[
ū(p′2)γ5u(p2)

]
·

× 1

k21 −m2
π + iǫ

1

k22 −m2
π + iǫ

, (3.15)

which gives, for the leading (1/M)0-terms,

V
(2)
12;3 = +

g
(2)
(ππ)0

m3
π

(
fP
mπ

)2

(τ 1 · τ 2) (σ1 · k1 σ2 · k2) ·

×
[
ω1ω2 − k1 · k2

]
G(0)(π,k1; π,k2). (3.16)

Note that in both cases there is an extra factor 2 because of ”identical particles” comming

from the matrix element of the π · π-operator.

The generalization of the interaction kernels to the case with a Gaussian (or any other)

form factor has been treated and explained in [19]. We make the substitution

[k2 −m2 + iδ]−1 −→
∫ ∞

0

dµ2 ρ(µ2)

k2 − µ2 + iδ
, (3.17)

for each meson-exchange line in the Feynman diagrams. Here, ρ(µ2) is the spectral function,

representing the form factors involved in meson exchange. At low and medium energy, we
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have to a very good approximation t = k2 ≈ −k2 < 0, and so for space-like momentum

transfers we can use Gaussian form factors F (k2) = exp(−k2/Λ2), where Λ denotes the

cutoff mass. The Gaussian form factor is introduced by the substitution
∫ ∞

0

dµ2 ρ(µ2)

k2 + µ2
−→ F (k2)

k2 +m2
. (3.18)

The NNm and NNm1m2 vertices have different form factors. We will use

FNNm1m2
(k1,k2) = exp(−k2

1/2Λ
2
1) exp(−k2

2/2Λ
2
2),

FNNm(k
2) = exp(−k2/2Λ2

m), (3.19)

where Λ1 and Λ2 are the form factor masses for mesons m1 and m2, respectively. A moti-

vation for this prescription could be that in “duality” the structure of the NNm1m2 vertex

is either saturated by heavy mesons or meson-nucleon resonances. In this last case, assum-

ing that the meson-nucleon resonance transitions all have roughly the same (inelastic) form

factor, the form (3.19) is a natural one.

p′a p′c p′b

pa pc pb

(a)

p′a p′c p′b

pa pc pb

(i)

FIG. 4: Three-particle amplitude (a) and the Born-Feynman graph (i)

IV. THREE-PARTICLE POTENTIAL IN CONFIGURATION SPACE

The potential in configuration space is given by the Fourier transform

V (x′
1,x

′
2,x

′
3;x1,x2,x3) = Πi=1,3

[∫
d3p′i
(2π)3

]
Πj=1,3

[∫
d3pj
(2π)3

]
·

× exp

(
−i
∑

i=1,3

p′
i · x′

i

)
exp

(
+i
∑

i=1,3

pi · xi

)
· Ṽ (p′

1,p
′
2,p

′
3;p1,p2,p3) (4.1)
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Introducing the standard set of variables

qi =
1

2
(pi + p′

i) , ki = p′
i − pi ,

∑

i=1,3

ki = 0 , (4.2)

where the last condition comes from translation invariance momentum conservation. In

terms of these momenta one has

pi · xi − p′
i · x′

i = qi · (xi − x′
i)−

1

2
ki · (xi + x′

i) , (4.3)

and therefore if the potential depends only the ki-variables, i.e.

Ṽ = Ṽ (k1,k2,k3) (4.4)

the d3qi-integrals give δ(ri − r′i) and one obtains

V (x′
1,x

′
2,x

′
3;x1,x2,x3) = δ(x′

1 − x1)δ(x
′
2 − x2)δ(x

′
3 − x3) ·

×Πi=1,3

[∫
d3ki
(2π)3

e−iki·xi

]
. (4.5)

In the following sections we calculate the MPE-potentials in configuration space. In mo-

mentum space the MPE-potentials will be of the general form

Ṽ (k1,k2,k3) = (2π)3δ(k1 + k2 + k3) Ṽ (k1,k2) (4.6)

Application of the simple result (4.5) to the potentials of the form (4.6) gives

V (x′
1,x

′
2,x

′
3;x1,x2,x3) = δ(x′

1 − x1)δ(x
′
2 − x2)δ(x

′
3 − x3) ·

×
∫

d3k1
(2π)3

∫
d3k2
(2π)3

e−ik1·(x1−x3)e−ik2·(x2−x3)Ṽ (k1,k2) . (4.7)

In the following we will denote the position of particle 3 also by r3 = x3, and denote the

relative distances between particles 1 and 2 with respect to particle 3 by r1 and r2. So

r1 = x1 − x3 , r2 = x2 − x3 , r3 = x3 . (4.8)

Here, a note on the partial derivatives is in order. Since we have by (4.6), and consequently

(4.7), that the functions we deal with are of the type v(x1 − x3,x2 − x3) ≡ v(r1, r2) and

therefore

∇1,i ≡ ∇x1,i = ∇r1,i , ∇2,i ≡ ∇x2,i = ∇r2,i , (4.9a)

∇3,i ≡ ∇x3,i = − (∇r1,i +∇r2,i) . (4.9b)
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V. TWO-MESON-PAIR EXCHANGE POTENTIAL IN MOMENTUM-SPACE

To cover all three graphs in Fig. 3, we have starting from the results of section III for

the Ṽ12;3-potentials to make the appropriate substitutions. This implies that w.r.t. the

first term, for the second and third term we have to change labels of the isospin, spin, and

external momenta pi. The exchange momenta kj are unchanged. So, we have the scheme

given in Table I.

1 → 1 τ1 → τ1 σ1 → σ1 k1 → k1

V12;3 → V13;2 : 2 → 3 τ2 → τ3 σ2 → σ3 k2 → k3

3 → 2 τ3 → τ2 σ3 → σ2 k3 → k2

1 → 2 τ1 → τ2 σ1 → σ2 k1 → k2

V12;3 → V23;1 : 2 → 3 τ2 → τ3 σ2 → σ3 k2 → k3

3 → 1 τ3 → τ1 σ3 → σ1 k3 → k1

TABLE I: Substitution rules for permutation of the external nucleons.

(i) JPC = 0++ (ππ)0-Pair Exchange Potential: The adiabatic potentials Ṽ12:3 for this pair-

interaction are

(
Ṽ

(1)
12;3

)(0)
(k1,k2) = −

g
(1)
(ππ)0

mπ

(
f

mπ

)2

(τ 1 · τ 2) (σ1 · k1)(σ2 · k2) ·

×F (k2
1)F (k

2
2) D

(0)
pair(ω1, ω2), (5.1a)

(
Ṽ

(2)
12;3

)(0)
(k1,k2) = +

g
(2)
(ππ)0

m3
π

(
f

mπ

)2

(τ 1 · τ 2) (σ1 · k1)(σ2 · k2) ·

×
[
ω1ω2 − k1 · k2

]
F (k2

1)F (k
2
2) D

(0)
pair(ω1, ω2), (5.1b)

where

D
(0)
pair(ω1, ω2) ≡ D

(1),0
pair (ω1, ω2) = D

(2),0
pair (ω1, ω2) =

1

ω2
1ω

2
2

(5.2)
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(ii) JPC = 1−− (ππ)1-Pair Exchange Potential: ‘
(
Ṽ12;3

)(1)
(ππ)1

= +i
g(ππ)1
m4

π

(
f 2
P

2M

)
(τ 1 × τ 2 · τ 3)(σ1 · k1)(σ2 · k2) ·

×
[
q1 · k1 − q2 · k2

]
F (k2

1)F (k
2
2) D

(0)
pair(ω1, ω2) , (5.3a)

(
Ṽ12;3

)(2)
(ππ)1

= −ig(ππ)1
m4

π

(
f 2
P

2M

)
(τ 1 × τ 2 · τ 3)(σ1 · k1)(σ2 · k2) ·

×
[
1

2
(p′

3 + p3) · (k1 − k2) + (1 + κ1) σ3 · (k1 × k2)

]
·

×F (k2
1)F (k

2
2) D

(0)
pair(ω1, ω2) . (5.3b)

(iii) JPC = 1++ (πρ)1-Pair Exchange Potential:
(
Ṽ12;3

)(1)
(πρ)1

= +i
g(πρ)1
mπ

(
fP gV
2mπM

)
(τ 1 × τ 2 · τ 3)

[{
(σ1 · k1) σ3 ·

(
(p′

3 − p′
2) + (p3 − p2)

)

− i(1 + κV )(σ1 · k1)(σ3 · σ2 × k2)

}
G(π,k1; ρ,k2)

−
{
(σ2 · k2) σ3 ·

(
(p′

3 − p′
1) + (p3 − p1)

)

− i(1 + κV )(σ2 · k2)(σ3 · σ1 × k1)

}
G(ρ,k1; π,k2)

]
. (5.4)

(
Ṽ13;2

)(1)
(πρ)1

= +i
g(πρ)1
mπ

(
fP gV

2mπM2

)
(τ 1 × τ 3 · τ 2)

[{
(σ1 · k1) σ2 ·

(
(p′

2 − p′
3) + (p2 − p3)

)

− i(1 + κV )(σ1 · k1)(σ2 · σ3 × k3)

}
G(π,k1; ρ,k3)

−
{
(σ3 · k3) σ3 ·

(
(p′

2 − p′
1) + (p2 − p1)

)

−i(1 + κV )(σ3 · k3)(σ2 · σ1 × k1)

}
G(ρ,k1; π,k3)

]
. (5.5)

(
Ṽ23;1

)(1)
(πρ)1

= +i
g(πρ)1
mπ

(
fP gV

2mπM2

)
(τ 2 × τ 3 · τ 1)

[{
(σ2 · k2) σ1 ·

(
(p′

1 − p′
3) + (p1 − p3)

)

− i(1 + κV )(σ2 · k2)(σ1 · σ3 × k3)

}
G(π,k2; ρ,k3)

−
{
(σ3 · k3) σ1 ·

(
(p′

1 − p′
2) + (p1 − p2)

)

−i(1 + κV )(σ3 · k3)(σ1 · σ2 × k2)

}
G(ρ,k2; π,k3)

]
. (5.6)
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We note that these expresions can be used for the pair (πρ)0 by replacing the isospin factor

in front by τ 1 · τ 2, τ 1 · τ 3, and τ 2 · τ 3, for respectively (5.4), (5.5), and (5.6).

(iv) JPC = 1++ (πσ)1-Pair Exchange Potential:

(
Ṽ12;3

)(1)
(πσ)1

= +
g(πσ)1
m2

π

(
fP gS
mπ

)[
(σ1 · k1)(σ3 · (k1 − k2))(τ 1 · τ 3) G(π,k1; σ,k2)

+ (σ2 · k2)(σ3 · (k2 − k1)(τ 2 · τ 3) G(σ,k1; π,k2)

]
. (5.7a)

(
Ṽ12;3

)(2)
(πσ)1

= −g(πσ)1
m2

π

(
fP gS

2mπM2

)[
(σ3 · (p′

3 + p3))(σ1 · k1)(τ 1 · τ 3) G(π,k1; σ,k2)

+ (σ3 · (p′
3 + p3))(σ2 · k2)(τ 2 · τ 3) G(σ,k1; π,k2)

]
. ·

×
[
2q1 · k1 + k2

1 − 2q2 · k2 + k2
2

]
(5.7b)

——————————————————————————-

(
Ṽ13;2

)(1)
(πσ)1

= +
g(πσ)1
m2

π

(
fP gS
mπ

)[
(σ1 · k1)(σ2 · (k1 − k3))(τ 1 · τ 2) G(π,k1; σ,k3)

+ (σ3 · k3)(σ2 · (k3 − k1))(τ 2 · τ 3)G(σ,k1; π,k3)

]
, (5.8a)

(
Ṽ13;2

)(2)
(πσ)1

= −g(πσ)1
m2

π

(
fP gS

2mπM2

)[
(σ2 · (p′

2 + p2))(σ1 · k1)(τ 1 · τ 2) G(π,k1; σ,k3)

+ (σ2 · (p′
2 + p2))(σ3 · k3)(τ 2 · τ 3) G(σ,k1; π,k3)

]
. ·

×
[
2q1 · k1 + k2

1 − 2q3 · k3 + k2
3

]
(5.8b)

——————————————————————————-

(
Ṽ23;1

)(1)
(πσ)1

= +
g(πσ)1
m2

π

(
fP gS
mπ

)[
(σ2 · k2)(σ1 · (k2 − k3))(τ 1 · τ 2) G(π,k2; σ,k3)

+ (σ3 · k3)(σ1 · (k3 − k2))(τ 1 · τ 3) G(σ,k2; π,k3)

]
, (5.9a)

(
Ṽ23;1

)(2)
(πσ)1

= −g(πσ)1
m2

π

(
fP gS

2mπM2

)[
(σ1 · (p′

1 + p1))(σ2 · k2)(τ 1 · τ 2) G(π,k2; σ,k3)

+ (σ1 · (p′
1 + p1))(σ3 · k3)(τ 1 · τ 3) G(σ,k2; π,k3)

]
·

×
[
2q2 · k2 + k2

2 − 2q3 · k3 + k2
3

]
(5.9b)
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(v) JPC = 1+− (πω)1-Pair Exchange Potential:

(
Ṽ12;3

)(1)
(πω)1

= −g(πω)1
m2

π

(
fP gV

2mπM2

)
·

×
[
σ3 ·

(
(p′

1 + p1) + i(1 + κV ) σ1 × k1

)
(σ2 · k2)(τ 2 · τ 3) G(ω,k1; π,k2)

+ σ3 ·
(
(p′

2 + p2) + i(1 + κV ) σ2 × k2

)
(σ1 · k1)(τ 1 · τ 3) G(π,k1;ω,k2)

]
·

×
[ (

2p1 · k1 + k2
1

)
+
(
2p2 · k2 + k2

2

)]
. (5.10a)

(5.10b)
(
Ṽ12;3

)(2)
(πω)1

= −g(πω)1
m2

π

(
fP gV
mπ

)
σ3 · (k1 + k2) ·

×
[
(σ1 · k1)(τ 1 · τ 3) G(ω,k1; π,k2) + (σ2 · k2)(τ 2 · τ 3) G(π,k1;ω,k2)

]
. (5.10c)

——————————————————————————-

(
Ṽ13;2

)(1)
(πω)1

= −g(πω)1
m2

π

(
fP gV

2mπM2

)
·

×
[
σ2 ·

(
(p′

1 + p1) + i(1 + κV ) σ1 × k1

)
(σ3 · k3)(τ 2 · τ 3) G(ω,k1; π,k3)

+ σ2 ·
(
(p′

3 + p3) + i(1 + κV ) σ3 × k3

)
(σ1 · k1)(τ 1 · τ 2) G(π,k1;ω,k3)

]
·

×
[ (

2p1 · k1 + k2
1

)
+
(
2p3 · k3 + k2

3

)]
(5.11a)

(5.11b)
(
Ṽ13;2

)(2)
(πω)1

= −g(πω)1
m2

π

(
fP gV
mπ

)
σ2 · (k1 + k3) ·

×
[
(σ1 · k1)(τ 1 · τ 2) G(ω,k1; π,k2) + (σ3 · k3)(τ 2 · τ 3) G(π,k1;ω,k3)

]
(5.11c)
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——————————————————————————-

(
Ṽ23;1

)(1)
(πω)1

= −g(πω)1
m2

π

(
fP gV

2mπM2

)
·

×
[
σ1 ·

(
(p′

2 + p2) + i(1 + κV ) σ2 × k2

)
(σ3 · k3)(τ 1 · τ 3) G(ω,k2; π,k3)

+ σ1 ·
(
(p′

3 + p3) + i(1 + κV ) σ3 × k3

)
(σ2 · k2)(τ 1 · τ 2) G(π,k2;ω,k3)

]
·

×
[ (

2p2 · k2 + k2
2

)
+
(
2p3 · k3 + k2

3

)]
(5.12a)

(5.12b)
(
Ṽ23;1

)(2)
(πω)1

= −g(πω)1
m2

π

(
fP gV
mπ

)
σ1 · (k2 + k3) ·

×
[
(σ2 · k2)(τ 1 · τ 2) G(ω,k2; π,k3) + (σ3 · k3)(τ 1 · τ 3) G(π,k1;ω(k3)

]
(5.12c)

(vi) JPC = 0++ (σσ)-Pair Exchange Potential:

Ṽ 0
12;3(k1,k2) = −g(σσ)

mπ

g2SF (k
2
1)F (k

2
2) D

(0)
pair(ω1, ω2) . (5.13)

VI. EFFECTIVE TWO-NUCLEON POTENTIALS

The complete three-nucleon MPE-potential is obtained by a sum over the permutations.

First summing over the cycles (123 gives

V3(MPE) = V12;3(MPE) + V31;2(MPE) + V23;1(MPE) . (6.1)

A. Momentum conservation restrictions.

1. In the Three-particle Feynman amplitude there is 3-momentum conservation, i.e.

p1 + p2 + p3 = p′
1 + p′

2 + p′
3. (6.2)

In the Three-particle CM-system, one has moreover:

p1 + p2 + p3 = p′
1 + p′

2 + p′
3 = 0, (6.3)
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and then q3 = −(q1 + q2).

2. In the effective two-particle potential we must require momentum conservation, i.e.

P = p1 + p2 = p′
1 + p′

2 = P′. (6.4)

Combined with (6.2) this implies that p3 = p′
3, or k3 = 0. From (6.4) it follows that

q1 + q2 = P. (6.5)

3. For the effective two-nucleon potential we are going to work in the two-particle CM-system,

so

P = p1 + p2) = p′
1 + p′

2 = 0, p′
3 = p3. (6.6)

The last relation follows from (6.2). This implies q2 = −q1, and k2 = −k1,k3 = 0. Then,

Ṽ (p′
1,p

′
2,p

′
3;p1,p2,p3) ≡ Ṽ (k1,k2,k3;q1,q2,q3) ⇒ Ṽ (k1,−k1,0;q1,−q1,q3). (6.7)

In nuclear matter one averages over p3 = q3 [22]. This means that only the quadratic term

survives and is replaced by

p23 = q23 → 〈p23〉 =
3

5
k2F , p3,ip3,j →

1

3
〈p23〉δij =

1

5
k2F . (6.8)

B. Effective Two-Nucleon Configuration-space Potentials

A very important application is the structure of the effective two-nucleon potential, which

can be used in computations of nuclear matter and for finite nuclei in e.g. local-density-

approximation (LDA). This is obtained by integrating out, for example, nucleon 3. Using

(4.7) we have

V
(eff)
12;3 =

1

4
ρNM Tr

∫
d3x3 V (x1,x2,x3) =

1

4
ρNM Tr

∫
d3x3

∫
d3k1
(2π)3

∫
d3k2
(2π)3

·

×e−ik1·(x1−x3)e−ik2·(x2−x3)Ṽ (k1,k2) |k3=−k1−k2
=

1

4
ρNM Tr

∫
d3k

(2π)3
e−ik·(x1−x2)Ṽ (k,−k),

(6.9)

where ρNM = 4ρ0 = 4k3F/6π
2, with kF = 1.4 fm−1 for symmetric nuclear matter.

In (6.9) the Tr-symbol stands for the trace over the spin and isospin operators of

particle 3 (LNR-approximation [21, 22]). This amounts to the approximation neglecting
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spin-flip and charge change for particle 3. However, this still leaves the operators σ3,z, τ3,z.

The requirement of rotational- and isospin- invariance for the effective 2-body potential,

eliminates these operators. This fully justifies the Tr-operation. Note that this is a rather

drastic approximation eliminating many terms, because: σ3, τ 3 → 0. For the reduced

potential forms: see Appendix VII.

V12;3 V13;2 V23;1

exp [−ik1 · (x1 − x3)] exp [−ik1 · (x1 − x2)] exp [−ik2 · (x2 − x1)]

× exp [−ik2 · (x2 − x3)] × exp [−ik3 · (x3 − x2)] × exp [−ik3 · (x3 − x1)]

δ(k1 + k2) δ(k3) δ(k3)

× exp [−ik1 · (x1 − x2)] × exp [−ik1 · (x1 − x2)] × exp [−ik1 · (x1 − x2)]

TABLE II: momentum transfer plane wave factors for the graphs in Fig. 3.

The same for the other terms in (6.1), using the plane-wave momentum transfer factors

in Table II and integrating over x3, we arrive at the formula

V (eff) = ρNM

∫
d3k

(2π)3
e−ik·(x1−x2)

{
Ṽ12;3(k,−k) + Ṽ13;2(k,−k) + Ṽ23;1(k,−k)

}
.(6.10)

Note that because of k1+k2+k3 = 0, for all three cases in Table II one has a k3 = 0, which

is logical.

The specific momenta assignments in the three terms in (6.10) are

Ṽ12;3(k,−k) :





k1 = +k

k2 = −k

k3 = 0

, Ṽ13;2(k,−k) :





k1 = +k

k2 = −k

k3 = 0

, Ṽ23:1(k,−k) :





k1 = +k

k2 = −k

k3 = 0

.

(6.11)

C. Potentials Ṽ12;3(k,−k), Ṽ13;2(−k,0), Ṽ23;1(0,+k) from Meson-Pair-Exchange

Here we give a list of the effective momentum-space potentials from meson-pair-exchange

(MPE). We apply the substitution given in Eq. 6.11 to the momentum-space potentials given

in section V.
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(i) JPC = 0++ (ππ)0 :

Ṽ
(0)
12;3(k,−k) = +

(
fP
mπ

)2

(τ 1 · τ 2) (σ1 · k)(σ2 · k)F 2
π (k

2) ·

×
{
g
(1)
(ππ)0

mπ

−
g
(2)
(ππ)0

m3
π

k2

}(
ω2
π(k)ω

2
π(k)

)−1
, (6.12a)

Ṽ
(0)
13;2(k,−k) = Ṽ

(0)
23;1(k,−k) = 0. (6.12b)

Here ω1 = ω1(k1) and ω2 = ω2(k2), where k1 and k2 refer to the first and second argument

in Ṽ12;3 respectively. This also applies to the further formulas of this subsection.

(ii) JPC = 1−− (ππ)1 : ‘

Ṽ
(1)
12;3(k,−k) = −g(ππ)1

m4
π

(
f 2
P

2M

)
(iτ 1 × τ 2 · τ 3)(σ1 · k)(σ2 · k) ·

×
[
(q1 + q2) · k

]
F 2
π (k

2)
(
ω2
1(k)ω

2
2(k)

)−1
, (6.13a)

Ṽ
(2)
12;3(k,−k) = 2

g(ππ)1
m4

π

(
f 2
P

2M

)
(iτ 1 × τ 2 · τ 3)(σ1 · k)(σ2 · k) ·

×
[
q3 · k

]
F 2
π (k

2)
(
ω2
1(k)ω

2
2(k)

)−1
, (6.13b)

Ṽ
(1)
13;2(k,−k) = Ṽ

(1)
23;1(k,−k) = 0, (6.13c)

Ṽ
(2)
13;2(k,−k) = Ṽ

(2)
23;1(k,−k) = 0 . (6.13d)
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(iii) JPC = 1++ (πρ)1 :

Ṽ
(1)
12;3(k,−k) = +

g(πρ)1
mπ

(
fP gV
2mπM

)
(iτ 1 × τ 2 · τ 3) ·

×
[
2(σ1 · k) σ3 · (q3 − q2)− 2(σ2 · k) σ3 · (q3 − q1)

+i(1 + κV )

(
(σ1 · k)(σ2 × σ3 · k) + (σ2 · k)(σ1 × σ3 · k)

)]
·

×Fπ(k
2) Fρ(k

2)
(
ω2
π(k) ω

2
ρ(k)

)−1
, (6.14a)

Ṽ
(1)
13;2(k,−k) = −g(πρ)1

mπ

(
fP gV
2mπM

)
(iτ 3 × τ 1 · τ 2) ·

×
{
2σ1 · kσ2 · (q2 − q3)

}
Fπ(k

2) Fρ(0)
(
ω2
π(k) m

2
ρ

)−1
,

Ṽ
(1)
23;1(k,−k) = −g(πρ)1

mπ

(
fP gV
2mπM

)
(iτ 2 × τ 3 · τ 1) ·

×
{
2σ2 · kσ1 · (q1 − q3)

}
Fρ(0) Fπ(k

2)
(
ω2
π(k)m

2
ρ

)−1
. (6.14b)

(iv) JPC = 1++ (πσ)1 :

Ṽ
(1)
12;3(k,−k) = +2

g(πσ)1
m2

π

(
fPgS
mπ

)[
(σ1 · k σ3 · k)(τ 1 · τ 3) + (σ2 · k σ3 · k)(τ 2 · τ 3)

]
·

×Fπ(k
2) Fσ(k

2)
(
ω2
π ω

2
σ

)−1
, (6.15a)

Ṽ
(2)
12;3(k,−k) = −4

g(πσ)1
m2

π

(
fPgS

2mπM2

)[
(σ1 · k σ3 · q3)(τ 1 · τ 3)− (σ2 · k σ3 · q3)(τ 2 · τ 3)

]
·

×
[
(q1 + q2) · k+ k2

]
Fπ(k

2) Fσ(k
2)
(
ω2
π ω

2
σ

)−1
, (6.15b)

Ṽ
(1)
13;2(k,−k) = +

g(πσ)1
m2

π

(
fP gS
mπ

)[
(σ1 · k σ2 · k)(τ 1 · τ 2)

(
ω2
π(k) m

2
σ

)−1
]
·

×Fπ(k
2) Fσ(0), (6.15c)

Ṽ
(2)
13;2(k,−k) = −2

g(πσ)1
m2

π

(
fPgS

2mπM2

)[
(σ1 · k σ2 · q2)(τ 1 · τ 2)

(
ω2
π(k) m

2
σ

)−1
]
·

×
[
2q1 · k1 + k2

1

]
Fπ(k

2) Fσ(0), (6.15d)

Ṽ
(1)
23;1(k,−k) = +

g(πσ)1
m2

π

(
fP gS
mπ

)[
(σ1 · k σ2 · k)(τ 1 · τ 2)

(
ω2
π(k) m

2
σ

)−1
]
·

×Fπ(k
2) Fσ(k

2), (6.15e)

Ṽ
(2)
23;1(k,−k) = −2

g(πσ)1
m2

π

(
fPgS

2mπM2

)[
(σ2 · k σ1 · q1)(τ 1 · τ 2)

(
ω2
π(k m

2
σ)
)−1
]
·

×
[
2q2 · k2 + k2

2

]
Fπ(k

2) Fσ(0). (6.15f)
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(v) JPC = 1+− (πω)1:

Ṽ
(1)
12;3(k,−k) = +2

g(πω)1
m2

π

(
fP gV

2mπM2

)[(
2σ3 · q1 − i(1 + κV ) σ1 × σ3 · k

)
(σ2 · k) (τ 2 · τ 3)

− (2σ3 · q2 + i(1 + κV ) σ2 × σ3 · k) (σ1 · k) (τ 1 · τ 3)

]
·

×
[
(p1 − p2) · k+ k2

]
Fπ(k

2) Fω(k
2)
(
ω2
π(k) ωω(k)

2
)−1

, (6.16a)

Ṽ
(2)
12;3(k,−k) = 0, (6.16b)

Ṽ
(1)
13;2(k,−k) = −2

g(πω)1
m2

π

(
fPgV

2mπM2

)[
(2σ2 · q3) (σ1 · k)

]
τ 1 · τ 2

(
ω2
π(k m

2
ω)
)−1 ·

×
[
(2p1 · k1) + k2

1

]
Fπ(k

2) Fω(0), (6.16c)

Ṽ
(2)
13;2(k,−k) = −g(πω)1

m2
π

(
fP gV
mπ

)
(σ1 · k) (σ2 · k) (τ 1 · τ 2)

(
ω2
π(k) m

2
ω

)−1 ·

×Fπ(k
2) Fω(0), (6.16d)

Ṽ
(1)
23;1(k,−k) = +

g(πω)1
m2

π

(
fPgV

2mπM2

)[
(2σ1 · q3) (σ2 · k) τ 1 · τ 2

] (
ω2
π(k) m

2
ω

)−1 ·

×
[
(2p2 · k2 + k2

2)

]
Fπ(k

2) Fω(0), (6.16e)

Ṽ
(2)
23;1(k,−k) = −g(πω)1

m2
π

(
fP gV
mπ

)
(σ1 · k) (σ2 · k) (τ 1 · τ 2)

(
ω2
π(k) m

2
ω

)−1 ·

×Fπ(k
2) Fω(0). (6.16f)

VII. LNR-APPROXIMATION TWO-MESON-PAIR EXCHANGE

POTENTIALS IN MOMENTUM-SPACE

The LNR-approximation [21] leads to a massive reduction of the number of terms in

the two-meson-pair exchange potentials given in section V. For example, the (ππ)1- and

(πρ)1-potentials vanish completely. In this section we give the reduced form of these MPE-

potentials after applying the Tr-operation: Trτ 3 = Trσ3 = 0.
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(i) JPC = 0++ (ππ)0 :

Ṽ
(0)
12;3(k,−k) = +

(
fP
mπ

)2

(τ 1 · τ 2) (σ1 · k)(σ2 · k)F 2
π (k

2) ·

×
{
g
(1)
(ππ)0

mπ

−
g
(2)
(ππ)0

m3
π

k2

}(
ω2
π(k)ω

2
π(k)

)−1
, (7.1a)

Ṽ
(0)
13;2(k,−k) = Ṽ

(0)
23;1(k,−k) = 0. (7.1b)

Here ω1 = ω1(k1) and ω2 = ω2(k2), where k1 and k2 refer to the first and second argument

in Ṽ12;3 respectively.

Remark: the (η8η8)-potential is obtained from (7.4e) by the substitutions mπ → mη and

(τ 1 · τ 2) → 1.

(ii) JPC = 1−− (ππ)1 : ‘

Ṽ
(1)
12;3(k,−k) = 0, Ṽ

(2)
12;3(k,−k) = 0, (7.2a)

Ṽ
(1)
13;2(k,−k) = Ṽ

(1)
23;1(k,−k) = 0, (7.2b)

Ṽ
(2)
13;2(k,−k) = Ṽ

(2)
23;1(k,−k) = 0 . (7.2c)

Remark: (1) For NN there are no other pairs with the same quan-

tum numbers and having I = 0, see Appendix G; (2) Interaction term

(i
√
3/2) φµ

(
K†

↔

∂µ K
)

gives for V12;3 terms ∝ q3 → 0 and ∝ (q1 + q2) → 0.

(iii) JPC = 1++ (πρ)1 :

Ṽ
(1)
12;3(k,−k) = 0, Ṽ

(1)
13;2(−k,0) = 0, Ṽ

(1)
23;1(−k,0) = 0. (7.3)

Remark: (1) For NN there are no other pairs with the same quantum numbers and having

I = 0, see Appendix G, (2) Interaction−i(
√
3/2)(K†·KA)φ8 gives term σ1·k σ2·q−σ1·q σ2·k

whose Fourier transform vanishes, (3) The interaction i
√
3/2) f1

(
K† ·K∗ −K∗† ·K

)
gives

for V12;3 terms ∝ σ3 → 0.
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(iv) JPC = 1++ (πσ)1 :

Ṽ
(1)
12;3(k,−k) = 0, Ṽ

(2)
12;3(k,−k) = 0, (7.4a)

Ṽ
(1)
13;2(k,−k) = +

g(πσ)1
m2

π

(
fP gS
mπ

)[
(σ1 · k σ2 · k)(τ 1 · τ 2)

(
ω2
π(k) m

2
σ

)−1
]
·

×Fπ(k
2) Fσ(0), (7.4b)

Ṽ
(2)
13;2(k,−k) = −2

g(πσ)1
m2

π

(
fPgS

2mπM2

)[
(σ1 · k σ2 · q2)(τ 1 · τ 2)

(
ω2
π(k) m

2
σ

)−1
]
·

×
[
2q1 · k1 + k2

1

]
Fπ(k

2) Fσ(0), (7.4c)

Ṽ
(1)
23;1(k,−k) = +

g(πσ)1
m2

π

(
fP gS
mπ

)[
(σ1 · k σ2 · k)(τ 1 · τ 2)

(
ω2
π(k) m

2
σ

)−1
]
·

×Fπ(k
2) Fσ(0), (7.4d)

Ṽ
(2)
23;1(k,−k) = −2

g(πσ)1
m2

π

(
fPgS

2mπM2

)[
(σ2 · k σ1 · q1)(τ 1 · τ 2)

(
ω2
π(k) m

2
σ

)−1
]
·

×
[
2q2 · k2 + k2

2

]
Fπ(k

2) Fσ(0). (7.4e)

Remark 1: the (η8σ)0-potential is obtained from (7.4e) by the substitutions mπ → mη and

(τ 1 · τ 2) → 1.

Remark 2: as discussed in section VIA (a) in the two-particle CM-system q1 = q2 ≡ q, and

(b) averaging gives p3 = q3 = 0. Therefore, we have

(σ2 · q2)(q1 + q3) · k → −(σ2 · q)(q · k)

(σ1 · q1)(q2 + q3) · k → −(σ1 · q)(q · k). (7.5)

The final step to the configuration-space potentials is now standard and straightforward,

see Appendix B.
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(v) JPC = 1+− (πω)1:

Ṽ
(1)
12;3(k,−k) = 0, Ṽ

(2)
12;3(k,−k) = 0 , (7.6a)

Ṽ
(1)
13;2(k,−k) = −4

g(πω)1
m2

π

(
fP gV

2mπM2

)[
(σ2 · q3) (σ1 · k)(τ 1 · τ 2)

(
ω2
π(k) m

2
ω

)−1
]

·

×
[
2p1 · k+ k2

]
Fπ(k

2) Fω(0), (7.6b)

Ṽ
(2)
13;2(k,−k) = −g(πω)1

m2
π

(
fP gV
2mπ

)[
(σ1 · k) (σ2 · k) (τ 1 · τ 2)

(
ω2
π(k) m

2
ω

)−1
]

·

×Fπ(k
2) Fω(0), (7.6c)

Ṽ
(1)
23;1(k,−k) = +2

g(πω)1
m2

π

(
fPgV

2mπM2

)[
(σ1 · q3) (σ2 · k)(τ 1 · τ 2)

(
ω2
π(k) m

2
ω

)−1
]

·

×
[
2p2 · k2 + k2

2

]
Fπ(k

2) Fω(0), (7.6d)

Ṽ
(2)
23;1(k,−k) = −g(πω)1

m2
π

(
fP gV
2mπ

)[
(σ1 · k) (σ2 · k) (τ 1 · τ 2)

(
ω2
π(k) m

2
ω

)−1
]

·

×Fπ(k
2) Fω(0). (7.6e)

Remark 1: the (η8φ8)0-potential is obtained from (7.6e) by the substitutions mπ →
mη,mω → mφ and (τ 1 · τ 2) → 1.

Remark 2: as discussed in section VIA (a) (a) p3 = q3 = 0, and (b) q3,ip3,j → 1
5
k2F δij in

nuclear matter. So, in (7.4e) the linear terms in either q3 or p3 vanish and for the quadratic

terms

(σ1,2 · q3)(p3 · k) →
1

5
k2F (σ1,2 · k). (7.7)

With these proviso’s the derivation of the configuration potential is straightforward, see

Appendix B.

(vi) JPC = 0++ (σσ)-Pair Exchange Potential:

Ṽ 0
12;3(k,−k) = −g(σσ)

mπ

g2S F
2
σ (k

2)
(
ω2
σω

2
σ

)−1
, (7.8a)

Ṽ 0
13;2(k,−k) = −g(σσ)

mπ

g2S Fσ(k
2) Fσ(0)

(
ω2
σ m

2
σ

)−1
, (7.8b)

Ṽ 0
23;1(k,−k) = Ṽ 0

13;2(k,−k). (7.8c)
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VIII. CONFIGURATION-SPACE THREE-BODY INDUCED

HYPERON-NUCLEON POTENTIALS

The so-called configuration-space effective nucleon-nucleon potentials from the previous

section VII are recorded below. In this part only the dominating terms are included, i.e. we

neglect the terms proportional to 1/M2. For the different JPC-types we obtain:

ad (i) JPC = 0++ (ππ)0-Pair Exchange Potential: From (7.1b) one gets

V
(1)
(ππ)0

(r) = −(4πρNM)

m3
π

g
(1)
(ππ)0

4π

f 2

4π
·
(
mπ

mπ+

)2

· (τ 1 · τ 2) (σ1 ·∇ σ2 ·∇) ·

× 1

2mπ

d

dmπ

[
mπ φ

0
C

(
mπ,

Λπ√
2
, r

)]

= −(4πρNM)

m3
π

g
(1)
(ππ)0

4π

f 2

4π
(τ 1 · τ 2) ·

(
mπ

mπ+

)2

·
(

1

2mπ

d

dmπ

)

×
[
m3

π ·
{
1

3
φ1
C

(
mπ,

Λπ√
2
, r

)
(σ1 · σ2) + φ0

T

(
mπ,

Λπ√
2
, r

)
S12

}]

= −(4πρNM)

m3
π

g
(1)
(ππ)0

4π

f 2

4π
(τ 1 · τ 2) ·

(
mπ

mπ+

)2

·mπ ·

×
[
1

3
ψ1
C

(
mπ,

Λπ√
2
, r

)
(σ1 · σ2) + ψ0

T

(
mπ,

Λπ√
2
, r

)
S12

]
, (8.1)

where the functions ψ0
C(m,Λ, 2) etc. are defined in Appendix D.

An alternative way for the presentation of this potential is as follows: Using

(ω2ω2)−1 = lim
m′→m

[
1

k2 +m2
− 1

k2 +m′2

]
/(m′2 −m2),

we have from (7.1b)

V(ππ)0(r) = limm′→m
(4πρNM)

m3
π

g
(1)
(ππ)0

4π

f 2

4π
·
(
mπ

mπ+

)2

· (τ 1 · τ 2) (σ1 ·∇ σ2 ·∇) ·

×
[
m φ0

C(m,
Λπ√
2
, r)−m′ φ0

C(m
′,
Λπ√
2
, r)

]
/(m′2 −m2), (8.2)

Working out the differentiations and defining φ̃0
C = (m/mπ) φ

0
C we get

V(ππ)0(r) = limm′→m
(4πρNM)

m3
π

g
(1)
(ππ)0

4π

f 2

4π
·
(
mπ

mπ+

)2

· (τ 1 · τ 2) ·

×
[{

1

3
(σ1 · σ2)φ̃

1
C(m, r) + S12 φ̃

0
T (m, r)

}

−
{
1

3
(σ1 · σ2)φ̃

1
C(m

′, r) + S12 φ̃
0
T (m

′, r)

}]
m3

π

m′2 −m2
, (8.3)
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where

φ̃1
C(m, r) =

(
d2

dx2
+

2

x

d

dx

)
φ̃0
C(m, r), φ̃

0
T (m, r) =

1

3

(
d2

dx2
− 1

x

d

dx

)
φ̃0
C(m, r).

Using in (7.1b) the relation k2 = ω2(k)−m2
π, the derivative interaction gives two contribu-

tions V
(2a)
(ππ)0

and V
(2b)
(ππ)0

. V
(2a)
(ππ)0

is obtained from V
(1)
(ππ)0

with the substitution g
(1)
(ππ)0

→ −g(2)(ππ)0
.

The other contribution is

V
(2b)
(ππ)0

(r) = +2
(4πρNM)

m3
π

g
(2)
(ππ)0

4π

f 2

4π
·
(
mπ

mπ+

)2

· (τ 1 · τ 2) ·

×
[
1

3
φ1
C(mπ,Λπ, r) σ1 · σ2 + φ0

T (mπ,Λπ, r)

]
. (8.4)

The weights of the graphs Fig. 2 are: w(12; 3) = 1, w(13; 2) = w(23; 1) = 0

Similarly potentials for the (η8η8)-pair: f → fη,mπ → mη, and τ 1 · τ 2 → 1. We neglect

here the mixing angle θP , i.e. η8 ≈ η(548).

ad (iv) JPC = 1++ (πσ)1-Pair Exchange Potential:

V
(1)
(πσ)1

(r) = −2
(4πρNM)

m3
π

g(πσ)1
4π

fP gS
4π

(τ 1 · τ 2) (σ1 ·∇)(σ2 ·∇) ·

×
[
mπ φ

0
C(mπ,Λπ, r)

]
·
(
m2

σ

)−1

= −2
(4πρNM)

m3
π

g(πσ)1
4π

fP gS
4π

(τ 1 · τ 2)

(
m3

π

m2
σ

)
·

×
[
1

3
φ1
C(mπ,Λπ, r)(σ1 · σ2) + φ0

T (mπ,Λπ, r) S12

]
, (8.5a)

V
(2)
(πσ)1

(r) = −1

2

(4πρNM)

m3
π

g(πσ)1
4π

fP gS
4π

m2
π

M2
(τ 1 · τ 2) (σ1 ·∇)(σ2 ·∇) ·

×
[
m3

π φ
1
C(mπ,Λπ, r)

]
·
(
m2

σ

)−1

= −1

2

(4πρNM)

m3
π

g(πσ)1
4π

fP gS
4π

m2
π

M2
(τ 1 · τ 2)

(
m3

π

m2
σ

)
·

×
[
1

3
φ2
C(mπ,Λπ, r)(σ1 · σ2) + φ1

T (mπ,Λπ, r) S12

]
, (8.5b)

where in the V
(2)
(πσ)1

-potential we only included the local contribution (see Appendix B for

more details).

The weights of the graphs Fig. 2 are: w(1,2)(12; 3) = 0, w(1)(13; 2) = w(1)(23; 1) = 1/2 and

w(2)(13; 2) = w(2)(23; 1) = 1/2.

Similarly for the (η8σ)-pair: f → fη,mπ → mη, and τ 1 · τ 2 → 1.
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(v) JPC = 1+− (πω)1-Pair Exchange Potential:

V
(2)
(πω)1

(r) = +
(4πρNM)

m3
π

g(πω)1
4π

fPgV sin(θV )

4π
(τ 1 · τ 2) (σ1 ·∇)(σ2 ·∇) ·

×
[
mπ φ

0
C(mπ,Λπ, r)

]
·
(
m2

ω

)−1

= +
(4πρNM)

m3
π

g(πω)1
4π

fPgV sin(θV )

4π
(τ 1 · τ 2)

(
m3

π

m2
ω

)
·

×
[
1

3
φ1
C(mπ,Λπ, r)(σ1 · σ2) + φ0

T (mπ,Λπ, r) S12

}
. (8.6)

The weights of the graphs Fig. 2 are: w(12; 3) = 0, w(13; 2) = w(23; 1) = 1/2.

Similarly for (a) (η8φ8)-pair: f → fη,mπ → mη, g(πω) sin(θV ) → −g(πω)/2, gV sin(θ) →
gV cos(θV ) and τ 1 ·τ 2 → 1, for (b) (πρ)0-pair: gV sin(θV ) → gV ,mω → mρ, g(πω) → +g(πω)/2.

(vi) JPC = 0++ (σσ)-Pair Exchange Potential: For this simplest case, i.e. (σσ)-pair (5.13),

we get

V
(eff)
(σσ) = −ρNM

g(σσ)
mπ

g2S

[
− d

2mσdmσ

I2

(
r12,mσ,Λ/

√
2
)
+ 2m−1

σ φ0
C(mσ,Λσ, r)

]

= −2
(4πρNM)

m3
π

g(σσ)
4π

g2S
4π

(
m2

π

mσ

)[
φ0
C(mσ,Λσ, r)−

m2
σ

Λ2
σ

ψ0
C(mσ,Λσ/

√
2, r)

]
. (8.7)

The weights of the graphs Fig. 2 are: w(12; 3) = w(13; 2) = w(23; 1) = 1/3.

In the calculations we can use the explicit d/dmσ differentiation as above, or the formula

(ω2ω2)−1 = lim
m′→m

[
1

k2 +m2
− 1

k2 +m′2

]
/(m′2 −m2),

This gives, using again φ̃0
C = (m/mπ)φ

0
C ,

V
(eff)
(σσ) = −4πρNM

mπ

g(σσ)
4π

g2S
4π

[
lim

m′

σ→mσ

{
mσφ

0
C(mσ,Λσ, r)−m′

σφ
0
C(m

′
σ,Λσ, r)

(m′2
σ −m2

σ)

}

+2m−1
σ φ0

C(mσ,Λσ, r)

]

= −
(
4πρNM

m3
π

)
g(σσ)
4π

g2S
4π

[
+ 2

m2
π

m2
σ

φ̃0
C(mσ,Λσ, r) +

+ lim
m′

σ→mσ

m2
π

(m′2
σ −m2

σ)

{
φ̃0
C(mσ,Λσ, r)− φ̃0

C(m
′
σ,Λσ, r)

}]
·mπ. (8.8)
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TABLE III: ESC08c (rationalized) coupling constants, F/(F +D)-ratio’s, mixing angles etc. The

values with ⋆) have been determined in the fit to the Y N -data. The other parameters are theoretical

input or determined by the fitted parameters and the constraint from the NN -analysis. Parameter

set: parbbsc.marius17a.

mesons {1} {8} F/(F +D) angles

ps-scalar f 0.2926 0.2686 αP = 0.365 θP = −13.000 ∗)

vector g 3.4100 0.6908 αe
V = 1.0∗) θV = 37.500 ∗)

f –2.5085 3.8840 αm
V = 0.475∗)

axial(A) g –0.9633 –0.8289 αA = 0.372 θA = +50.00 ∗)

f –2.8750 –2.5470 αp
A = 0.372∗)

axial(B) f –0.1027 –0.2054 αB = 0.40∗) θB = 35.260 ∗)

scalar g 4.1821 0.6130 αS = 1.00 θS = 37.260 ∗)

diffractive gP 3.3581 0.0000 αD = —– aPB = 0.25∗)

gO 4.484 0.0000 αD = —– ψD = 0.00 ∗)

fO –4.323 0.0000 αD = —–
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IX. MULTI-POMERON EFFECTIVE 2-BODY POTENTIALS

The multi-pomeron potential (MPP) we tune to the MPb model used in [23]. In Ta-

ble IV we display the MPP parameters for the MPP ”effective 2-body” potentials MPa+,

MPa, MPb, MPc as employed in Ref. [23, 24], and the tuned MPP denoted as MP17

used a standard of the MPP in these notes on the G-matrix calculations. Fig. 5 shows

the comparison of MP17 and the MPP parameters used in [23]. We have made equal

VMPP (MP17) = VMPP (MPb) for x=1 fm.

TABLE IV: Parameters MP17, MPa+, MPa, MPb, MPc. For MP17 mP = 223.12MeV, and for

MPa/b/c mP = 234.6 MeV.

gP g3P g4P

MP17 : 3.054 3.00 64.0

MPa+ : 3.670 1.31 80.0

MPa : 3.670 2.34 30.0

MPb : 3.670 2.94 0.0

MPc : 3.670 2.34 0.0

X. ΛN ,ΣN , AND ΞN G-MATRIX APPLICATION (A)

In this section the couplings for the (V V )0- and (AA)0-pair are for the vector and

axial-vector octets V8 and A8 respetively.

The ESC08c parameters are used for the coupling constants in these notes are primarily

from the fit ESC08c.marius17a with parbbsc.marius17a, denoted as ESC17a. The fitted pair

coupling parameters for the NN⊕ YN data are

g(ππ)0 = 0, gπη = −0.17249, gπσ = −0.04384, gπω = −0.04779. (10.1)

In the three-body ”effective two-body” potential we take g(ππ)0 , which for clarity we denote

by ĝ(ππ)0 , as an adjustable parameter. (In the future, in order to achieve full consistency,

the well-depth’s UΛ, UΣ, and UΞ should be fitted simultaneously with the ESC-model meson

and pair couplings.)
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In the results in the Tables below are obtained by treating the multi-pomeron triple and

quadruple couplings g3P and g4P recpectively as adjustable parameters. Furthermore, we

introduced a pair-vertex cut-off parameter Λpr, which is treated also as adjustable. This

makes the following form factor change in the Effective 2-body potentials

exp

[
−k2

Λ2

]
⇒ exp

[
− k2

Λ′2

]
, Λ′ =

√
2Λ√

1 + 2Λ2/Λ2
pr

. (10.2)

A. ΛN G-matrix Application

In this section the couplings for the (V V )0- and (AA)0-pair are for the vector and axial-

vector octets V8 and A8 respetively.

In Table V we display the details for UΛ for the previous ESC08 model without Three-body

Effective two-body potentials. In Table VI and Table VII we display the details for UΛ, UΣ for

TABLE V: Values of UΛ(ρ0) and partial wave contributions in 2S+1LJ states from the G-matrix cal-

culations (in MeV). The value specified by D gives the sum of 2S+1DJ contributions. Contributions

from S-state spin-spin interactions are given by Uσσ = (UΛ(
3S1)− 3UΛ(

1S0))/12.

1S0
3S1

1P1
3P0

3P1
3P2 D UΛ Uσσ

ESC08c −13.3 −25.4 2.6 0.0 1.1 −3.0 −1.6 −39.6 1.22

ESC08c+ −13.3 −25.6 3.0 0.2 1.5 −2.1 −2.3 −38.6 1.19

the GESC017 model, parameters parbbsc.marius17a, to see the effects of the TBF, MPP,

and FM-three-body forces. Here, &MPP means ESC17a+MPP etc., and the line TOT

means ESC17a+TBF+MPP.

B. ΣN G-matrix Application

In Table VII the partial wave contributions to the Σ-well-depth are shown for a variety

of Effective two-body potentials.
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TABLE VI: GESC17: Values of UΛ(ρ0)(K = 0) and partial wave contributions in 2S+1LJ states

from the G-matrix calculations (in MeV). Parameters Effective 2-body potential: (a) TBF0:

g(ππ)0 = 0, gπη = −0.17249, gπσ = −0.04384, gπω = −0.04779, and Λpr = 450 MeV; (b) MPb:

g3P = 3.0, g4P = 64.0; (c) FM: ΛFM = 2000.0 MeV. Extended TBF: (1) TBFa: g(σσ) = 0.15, (2)

TBFb: g(V V )0 = 0.15, (3) TBFc: g(AA)0 = 0.30. GESC17: g(σσ) = 0.40, g(V V )0 = 0.2, g(AA)0 = 0.

1S0
3S1

1P1
3P0

3P1
3P2 D UΛ Uσσ

ESC17a −15.9 −28.0 2.3 −0.1 +1.0 −3.1 −1.3 −45.4 +1.65

&MPb −6.3 +0.3 4.3 +0.5 +3.4 +1.0 −0.5 +2.5 +1.60

&TBF0 −21.0 −18.1 2.7 −0.6 +2.0 −2.9 −1.6 −39.6 +3.73

&TBFa −25.3 −34.6 2.0 −1.0 +1.1 −4.6 −1.9 −64.5 +3.44

&TBFb −20.0 −14.6 2.8 −0.2 +2.1 −1.8 −1.6 −33.4 +3.77

&TBFc −20.9 −18.0 2.7 −0.6 +2.9 −2.9 −1.6 −39.5 +3.72

TOT −15.0 +0.5 4.0 +0.3 +3.5 +0.9 −1.0 −7.0 +3.79

GESC17 −21.5 −25.5 2.9 −0.0 +2.0 −1.4 −1.4 −45.2 +3.25

&FM −15.2 −27.6 2.4 −0.1 +1.1 −3.2 −1.3 −44.2 +1.52

C. ΞN G-matrix Application

In Table VIII the partial wave contributions to the Ξ-well-depth are shown for a variety

of Effective two-body potentials.

34



TABLE VII: Values of UΣ(ρ0)(K = 0)-partial wave contributions in 2S+1LJ states from the G-

matrix calculations (in MeV). Parameters Effective 2-body potential: (a) TBF0: g(ππ)0 = 0, gπη =

−0.17249, gπσ = −0.04384, gπω = −0.04779, and Λpr = 450 MeV; (b) MPb: g3P = 3.0, g4P = 64.0,

aPB=2.6; (c) FM: ΛFM = 2000.0 MeV. Extended TBF: (1) TBFa: g(σσ) = 0.15, (2) TBFb:

g(V V )0 = 0.15, (3) TBFc: g(AA)0 = 0.30. GESC17: g(σσ) = 0.40, g(V V )0 = 0.2, g(AA)0 = 0; GSE17a:

aPB=1.5, GSE17b: aPB=2.5. n.c.= no convergence 30 steps.

T 1S0
3S1

1P1
3P0

3P1
3P2 D UΣ ΓΣ

ESC17a 1/2 +10.5 −25.7 1.9 2.1 −5.4 −0.4 +0.7

3/2 −14.3 +38.0 −3.6 −2.2 +5.2 −3.1 −0.2 −7.8 28.5

&MPb 1/2 +9.8 −8.0 2.5 2.3 −3.9 +0.9 −0.4

3/2 −5.9 +73.0 −0.1 −1.6 +6.5 +0.1 +0.7 +76.1 n.c.

&TBF0 1/2 +11.4 −18.6 0.7 -3.1 +3.0 −2.1 +0.2

3/2 −22.5 +31.5 −2.6 +2.2 −1.6 −0.7 −1.1 −3.5 16.7

&TBFa 1/2 +9.7 −31.9 0.3 -3.5 +2.3 −3.3 +0.0

3/2 −29.5 +19.6 −4.1 +1.9 −2.7 −3.2 −0.5 −46.3 19.3

&TBFb 1/2 +11.0 −16.2 0.8 -2.9 +3.1 −1.5 +0.4

3/2 −20.3 +33.3 −2.3 +2.6 −1.2 +0.5 −1.1 +5.7 15.5

&TBFc 1/2 +11.4 −18.5 0.7 -3.1 +3.0 −2.1 +0.2

3/2 −22.3 +31.4 −2.6 +2.2 −1.6 −0.8 −0.3 −3.3 16.6

TOT 1/2 +13.3 −15.1 1.0 -2.5 +4.3 +0.4 +0.5

3/2 −20.3 +48.6 +0.1 +2.6 −0.9 +1.2 −0.7 +32.6 n.c.

GESC17a 1/2 +13.5 −28.1 0.6 -2.6 +4.0 +0.2 +0.3

3/2 −29.9 +45.1 −0.4 +2.3 −2.0 −1.2 −0.4 +1.0 20.5

GESC17b 1/2 +13.8 −26.6 0.7 -2.2 +4.8 +1.7 −0.5

3/2 −31.9 +56.3 +1.4 +2.3 −2.0 −1.3 −0.2 +16.9 21.6

&FM 1/2 +12.8 −30.6 2.6 2.0 −5.7 −0.9 −0.6

3/2 −9.7 +23.8 −2.5 −2.3 +5.0 −3.7 −0.2 −10.1 23.7
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TABLE VIII: GESC17: Values of UΞ(ρ0) and partial wave contributions in 2S+1LJ states from

the G-matrix calculations (in MeV). The TBF1a etc. potentials are ESC08 ⊕ TBF+MPP. Param-

eters Effective 2-body potential: (a) TBF0: g(ππ)0 = 0, gπη = −0.17249, gπσ = −0.04384, gπω =

−0.04779, and Λpr = 450 MeV; (b) MPb: g3P = 3.0, g4P = 64.0; (c) FM: ΛFM = 2000.0 MeV.

Extended TBF: (1) TBFa: g(σσ) = 0.30, (2) TBFb: g(V V )0 = 0.15, (3) TBFc: g(AA)0 = 0.30.

TOT∗): g(σσ) = 0.6, g(V V ) = g(AA) = 0. TOT∗∗): g(σσ) = 0.6, g(V V ) = 0.125, g(AA) = 0. GESC17=

TOT∗∗∗): g(σσ) = 0.7, g(V V ) = 0.2, g(AA) = 0.

T 1S0
3S1

1P1
3P0

3P1
3P2 UΞ ΓΞ

ESC17a 0 −1.9 −3.2 −0.3 −6.0 1.4 −1.4

1 7.9 2.8 1.0 0.6 −2.2 −0.1 −1.3 13.3

&MPb 0 2.0 +6.3 0.6 −2.8 2.2 +0.3

1 12.4 27.1 3.5 1.5 +0.5 4.5 +58.1 13.5

&TBF0 0 -8.8 +2.6 -0.0 -1.3 -1.6 −0.2

1 9.0 −0.3 +1.0 -0.2 −1.1 -0.6 −1.5 1.7

&TBFa 0 -22.9 −4.7 -0.7 -1.6 -2.3 −1.2

1 4.8 -18.4 -0.4 -0.7 −2.7 -3.2 −54.0 0.9

&TBFb 0 -11.1 +3.6 0.1 -1.4 -1.5 −0.1

1 10.0 3.4 1.3 -0.1 −0.7 -0.0 +3.5 1.4

&TBFc 0 -8.7 +2.6 -0.0 -1.3 -1.6 −0.2

1 9.2 -0.6 1.1 -0.1 −1.3 -0.6 −1.6 1.7

TOT 0 -29.9 −2.1 -0.3 −1.5 -1.9 −0.5

1 8.0 -7.5 +1.0 -0.3 −1.3 -0.7 −37.1 0.9∗)

TOT 0 -28.1 −1.5 -0.1 −1.9 -1.8 −0.4

1 8.7 -5.0 +1.2 -0.2 −1.0 -0.3 −30.4 48.3∗∗)

GESC17 0 8.6 −3.9 -0.3 −3.8 -1.9 −0.8

1 6.4 -11.1 +0.9 -0.4 −1.4 -0.9 −8.6 50.9∗∗∗)
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XI. ΛN ,ΣN , AND ΞN G-MATRIX APPLICATION (B)

In this section we extend the three-body interactions by the inclusion of the (ω1ω1)-pair

etc. couplings. So we have, next to the pair interactions included in the ESC08-model, also

H(σ1σ1)(x) = gσ1σ1
[ ¯ψBψB] σ

2
1, H(ω1ω1)(x) = gω1ω1

[ ¯ψBψB] ω
2
1,

H(V8V8
(x) = g(V8V8) [

¯ψBψB]
{
ρ · ρ+ 2K∗† ·K∗ + ω8ω8

}

H(A8A8
(x) = g(A8A8) [

¯ψBψB]
{
A1 ·A1 + 2K∗†

A ·K∗
A +D1,8 D1,8

}
.

Like in the OBE-potentials this σ1 and ω1 BB-coupling are not much different, and we can

take advantage of the ω − σ cancellations.

In Tables IX we give results for the ESC-parameters parbbsc.marius17a plus those of the

extra (σσ), (V V ) and (AA) pair interactions. In Table X similarly for parbbsc.marius17b.

In this last table we also show some results with the inclusion of the Fujita-Miyazawa

three-body interactions. The result for ∆UN , extra attraction ≈ 6 MeV, is in accordance

to that given in [9]. Note that the contribution of the FM-potential is attractive to

UΛ, UΣ, and UΞ as well and of the same size as for UN . These new pair-couplings are

very reasonable following the discussion in appendices contained in these notes, taking

into account Kleinert’s paper and sigma-pomeron cancelations. The UΣ still is a little

enigmatic in the case of parbbsc.marius17a, but not for parbbsc.marius17b!? The ESC08

with parbbsc.marius17a is more attractive than with parbbsc.marius17b.

Note: Always the MPP parameters are fixed G3P=3.0, G4P=64, giving an MPP potential

as used for neutron-star matter. The ESC parameters are parbbsc.marius17a (in most

cases) and parbbsc.marius17b. The latter fits the NN+YN data best.

Looking at the differences between 17a and 17b it is clear that we can try to find an optimal

ESC08c parameter set, which fits the different well-depth’s best.

Note that the couplings are rather close together, and in a simultaneous fit with the

ESC-parameters possibly can be taken to be the same for the UN , UΛ, UΣ and UΞ!? This

eventually for the future!

Conclusion: It seems that the inclusion of the three-body effects can give a satisfactory UΞ,

with dominant attraction in the ΞN(3S1, T = 1) partial wave. (In order not to overload this

section I do not give here the partial wave contributions, but they look fine to me.) This
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TABLE IX: GESC17: Values of EN , UΛ, UΣ and UΞ for symmetric nuclear matter with density ρ0,

kF = 1.35 fm. The potentials are ESC08 ⊕ TBF+MPP. ESC08 parameters are parbbsc.marius17a.

The V8 and A8 couplings are taken g(V8V8) = g(A8A8) = 2.5. EN = TN + UN , TN = 22.676 MeV.

Items with ⋆) means n.c.

gσ1σ1
gω1ω1

EN UΛ Uσσ UΣ UΞ aPB

0.725 0.70 -15.0 — — — —

0.735 0.70 -16.2 — — — —

0.750 0.70 -18.3 — — — —

0.725 0.70 — -64.2 2.59 — —

0.700 0.70 — -57.5 2.68 — —

0.700 0.80 — -41.8 2.86 — —

0.550 0.80 —- —– —- +7.2 —- 0.00

0.550 0.80 —- —– —- +14⋆) — 0.33

0.550 0.80 —- —– —- +22⋆) — 1.00

0.600 0.80 —- —– —- +14⋆) — 2.50

0.700 0.80 —- —– —- +2.7 — 2.50

0.700 0.60 —– —– —- —– +3.7

0.750 0.60 —– —– —- —– -9.0

0.750 0.575 —– —– —- —– -17.8

0.750 0.55 —– —– —- —– -27.2

with at the same time (i) no deuteron-like b.s. (ruled out by Saclay-Rome-Vanderbilt) and

(ii) small ΞN scattering X-sections.

So far we have achieved a model for BB-interactions which consists of two parts: (i)

Two-body BB-potentials which describe all BB-scattering data succesfully, and (ii) ”Effective

two-body” BB-potentials, derived from three-body interactions based on SU(3)-symmetric

interactions.
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TABLE X: GESC17: Values of UN , UΛ, UΣ and UΞ for symmetric nuclear matter with density ρ0,

kF = 1.35 fm. The potentials are ESC08 ⊕ TBF+MPP. ESC08 parameters are parbbsc.marius17b.

The V8 and A8 couplings are taken g(V8V8) = g(A8A8) = 0.6. EN = TN + UN , TN = 22.676 MeV.

Lines marked by (i) ∗) are with FM-potential included, (ii) ∗∗) FM-potential with D=0, (iii) ∗∗∗)

FM-potential A LA [25].

gσ1σ1
gω1ω1

EN UΛ Uσσ UΣ UΞ ΓΞ aPB

0.000 0.00 -19.7 — — — —

0.000 0.00 -25.7 — — — — ∗)

0.000 0.00 -24.7 — — — — ∗∗)

0.800 0.60 -12.6 — — — —

0.800 0.55 -16.2 — — — —

0.800 0.55 -15.3 — — — — ∗)

0.800 0.55 -16.1 — — — — ∗∗∗)

0.000 0.00 — -47.5 0.61 — —

0.000 0.00 — -53.2 2.10 — — ∗)

0.700 0.70 — -6.72 1.98 — —

0.750 0.60 — -27.3 1.72 — —

0.800 0.60 — -35.4 1.62 — —

0.800 0.55 — -42.5 1.54 — —

0.800 0.55 — -41.2 0.97 — — ∗)

0.000 0.00 —- —– —- -5.5 —- 0.0

0.000 0.00 —- —– —- -25.0 —- 0.0 ∗)

0.600 0.80 —- —– —- +65.1 —- 0.0

0.700 0.70 —- —– —- +19.6 — 0.0

0.700 0.70 —- —– —- +20.9 — 0.0 ∗)

0.000 0.00 —– —– —- —– +14.2 11.7

0.000 0.00 —– —– —- —– +6.4 5.5 ∗)

1.200 0.45 —– —– —- —– -12.5 16.1

1.500 0.60 —– —– —- —– -18.7 13.6

1.500 0.65 —– —– —- —– -6.48 14.3

1.200 0.45 —– —– —- —– -12.5 15.5 ∗)
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TABLE XI: GESC17: Values of UN , UΛ, UΣ and UΞ for symmetric nuclear matter with density ρ0,

kF = 1.35 fm. The potentials are ESC08 ⊕ TBF+MPP. ESC08 with broad κ(931), parameters are

parbbsc.kapgam14. The V8 and A8 couplings are taken g(V8V8) = g(A8A8) = 0.6. EN = TN + UN ,

TN = 22.676 MeV. Lines marked by: 1) with gV8V8) = 0.90, g(A8A8) = 0.60, 2) with gV8V8) =

g(A8A8) = 0.0, and 3) with gV8V8) = 0, g(A8A8) = 0.60. The nucleon energy is ET = TN + UN , TN =

22.676 MeV.

gσ1σ1
gω1ω1

EN UΛ Uσσ UΣ UΞ ΓΞ aPB

0.000 0.00 -19.7 — — — —

0.800 0.55 -50.1 — — — —

0.600 0.55 -22.6 — — — —

0.600 0.60 -18.6 — — — —

0.000 0.00 — -44.1 1.03 — —

0.600 0.60 — -44.5 2.18 — —

0.600 0.60 — -47.2 2.22 — — 1)

0.000 0.00 —- —– —- -1.20 —- 0.0

0.500 0.70 —- —– —- +16.0 —- 0.0

0.550 0.75 —- —– —- +8.00 —- 0.0

0.550 0.80 —- —– —- > 10 —- 0.0

0.000 0.00 —– —– —- —– +19.5 7.7

0.700 0.25 —– —– —- —– -17.1 10.3

0.700 0.30 —– —– —- —– -3.9 10.3

0.700 0.30 —– —– —- —– -12.7 9.85 1)

0.700 0.30 —– —– —- —– +13.6 11.1 2)

0.700 0.30 —– —– —- —– +13.5 11.0 3)

XII. NUCLEAR SATURATION APPLICATION

With a change of g(σσ) = 0.4 → 0.325, and all other pair-parameters the same as for

UΛ, UΣ, and UΞ, at kF = 1.35 fm−1, for symmetric nuclear matter we obtain TN = 22.68

MeV, UN = −38.18 MeV, giving ETOT = TN + UN = −15.51 MeV. Experimentally one has
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TABLE XII: ΞN low-energy parameters for ESC08c-model with parbbsc.17a-d. The V8 and A8

couplings are taken gσ1σ1
= 1.20, gω1ω1

= 0.45, and g(V8V8) = g(A8A8) = 0.6.

aΛΛ(
1S0) aΞN (1S0, T = 1) aΞN (3S1, T = 1) aΞN (3S1, T = 0) UΞ ΓΞ

17a : -1.23 0.44 0.02 -0.40 -101. 0.00

17b : -0.61 0.52 0.11 -0.83 -12.5 16.1

17c : -0.59 0.55 0.14 -0.75 -9.56 14.8

17d : -0.59 0.54 0.11 -0.79 -24.2 28.6

TABLE XIII: GESC17: Values of UN , UΛ, UΣ and UΞ for symmetric nuclear matter with density

ρ0, kF = 1.35 fm. The potentials are ESC08 ⊕ TBF+MPP. ESC08 with broad κ(931), parameters

are parbbsc.new17. ∆(exp) = U(exp)− U(ESC08 + EFF2).

Λpr = 450 MeV ∆UN ∆UΛ ∆UΣ ∆UΞ

Exp. -37.9 +39.9 +20.0 -15.0

ESC08 -43.9 -44.9 -3.95 +22.5

∆(exp) 6.0 +5.0 +19.0 -28.0

TBF gσ1σ1
= 0.3 -28.5 -50.0 -90.0 -41.0

gω1ω1
= 0.3 +19.0 +45.0 +56.0 +54.0

gω8ω8
= 0.3 +0.50 +5.50 +4.50 -2.00

ga1a1 = 0.6 -1.50 +5.50 +4.80 +2.00

MPP g3P = 3.0 +4.20 +8.40 +6.70 +7.30

g4P = 26 +79.0 +128 +205 +127

FM -6.00 -7.30 +8.70 +1.70

[26]

ETOT = B/A = −16.3 MeV, asym = 32.5 MeV.

With g(σσ) = 0.40 we got ETOT = −21.95 MeV, and g(σσ) = 0.30 gives ETOT = −13.20 MeV.

These variations are due to the sensitivity of UN , the kinetic contribution TN remains the

same. It is obvious that we can tune the pair-coupling such as to hit the experimental point

exactly. The dependence is rather linear, and indeed with g(σσ) = 0.335 we get for kF = 1.35

fm−1: TN = 22.68 MeV, UN = −39.00 MeV, ETOT = −16.32 MeV.
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XIII. CONCLUSIONS AND OUTLOOK

The three-body forces presented in these notes lead to ”effective” potentials which con-

tains effective pseudoscalar [(πη), (πσ), (πω)], scalar [(σσ)], vector [(V V )0], and axial-vector

[(AA)0] type of exchanges, covering the same quantum numbers as in the OBE-models.

In Table XIV the results on the well-depth’s in Tables VI, VII, and VIII are assembled to

give an overview.

TABLE XIV: Comparison G-matrix well-depths UΛ, UΣ, UΞ for symmetric nuclear matter (in MeV).

UΛ Γσσ UΣ ΓΣ UΞ ΓΞ

ESC17a −45.4 +1.65 −7.8 28.5 −1.3 13.3

&MPb +2.5 +1.65 +76.1 n.c. +58.1 13.5

&TBF0 −39.6 +3.73 −3.5 16.7 −1.5 1.7.

&TBFa −64.5 +3.44 −46.3 19.3 −54.0 0.9.

&TBFb −33.4 +3.77 +5.7 15.5 +3.5 1.4

&TBFc −39.5 +3.72 −3.3 16.6 −1.6 1.7.

GESC17 −45.2 +3.25 +16.9 21.6 −8.6 50.9

Remarks:

(i) The (πη)-pair contribution to Uσσ is > 0.

(ii) In the ESC08c/ESC16c models is g(ππ)0 = 0. So far, we have put g(ππ)0 = 0 in ESC-

models, but there is no real reason for this.

(iii) From the ”effective” two-body potentials, not shown in these notes, one sees that

SU(3) symmetry is rather badly broken. This is particularly so for F-M. One would

expect VΣΣ(T = 3/2) be similar to VNN(T = 1), but that is clearly not the case. The

reason is that symmetric nuclear matter is not SU(3) symmetric. In symmetric baryon

matter this would not be the case.

(iv) The UΣ is still unclear. Making aPB=2.0 the iterations did not converge after 30

iterations in some cases. Around ite=16 it seems a bit stable with UΣ ≈ +9 MeV. The

same is true when aPB=2.5, giving ≈ 16 MeV.
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(v) The Broken-Scale-invariance model [27] and MFT [26] determinations of the

g(σσ), g(V V )0 , g(AA)0 couplings are ≈ 1.0. In these derivations the role of the Pomeron

was not considered. Taking the σ − P -cancellations into account one expects the

”effective” couplings ĝ(σσ), ĝ(V V )0 , ĝ(AA)0 couplings to be smaller. Therefore, the used

couplings in these notes seem quite acceptable.

(v) As for the nuclear saturation the attraction from (σσ)-pair is proportional to ρNM ,

whereas the repulsion from multi-pomeron has besides a ρNM - also a ρ2NM -cotribution

from the triple- and quartic-vertex respectively. Therefore, at high density like in

NS-matter the (σσ)-pair is (much) weaker than the multi-pomeron.

(vi) In order to give sufficient repulsion for UΣ the the Pauli-repulsion has to be enhanced,

even more that in the ESC08 models.

The well-depth UΞ when attractive in the absence of the ”new” pair-interactions (notably

the (σσ)-pair), only strong attractive contributions come from the ΞN(3S1, T = 0) channel.

This is unfavorable for the production of S=-2 hyper-nuclei in a K−K+-reaction. The J-

PARC E05 experiment is aimed to produce b.s. peaks in the 12C(K−, K+)12Ξ Be-reaction

[28]. The structure and production of p-shell Ξ-hypernuclei has been analyzed by Motoba

and Sugimoto [29], see also Motoba et. al. [30]. In this study they with the models NCH-D,

Ehime, ESC04d, and ESC08a. As can be seen from the Table VIII models TBF2c and

TBF3c are may be similar to ESC04d. Then, the DWIA-spectra in Fig. 7 of Ref. [29]

could be expected from application of ESC16c in combination with the TBF and MPP

interactions. With the inclusion of the (σσ)-pair contribution this improves considerably!

In Table XV gives the comparison of the composition of UΞ for the different models.

Notice the attraction in ΞN(3S1, T = 1)-channel for GESC17.

Note: The total well-depth’s get contributions from different partial waves. In hypernuclei

and (hyper) nuclear experiments specific partial waves are more important than other ones.

For example, in (K−, K+)-experiments may be selective w.r.t. the ΞN(3S1, T = 1) wave.

Similarly for the twin-hypernuclei of Kanazawa et al.

Finally: (1) The parameters for GESC17 need further tuning/fitting in order to have one

set of parameters for UΛ, UΣ, and UΞ. The (σσ)-pair plays an importent rôle in the results
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obtained in these notes. The (V V )0, (AA)0 have hardly been explored so far. (2) Consistency

ESC and GESC: We introduced an additional cut-off parameter for the pair-vertices. So, in

a consistent GESC-model we have to introduce also this pair-vertex cut-off. Moreover, the

two-body counterpart of the (σσ), (V V )0, (AA)0 ought to be included.

TABLE XV: Ξ single particle energies UΞ and conversion width ΓΞ at normal density for ESC04d,

ESC08c, and GESC17. Contributions in (2T+1)(2S+1)LJ states from the G-matrix calculations (in

MeV). The potentials GESC17 = ESC08.17a ⊕ TBF+MPP, see Table VIII.

T 1S0
3S1

1P1
3P0

3P1
3P2 P UΞ ΓΞ

ESC04d 0 6.4 −19.6

1 6.4 −5.0 −6.9 −18.7 11.4

ESC08c 0 1.4 −8.0 -0.3 1.8 1.4 −2.1

1 10.7 -11.1 1.1 0.7 -2.6 -0.0 −7.0 4.5

GESC17 0 8.6 −3.9 -0.3 -3.8 -1.9 −0.8

1 6.4 -11.1 0.9 -0.4 −1.4 -0.9 −8.6 50.9∗∗∗)
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XIV. DISCUSSION

We distinguish three contributions to the effective two baryon-baryon potentials: (i)

V (pair): pair-contributions; (ii) V (tch): ”t-channel” contributions from the two-ps cou-

plings of the ǫ(760), S∗(990) and pomeron P: and (iii) V (FM): the SU(3)-generalized

Fujita-Miyazawa (FM) potentials.

For the meson-pairs that couple to NN, see the interaction Hamiltonians in Appendix G.

In the FM-potentials we use a gaussian form factor with ΛFM = 2 GeV/c2.

The plotted potentials are given for normal nuclear density ρ0 = 0.1589 fm−3, and

without the inclusion of the two-body-correlations [22]. The OBE-couplings are given in

Table III. Using these numbers the pure SU(3) octet and singlet couplings are determined

in the well known way [31]. The meson-nucleon coupling constants for the relevant (physical)

mesons are computed taking into account the meson-mixings, see Appendix G, giving

Pseudoscalar : fNNπ = 0.2686, fNNη = 0.1353, fNNη′ = 0.2691,

V ector : gNNρ = 0.6280, gNNφ = −1.2832, gNNω = 3.3413,

Scalar : gNNa0 = 0.6129, gNNS∗ = −1.5474, gNNǫ = 4.0277. (14.1)

The (rationalized) ESC08c NN-pair-couplings are given by

g(ππ)0 = 0 , g(πη)1 = −0.1725,

g(πσ)1 = −0.0438 , g(πω)1 = −0.0478, (14.2)

and the coefficients of the pair-interaction Hamiltonians, see Appendix G.

Footnote: The σ − P dominance of g(ππ)0 gives

g(ππ)0 =

[
gσNNgσππ

m2
σ

− gPNNgPππ

M2

]
f 2
NNπ,

where the relative (-)-sign is due the repulsive character of the pomeron P. Assuming

chiral-symmetry means that the σ and P contribution nearly cancel.

In Table XVI we give an illustration for the built-up of the χPT constants c1 and c3 using
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TABLE XVI: Chiral coefficients c1 and c3 from t-channel exchanges and s- and u-channel nucleon

and ∆33 exchange. For experimental values, see [32].

NLO Chiral-PT Model Pion-nucleon Constants

c1(ǫ) = -14.623 GeV−1 c3(ǫ)) = -7.284 GeV−1

c1(S
∗) = 0.588 GeV−1 c3(S

∗)) = 0.242 GeV−1

c1(P ) = 19.067 GeV−1 c3(P )) = 3.501 GeV−1

c1((ππ)0) = -0.000 GeV−1 c3((ππ)0)) = -0.000 GeV−1

c1((πη)1) = -2.985 GeV−1 c3((πη)1)) = -0.207 GeV−1

c1(ESC08) = +2.047 GeV−1 c3(ESC08) = -3.748 GeV−1

c1(Ns) = -1.325 GeV−1 c3(Ns) = 0.000 GeV−1

c1(Nu) = -1.325 GeV−1 c3(Nu) = 0.000 GeV−1

c1(∆s) = -1.115 GeV−1 c3(∆s) = -0.536 GeV−1

c1(∆u) = +0.756 GeV−1 c3(∆u) = -0.197 GeV−1

c1(tot) = -0.963 GeV−1 c3(tot) = -4.482 GeV−1

c1(exp) = −0.76± 0.07 GeV−1 c3(exp) = −5.08± 0.28 GeV−1

some recent version of the ESC08-parameters. for the pomeron contributiuons some tuning

is done using the Pππ-coupling. We note:

(i) The contribution from the pair terms is taken care off in these notes.

(ii) The ∆33 s-channel (∆s) and u-channel (∆u) contributions are supposedly accounted

for by the Fujita-Miyazawa (FM) potentials.

(iii) The ǫ, S∗ and pomeron P contributions are derived using the Lagrangians

L(σππ) = gσππmπ σ(π · π)/2, with gσ = 10.468, 3.005, and 3.690 for σ = ǫ, S∗ and

P respectively. In Fig. 6 the contribution to the effective two-body potential by integrating-

out the ”third-nucleon” is illustrated. This contribution we denote by Vσππ in the following.

Vσππ has the same form as that from the (ππ)0-pair term contribution, see formula (8.1) of

the previous section. (NOGTEDOEN)

Note that c3 is dominated by ESC08c. What about c1??
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FIG. 6: Three-body contribution from ππ, ηη, and KK̄ couplings of ǫ(760), S∗(990) and P.

Remark low-energy properties hadron vertices: The pair-vertices from the σ →
σσ, V V,AA-coupling are worked out in Appendices L,J, and K. They lead to ”effective”

two-body potentials similar to the OBE potentials from the scalar, vector and axial-vector

bosons, see text for the scalar and Appendices J and K for the VV and AA respectively.

According to the derivations/estimations from broken scale invariance [27] and MFT [26]

these couplings are not small. In the Nijmegen OBE and ESC models the sigma-pomeron

cancellation is an important factor to keep in line with (broken) chiral-symmetry. Similarly,

we ought to consider also the P → σσ, V V,AA. Therefore, we expect substantial cancella-

tions from these couplings. In this work we do not work out the pomeron related σσ, V V,AA

”effective” potentials. Instead of this we treat the (σσ)0−, (V V )0−, (AA)0−pair couplings as

free parameters, which according to the remarks above will be smaller than those derived in

[26, 27].

In line with this, we expect quite large cancellations in diagram (a) between the σ → σσ and

similar contributios due to P → PP . contributions. Therefore, we use only the (σσ) part

of diagram (a) with an effective coupling g(σσ)0 which is (quite) smaller than the estimate

made in Appendix L. (Note: the PP-contribution in (a) is different in nature from the

triple-pomeron contribution.)

Another example where the σ−P -cancellation plays possibly an important role is in the

triple- and quartic-sigma couplings, see Fig. 8. With positive g3σ > 0, g4σ > 0, the triple

scalar-exchange gives an attractive 3BF, which leads eventually to ”extraneous” states of

nuclear matter [33]. Including also the multi-pomeron vertices, e.g. L3 = g
(3)
σP [σ + P ]3

large cancellations occur and ”extraneous” states can be avoided. (Notice that the quartic

L4 = g
(3)
σP [σ + P ]4 gives repulsion.)
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FIG. 7: Pair-diagrams from σ → σσ, V V,AA couplings, and P → PP coupling (P=pomeron).
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(a) Triple-scalar vertices
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(b) Quartic scalar vertices

FIG. 8: Multiple sigma and pomeron graphs. The wavy lines stand for either a σ-line or a P-line.
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APPENDIX A: EXACT REDUCTION DIRAC-SPINORS TO PAULI-SPINORS

The transition from Dirac spinors to Pauli spinors is given here, without approximations.

We use the notations E = E+M and E ′ = E ′+M ′, where E = E(p,M) and E ′ = E(p′,M ′).
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Also, we omit, on the right-hand side in the expressions below, the final and initial Pauli

spinors χ′† and χ respectively, which are self-evident.

ū(p′)u(p) = +

√
E ′E

4M ′M

[(
1− p′ · p

E ′E

)
− i

p′ × p · σ
E ′E

]
, (A1a)

ū(p′)γ5u(p) = −
√

E ′E
4M ′M

[
σ ·p′

E ′
− σ ·p

E

]
, (A1b)

ū(p′)γ0u(p) = +

√
E ′E

4M ′M

[(
1 +

p′ · p
E ′E

)
+ i

p′ × p · σ
E ′E

]
, (A1c)

ū(p′)γ u(p) = +

√
E ′E

4M ′M

[(
p′

E ′
+

p

E

)
+ i

(
σ × p′

E ′
− σ × p

E

)]
, (A1d)

ū(p′)γ5γ
0u(p) = −

√
E ′E

4M ′M

[
σ ·p′

E ′
+

σ ·p
E

]
, (A1e)

ū(p′)γ5γ u(p) = −
√

E ′E
4M ′M

[
σ +

(σ · p′) σ (σ · p)
E ′E

]

= −
√

E ′E
4M ′M

[(
1− p′ · p

E ′E

)
σ − i

p′ × p

E ′E

+
1

E ′E (σ · p p′ + σ · p′ p)

]
≈ −σ, , (A1f)

where we defined k = p′ − p, q = (p′ + p)/2, and κV = fV /gV .

Using the the Gordon decomposition

i ū(p′) σµν(p′ − p)νu(p) = ū(p′)

{
(M ′ +M)γµ − (p′ + p)µ

}
u(p) (A2)

one obtains for the complete vector-vertex

ū(p′)Γµ
V u(p) ≡ ū(p′)

[
γµ +

i

2MκV σ
µν(p′ − p)ν

]
u(p)

= ū(p′)

[(
1 +

M ′ +M

2M κV

)
γµ − κV

2M(p′ + p)µ

]
u(p) =⇒

µ = 0 : +

√
E ′E

4M ′M

[(
1 +

M ′ +M

2M κV

)(
1 +

σ · p′ σ · p
E ′E

)

− κV
2M(E ′ + E)

(
1− σ · p′ σ · p

E ′E

)]
, (A3a)

µ = i : +

√
E ′E

4M ′M

[(
1 +

M ′ +M

2M κV

){(
p′

E ′
+

p

E

)
+ i

(
σ × p′

E ′
− σ × p

E

)}

− κV
2M(p′ + p)

(
1− σ · p′ σ · p

E ′E

)]
. (A3b)

49



APPENDIX B: FOURIER TRANSFORMS NON-LOCAL POTENTIALS II

The Fourier-transform for the operator (σ1 · k)(σ2 · q)(q · k):

Vml;nl(r
′, r) =

∫
d3qd3k

(2π)6
kmklqnql exp[iq · (r′ − r)] exp[ik · (r′ + r)/2] ṽ(k2). (B1)

The expression to be evaluated is

(r′|Vml;nl|ψ) =

∫
d3r (r′|Vml;nl|r)ψ(r) =

∫
d3a

∫
d3qd3k

(2π)6
kmklqnql ·

× exp[iq · a] exp[ik · (r′ − a/2)] ṽ(k2) ψ(r′ − a)

=

∫
d3a

[∫
d3q

(2π)3
qnql e

iq·a

]
wml(r

′ − a/2) ψ(r′ − a)

= −
∫
d3a

[
∇a,n∇a,l δ

3(a)
]
·
{
wml(r

′ − a/2)ψ(r′ − a)

}

= −
∫
d3a δ3(a)

[
∇a,n∇a,l

{
wml(r

′ − a/2)ψ(r′ − a)

}]
. (B2)

Above, introduced is the variable a

a = r′ − r, (r′ + r)/2 = r− a/2, (B3)

and

wml(r) =

∫
d3k

(2π)3
kmkl e

ik·r ṽ(k2) = −∇m∇lv(r). (B4)

Working out the final expression in (B2) further is rather standard for the non-local potential

terms, see e.g. [34]. One obtains

(r|Vml;nl|ψ) =
1

4
[∇n∇l wml(r)]ψ(r)−

1

2

(
∇n∇lwml(r) + wml(r)∇n∇l

)
ψ(r). (B5)

The local part of the potential is

Vlocal = −1

4
(σ1 ·∇) (σ2 ·∇)

[
∇

2v(r)
]
. (B6)

It is now apparent that the separation between the non-local and local part of the operator

of this section, apart from the overall factor (σ1 · k), is as follows:

(q · k)(σ2 · q) =

[
(q · k)(σ2 · q) +

1

4
k2 (σ2 · k)

]
− 1

4
k2 (σ2 · k). (B7)

APPENDIX C: DIFFERENTIATION FORMULAS

(σ1 ·∇)(σ2 ·∇) F (r) =
1

3

(
2

r
F ′ + F ′′

)
(r) (σ1 · σ2) +

1

3

(
−1

r
F ′ + F ′′

)
(r) S12.

(C1)
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APPENDIX D: FOURIER INTEGRALS

1. The Fourier transformation for OPE with a Gaussian form factor

I2(m, r) ≡ (2π)−3

∫
d3k eik·rĨ2(k

2) , (D1)

with

Ĩ2(k
2) =

∫ ∞

0

dµ2 ρ(µ2)

k2 + µ2
≃ e−k2/Λ2

k2 +m2
, (D2)

an approximation discussed in e.g. [19]. The Fourier-transform has been given in [34] with

the result

I2(m,Λ, r) =
m

4π
φ0
C(m,Λ, r) (D3)

φ0
C(m,Λ, r) = exp(m2/Λ2)

[
e−mr erfc (−Λr

2
+ m

Λ
)− emrerfc (Λr

2
+ m

Λ
)
]

2mr
,

where the Erfc-function is defined in [35]. 2. In order to deal with Fourier integrals where

ω(k)n, n = 1, 3, . . . and/or powers of ω(k1) + ω(k2) appear in the denominators, we exploit

the following integral-representation [19]

1

ω(k)
=

2

π

∫ ∞

0

dλ

k2 + µ2 + λ2
, (D4)

where ω(k) =
√
k2 + µ2. Application for 1/ω(k) gives

Ĩ1(k
2) =

∫ ∞

0

dµ2 ρ(µ2)√
k2 + µ2

=
2

π

∫ ∞

0

dλ

∫ ∞

0

dµ2 ρ(µ2)

k2 + µ2 + λ2

≃ 2

π

∫ ∞

0

dλ
e−(k2+λ2)/Λ2

k2 + µ2 + λ2
. (D5)

The Fourier transformation gives

I1(m, r) ≡ (2π)−3

∫
d3keik·r

e−k2/Λ2

ω(k)
=

2

π

∫ ∞

0

dλe−λ2/Λ2

I2(
√
m2 + λ2, r) . (D6)

Similarly, for the integral where ω3(k) occurs in the denominator, using again the integral

equation for 1/ω(k), we obtain

I3(m, r) =
2

π

∫ ∞

0

dλ

λ2

[
I2(m, r)− e−λ2/Λ2

I2(
√
m2 + λ2, r)

]
. (D7)

3. OBE: For integrals with 1/ω4(k) we find

Ĩ4(k
2) =

∫ ∞

0

dµ2 ρ(µ2)

(k2 + µ2)2
= − d

dk2

∫ ∞

0

dµ2 ρ(µ2)

k2 + µ2

≃ e−k2/Λ2

(k2 +m2)2
+

1

Λ2

e−k2/Λ2

k2 +m2
. (D8)
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The Fourier transformation gives

I4(m, r) = − d

dm2
I2(m, r) +

1

Λ2
I2(m, r) . (D9)

4. TBF: integrals with 1/ω4(k) we find

J̃4(k
2) =

∫ ∞

0

dµ2

∫ ∞

0

dµ′ 2 ρ(µ2)ρ(µ′ 2)

(k2 + µ2)(k2 + µ′ 2)
≃ e−2k2/Λ2

(k2 +m2)2
, (D10)

and the Fourier transformation gives

J4(m,Λ/
√
2, r) = − d

dm2
I2(m,Λ/

√
2, r). (D11)

5. The derivative w.r.t. the mass:

J4(m,Λ, r) = − 1

2m

d

dm
I2(m,Λ, r) = −m

4π

{
φ0
C(m,Λ, r)−

Λ2

4m2
exp(m2/Λ2)·

×
[
e−mr erfc (−Λr

2
+
m

Λ
) + emrerfc (

Λr

2
+
m

Λ
)

]}
/Λ2 ≡ −m

4π
ψ0
C(m,Λ, r). (D12)

This follows from the differentiation of the expression (D3):

d

dm
I2 =

2m

Λ2
I2 +

m

4π

{
−r
[
e−mrErfc

(
−Λr

2
+
m

Λ

)
+ e+mrErfc

(
+
Λr

2
+
m

Λ

)]

− 1

Λ

[
−e−mr exp

[
−
(
−Λr

2
+
m

Λ

)2
]
+ e+mr exp

[
−
(
+
Λr

2
+
m

Λ

)2
]]}

· em2/Λ2

/(2mr)

=
2m

Λ2
I2 −

1

8π
em

2/Λ2

[
e−mrErfc

(
−Λr

2
+
m

Λ

)
+ e+mrErfc

(
+
Λr

2
+
m

Λ

)]

which leads to (D12).

APPENDIX E: TRANSFORMATION TO CONFIGURATION SPACE

The transformation to configuration space for the ESC-potentials is given in Ref. [34].

Here we review this for the k2 and (σ1 · k)(σ1 · k) terms to establish the formulas used

in the subroutines FUNPS2, FUNPHI, and FUNPSI, in the fortran programs. For a local

potential we have

V (r) =

∫
d3k

(2π)3
eik·r ṽ(k). (E1)

1. Central potential: with meson propagator and gaussian form factor

Ṽ
(1)
C (k =

k2

M2
ṽ(1)(k) =

∫
d3k

(2π)3
eik·r

k2 +m2

k2

M2
e−k2/Λ2

= −m

4π

m2

M2
φ1
C(m, r,Λ), (E2)
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with

φ1
C(r) =

∇
2

m2
φ0
C(r) =

1

m2

(
d2

dr2
+

2

r

d

dr

)
φ0
C(r)

=
µ2

m2

(
d2

dx2
+

2

x

d

dx

)
· µ
m

· φ̃0
C(r) (E3)

where we introduced µ= pion mass, x = µr, and φ0
C(r) = (µ/m)φ̃0

C(r). Then, this central

potential is

V
(1)
C (r) = − µ

4π

m2

M2
·
( µ
m

)2 ( d2

dx2
+

2

x

d

dx

)
· φ̃0

C(r) (E4)

2. Tensor potential: in this case the basic integral is

Ṽ
(0)
ij (k =

∫
d3k

(2π)3
eik·r

k2 +m2

kikj
Λ2

e−k2/Λ2

= −∇i∇j

Λ2

∫
d3k

(2π)3
eik·r

k2 +m2
e−k2/Λ2

= −∇i∇j

Λ2

m

4π
φ0
C(r). (E5)

Now,

∇i∇jf(r) =

[(
∇i∇j −

1

3
δij∇

2

)
+

1

3
∇

2 δij

]
f(r)

=

(
xixj
r2

− 1

3
δij

)(
d2

dr2
− 1

r

d

dr

)
f(r) +

1

3
δij

(
d2

dr2
+

2

r

d

dr

)
f(r),

which leads to the tensor potential

V
(0)
T (r) = −m

4π
· 1

Λ2
·
(
d2

dr2
− 1

r

d

dr

)
φ0
C(r)

= − µ

4π
· m

2

Λ2
·
( µ
m

)2 ( d2

dx2
− 1

x

d

dx

)
· φ̃0

C(r) (E6)

APPENDIX F: LONG RANGE LIMITS OF THE POTENTIALS

APPENDIX G: PAIR COUPLINGS AND SU(3)-SYMMETRY

The SU(3) octet and singlet mesons, denoted by the subscript 8 respectively 1, are in

terms of the physical ones defined as follows:

(i) Pseudo-scalar-mesons:

η1 = cos θPV η
′ − sin θPV η

η8 = sin θPV η
′ + cos θPV η

Here, η′ and η are the physical pseudo-scalar mesons η(957) respectively η(548).
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(ii) Vector-mesons:

φ1 = cos θV ω − sin θV φ

φ8 = sin θV ω + cos θV φ

Here, φ and ω are the physical vector mesons φ(1019) respectively ω(783).

Below, σ, a0,A1, . . . are short-hands for respectively the nucleon densities ψ̄ψ, ψ̄τψ,

ψ̄γ5γµτψ, . . ..

Then, one has the following SU(3)-invariant pair-interaction Hamiltonians:

1. SU(3)-singlet couplings Sα
β = δαβσ/

√
3:

HS1PP =
gS1PP√

3

{
π · π + 2K†K + η8η8

}
· σ (G1)

2. SU(3)-octet symmetric couplings I, Sα
β = (S8)

α
β ⇒ (1/4)Tr{S[P, P ]+}:

HS8PP =
gS8PP√

6

{
(a0 · π)η8 +

√
3

2
a0 · (K†τK)

+

√
3

2

{
(K†

0τK) · π + h.c.
}
− 1

2

{
(K†

0K)η8 + h.c.
}

+
1

2
f0
(
π · π −K†K − η8η8

) }
(G2)

3. SU(3)-octet symmetric couplings II, Sα
β = (B8)

α
β ⇒ (1/4)Tr{Bµ[Vµ, P ]+}:

HB8V P =
gB8V P√

6

{
1

2

[(
Bµ

1 · ρµ

)
η8 + (Bµ

1 · πµ)φ8

]

+

√
3

4

[
B1 · (K∗†τK) + h.c.

]

+

√
3

4

[
(K†

1τK
∗) · π + (K†

1τK) · ρ+ h.c.
]

− 1

4

[
(K†

1 ·K∗)η8 + (K†
1 ·K)φ8 + h.c.

]

+
1

2
H0

[
ρ · π − 1

2

(
K∗† ·K + h.c.

)
− φ8η8

] }
(G3)

4. SU(3)-octet a-symmetric couplings I, Aα
β = (V8)

α
β ⇒ (−i/

√
2)Tr{V µ[P, ∂µP ]−}:

HV8PP = gA8PP

{
1

2
ρµ · π×

↔

∂µπ +
i

2
ρµ · (K†τ

↔

∂µK)

+
i

2

(
K∗†

µ τ (K
↔

∂µπ)− h.c.

)
+ i

√
3

2

(
K∗†

µ ·

(K·
↔

∂µη8)− h.c.

)
+
i

2

√
3φµ(K

†
↔

∂µK)

}
(G4)
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5. SU(3)-octet a-symmetric couplings II, Aα
β = (A8)

α
β ⇒ (−i/

√
2)Tr{Aµ[P, Vµ]−}:

HA8V P = gA8V P

{
A1 · π × ρ

+
i

2
A1 ·

[
(K†τK∗)− (K∗†τK)

]

− i

2

([
(K†τKA) · ρ+ (K†

AτK
∗) · π

]
− h.c.

)

−i
√
3

2

([
(K† ·KA)φ8 + (K†

A ·K∗)η8

]
− h.c.

)

+
i

2

√
3f1
[
K† ·K∗ −K∗† ·K

] }
(G5)

6. SU(3)-singlet a-symmetric couplings II, Aα
β = δαβ ⇒ (1/

√
3)Tr{[Aµ, ∂µP ]·σ:

HA8V P =
gA8PS√

3

{
A1 · π + (K†

1 ·K) + (K† ·K1) + (f1)8 η8)

}
· σ. (G6)

The relation with the pair-couplings of [4] and paper I is gS1PP/
√
3 = g(ππ)0/mπ, gA8V P =

g(πρ)1/mπ etc.

p′c p′b

pc pb

⇒

p′c p′b

pc pb

(a)

⇒⊕

p′c p′b

pc pb

(b)

FIG. 9: Effective Two-body transition potential

APPENDIX H: SU3-IRREPS AND EFFECTIVE POTENTIALS

In Fig. 9 the connection of the two-body NN, YN, or YY system to the surrounding

nuclear medium is scetched. In the contribution (a) the pair-vertex operates on a member of
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the BB-system, whereas in (b) the pair-vertex operates on the ”third-nucleon”. The latter is

integrated out. Considering ”symmetric” nuclear matter, the dashed line denotes an isospin

zero meson. For example η8, ω8 or σ. The SU(3) {8}-meson will cause transition between

the SU(3)-irreps of the two-body BB-system. For example transitions {27} ↔ {8s}. It will
not change the two-partile symmetry of the BB-system. Note that this SU(3)-breaking is

there because symmetric nuclear matter in not SU(3)-symmetric. Below, we work out the

different cases using the isoscalar factors given in [36, 37].

In the first subsection we give the connections between the BB-states and the SU(3)-states.

Also, for unbroken SU(3)-symmetry we give the connections for the potentials between the

two-baryon- and the SU(3)-irrep-potentials.

1. Effective interactions

In the process of integrating-out and summing over the ”third nucleon” in symmetric

matter only a few interaction terms in the pair hamiltonians, given in the previous section,

contribute effectively. These effective hamiltonians are:

1. HS1PP =
gS1PP√

3

{
π · π + 2K†K + η8η8

}
· σ, (H1a)

2. HS8PP ⇒ gS8PP√
6

{
1

2

(
π · π −K†K − η8η8

) }
· f0, (H1b)

3. HB8V P ⇒ gB8V P√
6

{
1

2
(Bµ

1 · πµ) +
1

4
(K†

1 ·K +K† ·K1)−
1

2
H0η8

}
· φ8, (H1c)

4. HV8PP ⇒ gA8PP

{
+
i

2

√
3(K†

↔

∂µK)

}
· φµ, (H1d)

5. HA8V P ⇒ gA8V P

{
− i

√
3

2

(
(K† ·KA −K†

A ·K
) }

· φ8, (H1e)

6. HA8V P =
gA8PS√

3

{
A1 · π + (K†

1 ·K) + (K† ·K1) + (f1)8 η8)

}
· σ. (H1f)

So, apart from the cases 1) and 6), many terms in the pair interaction hamiltonians do

not contribute in symmetric nuclear matter. The operator on the ”third nucleon” can not

contain the isospin or spin operator for a non-zero contribution. Nor can it carry non-zero

strangeness. The couplings to the ”third nucleon” are mediated only via σ, f0, φ8, φµ. These

field-operators are written to the right in the formulas (H1). Note that the η8 coupling gives
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a spin-operator and hence cannot contribute. Also, we notice that f0 and φµ are pair-vertices

which couple to the ”third nucleon”. Furthermore, the H0-coupling to the ”third nucleon”

does not contribute because it is pseudoscalar-like and hence brings a spin operator at the

vertex. From the analysis and notes in section VII the interactions terms of 4.HV8PP and

6.HA8V P do not contribute.

APPENDIX I: THE FUJITA-MIYAZAWA-POTENTIAL

The Hamiltonian for the Fujita-Miyazawa pion-nucleon pair-interaction reads [9, 10]

HFM = −ψ̄
[{(

(A+ B)∇1 · ∇2 +D

)
δij − (A−B)σ ·∇1 ×∇2ǫijkτk

}
·

×π1,i(x)π2,j(x)
]
ψ. (I1)

Here the spatial derivatives operate on the pion-fields, and the constants are

Pas eventueel numerieke zaken aan met deze A etc.! oct. 2015

A =
5

18π

∫
σ33
ω2
p

dp, B =
3

5
A, D =

2π

3
(a1 + 2a3), (I2)

with the numerical values
∫
σ33/ω

2
p.dp = 3.7m−3

π , and a1 + 2a3 = −0.06m−1
π .

1. The Feynman-diagram Computation FM-potential

Application of the Feynman-rules [20] we have for diagram Fig. 4 and the interaction (I1)

−i(2π)4δ4(.....) Ṽ12;3 = (−i)3
(−ifP
mπ

)2 ∫
d4k1
(2π)4

∫
d4k2
(2π)4

·

× [ū(p′1)γ5(γ · p′1 − γ · p1)u(p1)] · [ū(p′2)γ5(γ · p′2 − γ · p2)u(p2)] ·

×
[
χ′
3

{
2

(
− (A+ B)k1 · k2 +D

)
τ 1 · τ 2 + 2(A−B)σ3 · k1 × k2 τ 1 × τ 2 · τ 3

}
χ3

]
·

× i

k21 −m2
π + iǫ

i

k22 −m2
π + iǫ

· (2π)4δ4(p′3 − p3 + k1 + k2) ·

×(2π)4δ4(p′1 − p1 − k1)(2π)
4δ4(p′2 − p2 − k2), (I3)
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which after performing the k-integrals

Ṽ12;3 = −
(
fP
mπ

)2

[ū(p′1)γ5(γ · p′1 − γ · p1)u(p1)] · [ū(p′2)γ5(γ · p′2 − γ · p2)u(p2)] ·

×
[
χ′
3

{
2

(
− (A+ B)k1 · k2 +D

)
τ 1 · τ 2 + 2(A−B)σ3 · k1 × k2 τ 1 × τ 2 · τ 3

}
χ3

]
·

× 1

(Ep′
1
− Ep1)

2 − ω2
1 + iǫ

1

(Ep′
2
− Ep2)

2 − ω2
2 + iǫ

⇒ −
(
fP
mπ

)2

(σ1 · k1) (σ2 · k2) ·

×
[{

2

(
− (A+ B)k1 · k2 +D

)
τ 1 · τ 2 + 2(A− B)σ3 · k1 × k2 τ 1 × τ 2 · τ 3

}]
·

×D0
pair(ω1, ω2). (I4)

Here, ω1,2 =
√
k2
1,2 +m2

π, and D
0
pair(ω1, ω2) = 1/[ω2

1ω
2
2]. The last form in (I4) represents the

operator for the FM-potential in Pauli-spinor space. Also, due to the δ4(....)-functions in

(I3) one has k1 = p′
1 − p1 and k2 = p′

2 − p2.

2. FM-pair= (ππ)33-Exchange Potential

Here only the V12;3(k,−k)-term is non-vanishing. Therefore we obtain, r12 = x1 − x2,

V
(eff)
FM = −2ρNM (τ 1 · τ 2)

(
fP
mπ

)2 ∫
d3k

(2π)3
e−ik·(x1−x2) ·

× (σ1 · k) (σ2 · k)
[
(A+ B)k2 +D

]
F 2(k2)

(k2 +m2
π)

2

= +2ρNM

(
fP
mπ

)2

(τ 1 · τ 2) (σ1 ·∇σ2 ·∇)

∫
d3k

(2π)3
e−ik·r12 ·

×
[
(A+ B)

F 2(k2)

(k2 +m2
π)

+
(
−(A+ B)m2

π +D
) F 2(k2)

(k2 +m2
π)

2

]

= +2ρNM

(
fP
mπ

)2

(τ 1 · τ 2) (σ1 ·∇σ2 ·∇) ·

×
[
(A+B)I2(mπ,Λ/

√
2, r12) +

(
−(A+ B)m2

π +D
)
J4(mπ,Λ/

√
2, r12)

]

= +2
ρNM

m3
π

(
f 2
P

4π

)
mπ · (τ 1 · τ 2)

[
(A+ B) m3

π

{
1

3
φ1
C(mπ,Λ/

√
2, r12) (σ1 · σ2)

+ φ0
T (mπ,Λ/

√
2, r12) S12

}
+ 2

[
(A+ B)m2

π −D
](m3

π

Λ2

)
·

×
{
1

3
ψ1
C(mπ,Λ/

√
2, r12) (σ1 · σ2) + ψ0

T (mπ,Λ/
√
2, r12) S12

}]
, (I5)
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which, using the point limits

lim
Λ→∞

I2(m, r,Λ) =
1

4π

e−mr

r
, lim

Λ→∞
I4(m, r,Λ) =

1

8π

1

m
e−mr, (I6)

gives

lim
Λ→∞

V
(eff)
FM = +2ρNM

f 2
P

4π
(τ 1 · τ 2) (σ1 ·∇σ2 ·∇) ·

×
[
(A+ B)

e−mπr

r
+

1

2mπ

(
−(A+ B)m2

π +D
)
e−mπr

]

= +2ρNM
f 2
P

4π
·m3

π · (τ 1 · τ 2) ·

×
[
(A+ B)

{
1

3
(σ1 · σ2) +

(
1 +

3

mπr
+

3

(mπr)2

)
S12

}
e−mπr

mπr

+
1

2

(
−(A+ B)m2

π +D
){1

3

(
1− 2

mπr

)
(σ1 · σ2) +

(
1 +

1

mπr

)
S12

}
·

×e−mπr

]
(I7)

3. FM-pair= (ps− ps)33-Exchange Potential

Next we consider ps-ps FM-interactions with different masses m1 6= m2. Again, only the

V12;3(k,−k)-term is non-vanishing. Similarly as above, we obtain

V
(eff)
FM = −2ρNM

(
fP1

fP2

m2
π

)∫
d3k

(2π)3
e−ik·(x1−x2) (σ1 · k) (σ2 · k) ·

×
[
(A+ B) k2 +D

]
F 2(k2)

(k2 +m2
1)(k

2 +m2
2)

= +2ρNM

(
fP1

fP2

m2
π

)
(σ1 ·∇σ2 ·∇)

∫
d3k

(2π)3
e−ik·r12

(
m2

1 −m2
2

)−1
F 2(k2) ·

×
{
[(A+ B)m2

1 −D]

k2 +m2
1

− [(A+ B)m2
2 −D]

k2 +m2
2

}

= +2ρNM

(
fP1

fP2

m2
π

)
(σ1 ·∇σ2 ·∇)

(
m2

1 −m2
2

)−1 ·

×
{[

(A+ B)m2
1 −D

]
I2(m1,Λ/

√
2, r12)−

[
(A+ B)m2

2 −D
]
I2(m2,Λ/

√
2, r12)

}

= +2
ρNM

m3
π

(
fP1

fP2

4π

)
mπ

(
m2

1 −m2
2

)−1 ·

×
[
m3

1

[
(A+ B)m2

1 −D
] {1

3
φ1
C(m1,Λ/

√
2, r12) (σ1 · σ2) + φ0

T (m1,Λ/
√
2, r12) S12

}

−m3
2

[
(A+ B)m2

2 −D
] {1

3
φ1
C(m2,Λ/

√
2, r12) (σ1 · σ2) + φ0

T (m2,Λ/
√
2, r12) S12

}
.

(I8)
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Here we used the identity

k2

(k2 +m2
1)(k

2 +m2
2)

=
(
m2

1 −m2
2

)−1
{

m2
1

k2 +m2
1

− m2
2

k2 +m2
2

}
,

so that

(A+ B)k2 +D

(k2 +m2
1)(k

2 +m2
2)

=
(
m2

1 −m2
2

)−1
{
(A+ B)m2

1 −D

k2 +m2
1

− (A+ B)m2
2 −D

k2 +m2
2

}
.

=⇒=⇒=⇒
σ, P

p

p′

V

V

≡

p

p′

V

V

FIG. 10: Scalar VV-coupling to baryons.

APPENDIX J: THE σV V -PAIR THREE-BODY POTENTIAL

1. Three-body Matrix Element: The σV V -interaction Hamiltonian density is [27]

HσV V (x) = −gσV V mV σ(x)V µ(x)Vµ(x). (J1)

We note that gσV V has the same sign as in [27]. We define the scalar (VV)0-pair BB-

interaction Hamiltonian

H(V V )0(x) = g(V V )0 [ψ̄ψ)(x)] V µ(x)Vµ(x)/mπ. (J2)

Evaluating the diagrams in Fig. 10, including a factor 2 for choice of V of e.g. the incoming

vector-meson, we obtain the equation

−i〈N ′, V ′|M |N, V 〉 = −2
(−i)2
2!

gσNNgσV VmV [ū(p′)u(p)]
i

k2 −m2
σ + iǫ

= −2i
g(V V )0

mπ

[ū(p′)u(p)] (J3)
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which gives, using the low-energy approximation, that

g(V V )0 ≈ +gσNNgσV V
mπmV

2m2
σ

. (J4)

Application of the Feynman-rules [20] we have for the diagram (a) in Fig. 2

−i(2π)4δ4(.....) V12;3 = (−i)3 g2V
g(V V )0

mπ

∫
d4k1
(2π)4

∫
d4k2
(2π)4

[ū(p′3)u(p3)] ·

× [ū(p′1) ΓV,µ(p
′
1, p1) u(p1)] [ū(p′2) Γ

ρ
V (p

′
2, p2) u(p2)] ·

× −iηµα
k21 −m2

V + iǫ

−iηαρ
k22 −m2

V + iǫ
(2π)4δ4(p′3 − p3 + k1 + k2) ·

×(2π)4δ4(p′1 − p1 − k1) (2π)
4δ4(p′2 − p2 − k2), (J5)

where

Γµ
V (p

′, p) = γµ +
iκV
2M

σµν(p′1 − p1)ν , (J6)

and we also used

∑

λ

ǫαρ (λ)ǫ
µ
ρ(λ) = −ηµα +

kµkα

m2
ρ

→ −ηµα. (J7)

and the fact that the vector-meson couples to a conserved current so that the kµkα-term

gives no contribution. From (J5) we obtain

V12;3 = +g2V
g(V V )0

mπ

[ū(p′3)u(p3)] ·

× [ū(p′1) Γ
µ
V (p

′
1, p1) u(p1)] [ū(p′2) ΓV,µ(p

′
2, p2) u(p2)] ·

× 1

k21 −m2
V + iǫ

1

k22 −m2
V + iǫ

, (J8)

where because of the δ-functions in (3.1)

p′1 + p′2 + p′3 = p1 + p2 + p3 , (J9a)

k1 = p′1 − p1 , k2 = p′2 − p2 , (J9b)

p′3 − p3 = k1 + k2 . (J9c)

2. Effective Two-body Potential: Integrating over particle 3 etc. leads to k3 = 0 and hence

k2 = −k1. Neglecting the 1/M -terms at the vertex of particle 3, i.e. the pair-vertex, leads

to

Veff (12; 3) → +g2V
g(V V )0

mπ

[ū(p′1) Γ
µ
V (p

′
1, p1) u(p1)] [ū(p′2) ΓV,µ(p

′
2, p2) u(p2)] ·

×
(

1

k2 −m2
V + iǫ

)2

exp
(
−2k2/Λ2

)
, (J10)
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with k = p′1 − p1 = p2 − p′2. Note that this is identical in form to OBE vector-exchange,

except from the meson denominator. Therefore, the ”effective” two-body potential becomes

Veff (12; 3) =
(4πρNM)

m3
π

g(V V )0

4π

g2V
4π

m2
π

(
− 1

2mV

d

dmV

V
(3)
V (k,mV )

)
, (J11)

where in configuration space, see Ref. [34],

V
(3)
V (r,mV ) ≈ mV

{
φ0
C + [1 + (κV + κ′V )/2]

m2
V

2M ′M
φ1
C + (1 + κ′V )(1 + κV )

m2
V

6M ′M
φ1
C(σ1 · σ2)

−(1 + κ′V )(1 + κ′V )
m2

V

4M ′M
φ0
T S12 − [3 + 2(κ′V + κV )])

m2
V

2M ′M
φ0
SO L · S

+[1 + 4(κ′V + κV )]
m4

V

16M ′2M2

3

(mV r)2
φ0
TQ12

}
(J12)

Here, we neglected the κ2V -terms. In the calculations we can used the explicit d/dmV differ-

entiation or the formula

− 1

2mV

d

dmV

V
(3)
V (k,mV ) = lim

m′

V
→mV

[
V

(3)
V (k,mV )− V

(3)
V (k,m′

V )
]
/(m′2

V −m2
V ).

Like in the V(σσ)-case, also for V(ωω)) there is possibly a contribution to the ”effective” two-

body potential with the pair-coupling in line 1 and 2. Then,

V(ωω) = 2Vω(k,mω)/m
2
ω + lim

m′

ω→mω

[Vω(k,mω)− Vω(k,m
′
ω)] /(m

′2
ω −m2

ω). (J13)

This introduces some difference in the treatment of the ω and the other vector mesons! Like

in the case of (σσ) in the applications we include this potential, of course!

In Ref. [27], Eqn. (11.30), in a study of broken scale-invariance the σV V coupling is

derived as being [40]

gσππ = −γ 2m
2
π

m2
σ

, gσNN = −γMN

mσ

, gσρρ = −γ 2mρ

mσ

. (J14)

The analysis in Ref. [27] comes to the result that instead of γ = −mσ/fπ ≈ −7, a better

value is γ ≈ −5. This means that gσV V > 0. Combining (J4) and (J13) we have

g(V V )0

4π
= − γ√

4π

gσNN√
4π

mπm
2
ρ

m3
σ

≈ +1 > 0! (J15)

For the SU(3) structure of the σV V -coupling we could choose an SU(3)-singlet coupling

(see G1, or an SU(3)-octet symmetric coupling (see G2). Since in Ref. [27] also a σρρ-

coupling is determined, we choose for the SU(3)-structure the interaction Hamiltonian

HI = gσV V

{
ρ · ρ+ 2K∗† ·K∗ + ω8ω8

}
· σ (J16)
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where the σ(x)-field is an SU(3)-singlet.

Since the pomeron coupling to the ω-meson will be of the same size as that to the σ-meson,

we think that the σ−ωω coupling for ω1 will be similar to that to σ1. Hence, we will introduce

two couplings: g(V1V1) and g(V8V8).

APPENDIX K: THE σAA-PAIR THREE-BODY POTENTIAL

1. Three-body Matrix Element: The σAA-interaction Hamiltonian density is [27]

HσAA(x) = −gσAA mA σ(x)Aµ(x)Aµ(x). (K1)

We note that gσAA has the same sign as in [27]. We define the scalar (AA)0-pair BB-

interaction Hamiltonian

H(AA)0(x) = g(AA)0 [ψ̄ψ)(x)] Aµ(x)Aµ(x)/mπ. (K2)

Again, we evaluate the diagrams in Fig. 10, similar to the σV v-pair in the previous section,

which leads to the low-energy approximation

g(AA)0 ≈ +gσNNgσAA
mπmA

2m2
σ

. (K3)

The corresponding three-body potential is

V12;3 = +g2A
g(AA)0

mπ

[ū(p′3)u(p3)] ·

× [ū(p′1) Γ
µ
A(p

′
1, p1) u(p1)] [ū(p′2) ΓA,µ(p

′
2, p2) u(p2)] ·

× 1

k21 −m2
A + iǫ

1

k22 −m2
A + iǫ

, (K4)

with

Γµ
A(p

′, p) = γµγ5 +
κA
M

γ5 (p′ − p)µ. (K5)

2. Effective Two-body Potential: Integrating over particle 3 etc. leads to k3 = 0 and hence

k2 = −k1. Neglecting the 1/M -terms at the vertex of particle 3, i.e. the pair-vertex, leads

to

Veff (12; 3) → +g2A
g(AA)0

mπ

[ū(p′1) Γ
µ
A(p

′
1, p1) u(p1)] [ū(p′2) ΓA,µ(p

′
2, p2) u(p2)] ·

×
(

1

k2 −m2
A + iǫ

)2

exp
(
−2k2/Λ2

)
, (K6)
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with k = p′1−p1 = p2−p′2. Note that this is identical in form to OBE axial-vector-exchange,

except from the meson denominator. Therefore, the ”effective” two-body potential becomes

Veff (12; 3) =
(4πρNM)

m3
π

g(AA)0

4π

g2A
4π

m2
π

(
− 1

2mA

d

dmA

V
(3)
A (k,mA)

)
, (K7)

where in configuration space, see Ref. [1, 2],

V
(3)
A (r,mA) ≈ +mA

[{
φ0
C + [2 + (κ′A + κA)/2]

m2
A

3M ′M
φ1
C

+κ′AκA
m4

A

12M ′2M2
φ2
C

}
(σ1 · σ2)−

m2
A

4M ′M

{
[1− 2(κ′A + κA)] φ

0
T

−κ′AκA
m2

A

M ′M
φ1
T

}
S12 +

m2
A

2M ′M
φ0
SO L · S

]
. (K8)

In the calculations we can used the explicit d/dmA differentiation or the formula

− 1

2mA

d

dmA

V
(3)
A (k,mA) = lim

m′

A
→mA

[
V

(3)
A (k,mA)− V

(3)
A (k,m′

A)
]
/(m′2

A −m2
A).

In Ref. [27], Eqn. (11.30), in a study of broken scale-invariance the σAA coupling is derived

as being [40]

gσππ = −γ 2m
2
π

m2
σ

, gσNN = −γMN

mσ

, gσAA = −γ 2mA

mσ

. (K9)

The analysis in Ref. [27] comes to the result that instead of γ = −mσ/fπ ≈ −7, a better

value is γ ≈ −5. This means that gσAA > 0. Combining (K4) and (K9) we have

g(AA)0

4π
= − γ√

4π

gσNN√
4π

mπm
2
A

m3
σ

≈ +2 > 0! (K10)

APPENDIX L: THE σσ-PAIR THREE-BODY POTENTIAL

The σ3-interaction Hamiltonian density is

H3σ(x) =
1

3!
gσσσ mσ σ

3(x). (L1)

We define the scalar (σσ)0-pair BB-interaction Hamiltonian

H(σσ)0(x) = g(σσ)0 [ψ̄ψ)(x)] σ2(x)/mπ. (L2)
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Evaluating the diagrams in Fig. 10 we obtain the equation [39]

〈N ′, σ′|M |N, σ〉 = gσNNgσσσmσ [ū(p′)u(p)]
FNNσ(k

2)

k2 −m2
σ + iǫ

= 2
g(σσ)0
mπ

[ū(p′)u(p)] Fpr(k
2), (L3)

which gives, using the low-energy approximation [k2 +m2
σ]

−1 ≈ exp[−k2/m2
σ]/m

2
σ,

g(σσ)0 ≈ −gσNNgσσσ
mπ

2mσ

, Fpr(k
2) = e−k2/Λ2

pr , Λ2
pr = m2

σ/(1 +m2
σ/Λ

2). (L4)

Comparing with the MFT described in Glendenning [26], p. 147-163 with the interaction

Lagrangian L3σ = −(b/3) mNg
3
σ1NN σ3 [40], gives

gσσσ = +2m−1
σ mN b g3σ1NN , g(σσ)0 = −mπmN

m2
σ

b g4σNN . (L5)

Here, the SU(3)-singlet σ1 coupling gσ1NN/
√
4π ≈ 4.14 in ESC. Using mN = 940 MeV,

mπ = 140 MeV, mσ = 760 MeV, and b = (0.5− 1.5)× 10−2 we find gσσσ = (39− 120) and

g(σσ)0/4π = −0.23 (4πb) [gσ1NN/
√
4π]4 ≈ −(0.34− 1.00) (L6)

In Ref. [27] formula (8.15), with fπ = 95 MeV

gσσσ = +3
mσ

fπ

(
1− m2

π

m2
σ

)
≈ 24. (L7)

From Eq. (L4) and (L7) we get

g(σσ)0 ≈ −gσNN
3mπ

2fπ

(
1− m2

π

m2
σ

)
≈ −31.2 (L8)

or g(σσ)/4π ≈ −2.48.

Analog to the vector and axial-vector case, the ”effective” two-body potential becomes

Veff (12; 3) =
(4πρNM)

m3
π

g(σσ)0
4π

g2σ
4π

m2
π

(
− 1

2mσ

d

dmσ

V (3)
σ (k,mσ)

)
, (L9)

where in configuration space, see Ref. [34],

V (3)
σ (r,mσ) = +mσ

{
φ0
C − m2

σ

4M ′M
φ1
C +

m2
σ

2M ′M
φ0
SO L · S+

m4
σ

16M ′2M2

3

(mσr)2
φ0
TQ12

}

(L10)
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≡

p

p′

σ, V,A

σ, V,A

FIG. 11: Pomeron induced MM-coupling to baryons.

APPENDIX M: THE POMERON CONTRIBUTION TO (σσ), (V V )0, (AA)0-PAIR

COUPLINGS

CHECK FORMULAS/NUMBERS

The pomeron (P) induced meson-meson (MM) coupling to baryons is illustrated in Fig. 11.

Since the color content of all mesons is the same it seems to be justified to assume the

universality of the PMM-couplings: gPππ = gPσσ = gPV V = gPAA.

1. The πN -amplitude from σ- and P-exchange: The ππ-coupling of the σ and P are defined

by

Lσππ =
1

2
gσππmπ[σ (π · π)], LPππ =

1

2
gPππmπ[P (π · π)]. (M1)

Then, in terms of the width g2σππ/4π = 2(mσ/mπ)
2(Γσ/p), where p =

√
m2

σ − 4m2
π/2. In

Born-approximation one has

M(t) = mπ

[
gσππgσNN

t−m2
σ

eaσt(1 + bσt) +
gPππgPNN

M2
eaP t

]
, (M2)

where a zero in the NNσ form factor is included in accordance with the ESC-model. In the

following we use the notation

G2
σ =: gσππgσNN , G

2
P =: gPππgPNN . (M3)

Since in the ”effective” two-body potential k3 = k1 + k2 = 0, we take t=0 and the πN

amplitude becomes

M(0) = mπ

[
−G

2
σ

m2
σ

+
G2

P

M2

]
. (M4)
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The expression of the M matrix in the c1,3 parameters [32, 41] is

M(t) =
1

M

(
mπ

Fπ

)2 {
4(2c̃1 − c̃3) + 2c̃3

t

m2
π

}
, (M5)

where ci =: c̃i/M , with M=1 GeV/c2. The results obtained in πN [41] and NN [32] sugggest

c̃1 − c̃3/2 ≈ 1.24, giving

G2
P

m2
π

M2
−G2

σ

m2
π

m2
σ

≈ 0.8. (M6)

2. The Pomeron induced pair couplings: In analogy with the σ-induced pair couplings we

have

g′(σσ) = −gPNNgPσσ
mπmσ

2M2
, g′(V V )0

= −gPNNgPV V
mπmV

2M2
, (M7a)

g′(AA)0
= −gPNNgPAA

mπmA

2M2
, (M7b)

where we denoted the P-induced pair NN-couplings as g′. From the universality of the

PMM-coupling we have

g′(V V )0
/g′(σσ) = mV /mσ, g

′
(AA)0

/g′(σσ) = mA/mσ. (M8)

With gPNN/
√
4π ≈ 3.0 ± 0.5 and gPσσ/

√
4π ≈ 4.3 we get g′(σσ)/4π ≈ −0.60 ± 0.10. This

implies that the total strength of the (σσ)-pair coupling is ĝ(σσ) ≈ (1.25− 0.60) = 0.65.

APPENDIX N: THE TWO-BODY POTENTIALS FROM (σσ), (V V )0, (AA)0-PAIR

COUPLINGS

The two-body pair potentials in the ESC models are restricted to one-pair graphs, and

the (1/M)2-terms etc are neglected. The pair-vertex is

HMM = g(MM)0

[
ψ̄ψ
]
MµMµ/mπ, (N1)

where Mµ = σ, V µ or Aµ. The two-body potential from the one-pair graph Fig. 12 is

V
(1)
2,MM = g2M

g(MM)0

mπ

∫
d4k1
(2π)4

d4k2
(2π)4

[ū(p′1)u(p1)] ·

× [ū(p′2)Γ
µ
M(p′2, p2 − k1) u(p2 − k1)] [ū(p2 − k1)ΓM,µ(p2 − k1, p2) u(p2)] ·

× 1

k21 −m2
M + iǫ

1

k22 −m2
M + iǫ

. (N2)
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p
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-p’

-p’’

k1

k2

(α)

p

p’

-p

-p’

p’’

k1

k2

(α′)

FIG. 12: One-Pair exchange graphs. The ’mirror’ graph of (α) is (α′).

The reduction of this expression to the matrix elements for the time-ordered graph’s in

Fig. 13 see [4, 19]. Since for the here considered mesons the matrix elements do not depend

on the time ordering the denominators for the diagrams can be added

D(1)(ω1, ω2) ≡= D(1)
a +D

(1)
b +D(1)

c =
1

ω2
1ω

2
2

. (N3)

From Ref. [4] Eq. (3.1) the configuration potentials can be written as

V
(1)
2,MM (r) = CMMg

2
M

g(MM)0

mπ

∫ ∫
d3k1d

3k2
(2π)6

ei(k1+k2)·r ·

×FM(k2
1)FM(k2

2)OMM(k1, ω1;k2, ω2) D
(1)(ω1, ω2), (N4)

where CMM contains the isospin and spin-spin factor. Up to first order in (1/M) the scalar

pair vertex ūu ∼ 1. So, the pair-vertex gives a factor 1 to the OMM operator.
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1

2

(a)

1

2

(b)

1

2

(c)

FIG. 13: One-Pair exchange graphs (α). Time-ordered graphs (a,b,c).

1. V2,σσ: In this case Cσσ = 1 and ΓS = 1+ (1/M2) ≈ 1. We get, see Ref. [4], formula (C3),

V2,σσ = 2gNNσ

g(σσ)0
mπ

[I2(mσ,Λσ)]
2 . (N5)

2. V2,V V : From the formulas in (A1) the vector part has a (1/M) at the vector-meson vertex,

giving contributions of order (1/M)2. Therefore, only µ = 0 contributes which has Γ0
V ∼ 1.

So, the contribution is similar to that for (σσ)0,

V2,V V = 2CV V gNNV

gV V )0

mπ

[I2(mV ,ΛV , r)]
2 . (N6)

Here Cρρ = 3 and Cωω = 1.

3. V2,AA: From the formulas in (A1) the Γ0
A has a (1/M) at the axial-vector-meson vertex,

giving contributions of order (1/M)2. Therefore, only µ = 0 contributes which has Γi
A ∼ −σi.

Again, this contribution is similar to that for (σσ)0,

V2,AA = 2CAAgNNA

gAA)0

mπ

[I2(mA,ΛA, r)]
2 . (N7)

Here CA1A1
= 9 and CD1D1

= 3.

(i) These two-body potentials are purely central, i.e. no spin-spin, tensor, etc.,

and isospin independent. 1 (ii) The σ, ω etc. contributions have different sign’s:

1 The one-pair (1/M2) potentials from the (σσ), (V V )0, and (AA)0 graphs are central and spin-orbit.

Therefore, for S-waves there are only central-potential contributions.
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g(σσ)0 < 0, g(V V )0 > 0, g(AA)0 > 0. Therefore, it is possible to have only a small effect on

NN scattering but important contributions to the three-body potentials. In particular to the

spin-spin and tensor potentials. (iii) Since the pair-vertex is given by SU(3)-singlet σ the

st-crossing matrix [38] implies that (ii) extends to all BB-channels.

To estimate the strength of these two-body potentials we calculate the volume integrals IV

of these potentials. From (N4) one has

IV =

∫
d3r V2,MM(r) = g2M

g(MM)0

mπ

∫
d3k

(2π)3
F 2
M(k2) D(1)(ω, ω) (N8)

The integral is

JV =

∫
d3k

(2π)3
F 2
M(k2) D(1)(ω, ω) =

∫
d3k

(2π)3
e−2k2/Λ2 (

k2 +m2
)−2

=

(
− d

dm2

)(
− d

da

)[
1

2π2

∫ ∞

0

dk e−ak2
(
k2 +m2

)−1
]
,

where a = 2/Λ2. Now

J0 ≡
[
· · ·
]
= (4πm)−1 eam

2

Erfc
(√

am
)

(N9)

This gives

J(m,Λ) = (8πm)−1

(
1 +

4m2

Λ2

)
e2m

2/Λ2

Erfc
(√

2
m

Λ

)
. (N10)

Assuming the (almost) complete cancellation of the (σσ) etc volume integrals of the two-

body potentials, the ESC08c fit remains the same while there is a considerable ”effective”

two-body spin-spin, tensor, spin-orbit force. The latter can be most useful to explain the

well-depth’s.

APPENDIX O: THE σ-DECAY AND EFT LAGRANGIAN

As pointed out by Ko and Rudaz [43] besides the most simple Lagrangian L(0)
σππ = gσππσπ ·

π also the coupling with two derivatives appears in the linear σ-model Lagrangian, which

is useful in keeping the scalar meson width’s within reasonable bounds as the scalar mass

increases. Also, such couplings and the corresponding contribution to the BB-potentials

were considered in the context of an SUf (3) generalization in [44]. This Lagrangian reads
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L(1)
σππ = g′σππσ(∂µπ · ∂µπ) Also, such a coupling of the scalar mesons can give an account for

the c3-term in the (NN2π effective-field-theory (EFT) interaction Lagrangian [32, 45]

L(1) = −ψ̄
[
8c1D

−1m2
π

π2

F 2
π

+ 4c3Dµ ·Dµ + 2c4σµντ ·Dµ ×Dν

]
ψ , (O1)

where D = 1 + π2/F 2
π and Dµ = D−1∂µπ/Fπ, with Fπ = 2fπ = 185 MeV. The c3-term has

been determined in e.g. nucleon-nucleon [46]. Notice that because we use the conventions of

[20] there is a minus sign in the c3-term. Since we have found elsewhere that tensor-meson

exchange can account only for 20% of the c3-coefficient, we assume that the remaining

part comes from scalar-meson exchange. This is the motivation for the derivation given in

this note of the nucleon-nucleon pair-potentials due to the derivative coupling of a scalar

(ππ)0-pair coupling.

Application of the c3-term NN-potential, with a gaussian cut-off Λ ≈ 1 Gev/c2, to a fit

in nucleon-nucleon, using the ESC-model, reveals that it is impossible to reach a sensible

description of the NN-phases when we fix the value at c3 = −5 GeV−1, obtained in [46].

This is caused by the large oscillations of this potential below 1 fm. Only by making Λ much

smaller it should be possible to use such a potential in the ESC-model. In view of this fact,

we analyze an interpretation of this interaction in terms of scalar and diffractive exchange,

using an expansion of the πN -amplitude valid for low t-values. It turns out that the c3-term

can be ascribed largely to a form factor effect in the NN-system. As such this interaction is

to a large extend effectively already contained implicitly in the ESC-model.

The relation between the pair-coupling parameters g
(1,2)
(ππ)0

and the EFT-coefficients c1,3 is

g
(1)
(ππ)0

= 8
(
mπ/Fπ

)2
c1, g

(2)
(ππ)0

= −4
(
mπ/Fπ

)2
c3, (O2)

where Fπ = 185 MeV. With c1 = −0.76 ± 0.07 and c3 = −4.70 ± 1.16 the couplings

would be g
(1)
(ππ)0

= −0.43 and g
(2)
(ππ)0

= +1.70. As remarked already above, since effects of

this couplings are implicitly included in the ESC-models it is to be seen how strong these

couplings in ESC-models turn out to be.
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