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Soft Two-body potentials between the constituent quarks of the nucleon are derived using har-
monic oscillator, i.e. gaussian, quark wave-functions. The gaussian wave functions are very suited
for applications with the ESC soft-core interactions, which employ gaussian form factors. In these
notes using the Fourier transformation to momentum space the local and non-local contributions
of the potentials based on the ESC meson-quark-quark vertices are evaluated. Using the ESC16
parameters translated to the quark-level lead to parameter-free two-body and three-body diquark
and triquark meson-exchange interactions. Application to the SU(3) baryon-octet and the Ass-
resonance are performed, within the CQM using a harmonic confinement potential, leading to a
satisfactory picture with relativistic constituent quarks. We present two versions for the N — A
splitting: (i) model A with the instanton interaction, and (ii) model B with a large color-magnetic
interaction from an almost pointlike OGE. The size of the baryons ~ 1 fm.

PACS numbers:

I. INTRODUCTION BY TOPICS

Purpose: These notes are the complement of similar
notes on the meson quark model [1]. The purpose is to
verify the applicability of the meson-exchange model for
QQ and QQ interactions using the Extended-soft-core
(ESC) interactions.

General: The interpretation of the ESC-model in the
context of QCD is based on the constituent quark model
(CQM). The latter is connected to the low-energy vac-
uuum structure of QCD as an instanton-anti-instanton
liquid [2] which leads to constituent quark masses at low
momenta. Then, application of the CQM in the QPC
mechanism [3], in e.g. the SU(6)-version of Ref. [4],
leads to a successful match of the description of the cou-
plings with the fitted results in the ESC-models. It was
shown [5] that for the CQM meson-exchange between
quarks leads by folding to the correct baryon-baryon po-
tentials up to 1/M#%-terms, i.e. the right central, spin-
spin, tensor, spin-orbit, and quadratic spin-orbit poten-
tials. Based on this correspondence quark-quark (QQ)
potentials were constructed [6], which have been applied
to the study of quark-matter [7].

In order to check the validity of this approach to QQ-
interactions it is required to apply such a meson-exchange
QQ interaction to the baryons themselves. In this
note we derive the matrix elements for the proton (P)
and neutron (N) of the one-boson-exchange (OBE) QQ-
potentials. The masses for the SU(3) octet baryons
P, A, X, E, and A33(1236) are evaluated within the
CQM, including the OBE and OGE potentials in Born-
approximation. It turns out that the contributions from
OBE and OGE are marginal, and there are large cancel-
lations between the confinement potential and the (rela-
tivistic) kinetic energies of the quarks.

Constituent Quark model and QCD: In this pa-
per we work within the framework of the CQM. For the

baryons we envisage that the three constituent quarks
are put into a deep, but finite, potential well, which we
assume of the form Vo5 = —Co + Cs r2. This is similar
to the quark-bag models [8] where the quarks are con-
fined to a sphere, and also there is a resemblanche with
the nuclear shell-model. In priciple this well should be
derived from the QCD interactions between the quarks,
which proved to be too difficult thus far. The energy
levels correspond to the baryon masses, where we re-
strict ourselves to the ground states. The residual in-
teractions are one-gluon-exchange (OGE) and meson-
exchange (ESC) between the quarks. Rotational invari-
ance in three-dimensional space leads to O(3) invariance,
and the states are symmetric in SU(3) flavor and SU(2)
spin, and antisymmetry in color SU(3). So the full sym-
metry group structure is SU.(3)@SU£(6)@0(3).

There are indications from QCD that the confining po-
tential between two quarks rises linearly with the dis-
tance 1, i.e Veopy = —a + br. TFor the ground states
the harmonic and linear potential give similar results
[9]. This because (i) at small r the radial wave function
u(r) = 1(r)/r is zero at the origin, and (ii) at large r in
both cases the wave function is decreasing exponentially.
Therefore, only the intermediate r-region contributes to
the energy.

Finally, we note that the quark systems in the confin-
ing well are bound states by definition. For confining
potentials the situation is different from that with non-
confining potentials. In the latter case for a bound-state
it is necessary that the mass is less than the total mass of
the constituents. This is not so with confinement. For ex-
ample in the case of the Az3(1236)-resonance the sum of
the quark masses is ~ M,, which is 300 MeV less than the
Ass-mass. In the space of the three-quark system Agsg is
a bound-state, but in the space of the three-quarks+pion
it is a resonance.

ESC, Constituent Quarks, Instantons, and QPC:



In the CQM the BBM-coupling constants of the ESC-
models can be explained nicely by the quark-pair-
creation (QPC) mechanism. Table II in [10] shows the
buildup of these couplings by the 2S; and 3P, quark-
pair creation mechanisms, where the latter is dominant
by a factor 4. The calculation of this table uses the
constituent quark model (CQM) in the SU(6)-version of

[4]. Since this calculation uses implicity the coupling
of the mesons to quarks, it defines the QQM-vertex.
Then, OBE-potentials can be derived by folding meson-
exchange with the quark wave functions of the baryons.
At the baryon level the vertices have in Pauli-spinor space
the structure

o-p o-p o-p

a(, s \Tulp,s) = {rbb+rbs

This expansion is general and does not depend on the
internal structure of the baryon. A similar expansion can
be made on the quark-level with quark masses mg and

coeflicients cg)Q Now it appears that in the CQM, i.e.
mqg = Mp/3, the QQM-vertices can be chosen such that
the ratio’s cg)Q / cg’,)B are constant for each type of meson
[5]. Then, by scaling the couplings these coefficients can
be made equal. (Ipso facto this defines a meson-exchange
quark-quark interaction.) This shows that the use of the
QPC-model is consistent with the 1/M-expansion.

The observation above can be related to low-energy
QCD. The two non-perturbative effects in QCD are
confinement and chiral symmetry breaking. The
SU(3)L®SU(3)r chiral symmetry is spontaneously bro-
ken to an SU(3), symmetry at a scale A,sp =~ 1 GeV.
The confinement scale is Agcp ~ 100 — 300 MeV, which
roughly corresponds to the baryon radius =~ 1 fm. Due
to the complex structure of the QCD vacuum, which can
be understood as a liquid of BPST instantons and anti-
instantons [2, 12], the valence quarks acquire a dynamical
or constituent mass [13-15]. With the empirical value of
the gluon condensate [16] as input the instanton density
and radius become [15] n. = 8-107* GeV ™%, p. ~ 0.3 fm.
With these parameters the non-perturbative vacuum ex-
pectation value for the quark fields is (vac|yp|vac) ~
—1072 GeV3. The calculated effective low-momentum
quark and gluon mass in the instanton vacuum [2, 17]
are mg(p = 0) = 345, ma(p = 0) = 420 MeV. Note that
this quark mass is remarkably close to the constituent
mass My /3, which gives support to the relations given
above.

In [18] the coupling of the pseudoscalar mesons, be-
ing the Goldstone bosons of spontaneous broken chi-
ral symmetry, to the quarks explained many features of
the hadronic spectrum. Also the quark-quark instanton-
exchange interaction [19] can explain the 7 — p mass dif-
ference. In the ESC-models we can apparently extend the
meson-exchange between quarks by proposing to include,
besides the pseudoscalar, all meson nonets: vector, axial-
vector, scalar etc. Since all these meson nonets can be
considered as quark-antiquark bound states, there is no
reason to exclude any of these mesons from the quark-
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quark interactions. Furthermore, our preferred value for
the constituent quark mass seems to have a basis in the
instanton liquid structure of the QCD vacuum.

Quark wave-functions JI = %+ Baryons: In this
note we evaluate expectation value of the two-body QQ-
potentials for the P and N using the D&D-model [21, 22]
for the three-quark wave function. We estimate that the
contribution to the binding will be &~ —0.7 MeV.

We note that the formalism described in these motes is
easily generalized to the case where the three-body wave
function is a sum over Gaussians. Therefore, using a
realistic gaussian expansion of the wave functions, as
for example practiced in the GEM approach of Hiyama
and Kamimura [23], a truly realistic estimate of the
contribution of the OBE-potential to the nucleon mass is
feasible within the framework of these notes.

In this paper we do not distinghuish between the p and
A modes, which would break the S3-symmetry and make
the implemetation of the generalized Pauli-principle
difficult.

Content: The contents of these notes is as follows. In
section II (i) The A=3 wave functions for the proton (P)
and neutron (N) are described in momentum space. In
section III the basic integrals for the evaluation of the
matrix elements of the two-body OBE ionteractions are
derived. In section V the matrix elements of the two-
body OBE forces worked out explicitly for the nucleons.
These are expressed in terms of the matrix elements of
the isospin/spin operators and basic integrals. The same
is done in section VII for the one-gluon-exchange (OGE)
potential. In section VI the Nambu-Jona-Lasinio (NJL)
form of the instanton interactioni and the choice of the
confining potential are described and applied to the cal-
culation of the baryon masses. The same is done in sec-
tion VII for the one-gluon-exchange (OGE) potential and
the clor-magnetic interaction. In section VIII the results
for the Va-contribution to the nucleon mass are given and
discussed for the parameters of the ESC16 model.

At the end of these notes several appendices are included
for spelling out some details of the calculations. In Ap-
pendix A the details of the basic functions are given. In
Appendix B the momentum space integrals for the three-



body matrix elements are listed. In Appendix C we work
out the momentum space integrals for the general case
where the initial and final states are sums of gausians
of the Dalitz-Downs type. this opens the possibility to
apply this work for e.g. GEM wave-functions. In Ap-
pendix D the OBE quark-quark potentials are given in
momentum space. Similarly, in Appendix E the ”ad-

tra meson-quark-quark vertices are given in momentum
space. In Appendix F the matrix elements of the isospin-
and spin-operators in three-quark space for the nucleon
are evaluated. In Appendix G the expectation value
of the non-relativistic kinetic energy is recalculated us-
ing the cartesian momenta including explicitly the CM-
constraint on the momenta of the quarks.

ditional” OBE quark-quark potentials due to the ex-
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FIG. 1: The Born-Feynman diagrams for two-body forces V123, Vi3;2, Vas;1

II. A=3 DALITZ-DOWNS MODEL

A. Wave functions for the proton P(uud) and neutron N(udd)

The 3Q wave function is assumed to be of the following form [21, 22]:

1
P3q(r1,72,73) = N3 exp —5)\ (xTy + %55 +x3,) |, (2.1)

where X172 = X7 — X3, X23 = X2 — X3, X31 = X3 — X1. The Jacobian coordinates for the three-particle system are

1 1 1 1
=—(x1—% , X1 =—=A+—=p+—=R 2.2a
P \/5( 1 2) 1 \/6 \/§p \/§ ( )
1 1 1 1
A= — (x1 +x9 —2x3) , Xo=—=A— —=p+—=R 2.2b
\/6( 1 2 3) 2 — \/6 \/Ep \/§ ( )
R—L(X + X2 + X3) \/5)\ 1 (2.2¢)
=i 1 2 3) 3 \/ﬁ .
The differences expressed in the Jacobi-coordinates are
1 3
X1 — X2 = V2p, Xl_XS—fp+fAv
2 2
X9 — X3 = \/7p + \/7
which leads to the expression x3, + X33 + X33 = 3 (p2 + )\2) , and the three-nucleon wave function (2.1) becomes
3 2 2\ | —
¢3Q(7’1,7‘2,T3) = N3exp —§>\ (p + A ) :¢QN(p,)\). (23)



The normalization is

1= /dsp/d:u (p, A)|2 = N2 (3%)3 5 N3 = (%)3/2. (2.4)

B. Momentum-representation D&D model

1. Wave function: The momentum-space the 3Q-wave function is defined by

0y (o - . 3
V3Q(Pp, PA) = N3//d30d3>\ ¢! (PoPTPAA) oy {—5/\ (P +)\2)}

- 1, . - 4r\3/?

= N3 exp |:a (pp +p)\)] y with N3 = (ﬁ) y (25)

and in configuration-space

d3p d3p>\ —i(p,- . ~
¢3Q(p7 A) = // (271_)/)3 (271-)3 € (B pTPAA) w?)Q(ppap)\)a (26)
and normalization
d*p, d’px  ~

// (27r)% WWSQ(pmpA)F =1 (2.7)

Using the momentum-space wave functions of this subsection, given the momentum-space ‘73—p0tential, the integrals
occurring in the matrix elements can executed analitically.

2. Momentum-space Matrix elements: We first translate the momenta that occur in the potentials in the (p, X)-
language. For the initial state the momenta are

1 1 1
=14/= — -P 2.8
P1 \/gpx+\/;l)p+\/;, (2.8a)
1 1 1
Y RO s P 2.8b
= fgo 3+ 5P (2:50)
2 1
NN -

where V3P = P; = E?Zl Pi, and similarly for the final state momenta. In passing we note that with these definitions

3

Zpi'xi = pp-X,+pr-xx+P-R.
=1

We work in the overall CM-momentum frame, i.e. for the total momentum in the initial and final state we have
P = P; = 0. Then, the customary momenta (q; = (p; + p;)/2 and k; = p; — p; become in the (p, A)-language
1

1 1 1
R ARV LA SV Vo (20
1 1 1 1
=0T B T 0T g% (2:90)
2 2
ks =— §k>\ , d3 = —\/;q,\. (2.9¢)



For the squares occurring in the wave functions and potentials we obtain

1 1
Py + P, =2(a; + 7k}), P +pi =2(a} + K}, (2.10a)
1 1 1
2 2 2
_ 2 - . 1
ki =gk + 3k, + \/gkp k», (2.10b)
-l e o Ly (2.10c)
2 6 A 9P \/g P °%) .1uUc
2
k2 = gki. (2.10d)

Working in the three-body CM-system, i.e. P = 0, the transformation between the different coordinates leads to

Op, Op, Opp
Op1  Op2 Ops

d3p,d®prd®P = g% g% g% PprdPpadips = PpydPpadips, dPpid®p) = dPqd’ky. (2.11)
OP 9P 9P
Op1  Op2 Ops

In the case of a two-body interaction Vo we take k3 = 0 and hence ko = —k; = k. In the case of the three-body
interaction V3 one has k; 4+ ko + kg = 0. With the setting of the Jacobi-coordinates in momentum space the matrix
elements of the interactions can be evaluated using the momentum space representation of the potentials.

III. 'V, THREE-BODY MATRIX ELEMENTS IN MOMENTUM SPACE

The three-body matrix element of the two-body potential V5 is

(P, Ph, P3| Va|p1, P2, P3) = (P], P5[Va|P1. P2) - (P5|Ps) =
(27)® (P}, P|Va|p1, P2) - 6° (P — P3) =
(2m)* 8°(p| + ph + Py — P1 — P2 — P3) - (27)* (P}, Ph|v2|P1. P2) - °(Ps — P3)- (3.1)

The factor (27) is due to the normalization of the one-particle momentum states, (p’|p) = (27)36%(p’ — p).

The V5 interaction in momentum space for the central-, spin-spin-, tensor-, spin-orbit-, and quadratic-spin-orbit has
factors: 1,k? g%k x q. We consider the Vj2.3 potential. Then, for Vo we have ko = —k;, and for the non-local
potentials q> — (q? + q2)/2. The evaluation of the three-body matrix elements using harmonic oscillator wave
functions the overlap integrals I5(i,j) are given in this section.

In Appendix B we list a complete set of Gaussian integrals that enables to do all momentum space integrals relevant
for this paper. Among them integrals quadratic in the components of the vectors k; and k. We define

k 1 .
Hp ) = (Y3] (k2) (q2) Go(kz;m2,A2)|1/13>, with (3.2a)
Go(K%m?, A%) = e &/ 12 1 m?] 7 (3.2b)
We also define the ”diffractive” matrix element by

Dipy = (W] ()" (a)' Go(k? A2)[g), with (3.3a)
Gp (k% A2) = % /A%, (3.3b)

a. Evaluation V5 expectation values: For diagram (a) in Fig. 1 we evaluate in momentum space the basic integral
- 3ol d3p\ [ dBp,d3 1
_ 372 pl P Ppl" DX 2 2
H[O,O] = (27T) Nd / (271-)6 / (277)6 {exp [_a(pp + P ):| :

L 5 2 e /A
X exp {—6—)\(1),) + P,\)} L m?

o)
= (2m)°N§ / dov e . / d’p),d’p) / d’ppd’py -
0

1 o2
o | g5 0+ pg e pt e pd)| | (3.0




where v = a+ A2,

b. Cartesian momenta: Since the potentials V, are expressed in the cartesian momenta k;, (i = 1,2,3) it is
convenient to express the integral in (2.11) in terms of these variables. (This is also the case for the non-local
momenta q, (i = 1,2,3) when the contribution of these terms is non-vanishing, of course.) In cartesian coordinates

the exponential factor from the wave functions has
P, +PX +p, + P} 4[(Q?+q1 Q2+ q3) + i(k%kl 'k2+k%)}
In cartesian momenta we get
Hy g = (2m)° N? / T o emom® / Bqrd3k, / dBgad®ky -
0

1 —
xexp{ 6)\[((114-011 q2+q§)+(kf+k1-k2+k§)}}-e71‘2.

(3.5)

(3.6)

In Appendix A the details of the three-body matrix elements of V5 are given, and below we summarize the results.

c. Resume: We rewrite the basic matrix element integral is (3.6) as follows:
Hypg = N[o,o}/ doc e~ ‘/d3Q1d3k1/dBQ2d3k2~
0

1 —
xexp{ 6)\[ (af +qp - Q2+q§)+(k%+k1-k2+k§)}}-e 7i?

/ da e_amz F[O,O](aaﬁa,y)a
0
where Nig ¢ 2m 9N2, and 8 = 1/6\,v = a + 1/A2%. Then,
[0,0] = 3
2
Flo,0(, 8,7) :N[o,o]/dBQ1d3k1/d3Q2d3k‘2 ek

1
xexp{ 6)\{ (@ +aqi- Q2+qg)+(k§+k1'k2+k§)]}N[o,o]‘

3/2 3/2 3/2 —3/2
X )Y )Y = (2m)7 " 1om / A1+ ARy + A a :
1232 B+~ 3 18 ' m2

with @ = am?. For Hiyp ) we have

3 _ 3 A2RZ, A2\
Floo = §(ﬁ+’7) ' Flog = 51\2 (1+ = +W Oé) Flo,015

18
15 15 A2 R2 A2\ 72
Flaor = (6 27 Foo = ZA4 (1 - 18N - m? a) Fio,0»
Flog = 35 Fog = 6A% (ARN) ™2 Flo g,
-1
1 -1 4 _2 A2R?V AZ

The tensor operator matrix element has a factor —k;k;, which gives

_ 1 AR, A2\
FE.0) = 203+ 1™ Flog 5 = —34% (14 5708 + 2 o)

The quadratic spin-orbit operator matrix element has a factor —k;k;¢m¢n, which gives

Fign(0.0) = (0854 ] Fg digbn =381 0RN) > (14 508 4 2 g

X Flo,0) 9i,j0m,n-

A2R2, A2 _) -t

(3.7)

(3.9a)

(3.9b)

(3.9¢)

(3.9d)

(3.10)

(3.11)



For the G, ) functions the correspondent Fi, ) are the same as those above, but with a = 0.

d. Explicit expressions: From Appendix A we obtain for Hjy o}, the expression

o0 —am? ™ 3/2 A2R2
H[O,O] :/\/‘[070]/0 dOZ e (a +A> s A = (1 + 18N) /¢A27 (312)
where Ny o) = (37r2)\2)3/2N[0 0]- The a-integral, called .J; (A6), is worked out in Appendix A with the result
1 Am?2 5
Hyp ) = (2ny/7) N 0,0 M [m —e Erfe (vAm )] (3.13)
Also, Go,0) = Flo,0)( = 0,8,7) =7 N0 A~3/2 For Hy o) the integral expression is
° 2 m 5/2
H = (3/2 do e~ @™ 3.14
20 = 3/20) Mgy [ da e (F) (3.14)
which, using the Js-integral (A23),
1
Hpg o = (2my/7) Njg .9 m? [eAm2 Erfc (v Am2> + m(Arrﬂ)_?’/Q (1—24m?)|, (3.15)

with the relation Hpy o) = G|o,0) — mzH[OVO] (check!).
For the presentation of the QQ-potential contributions to the nucleon mass it is useful to introduce the dimensionless
Bij) as follows

Hio,0) = m Bjo o), Ha,) =m® Biag), Hjo.9) = m® Bjog), Hpp9) =m® Bpag). (3.16)
Similarly, for the Pomeron we define

A3 A® A®
e Do 01, Gz,00 = ng D301, Go,2) = Ve

Remark: The tensor-integral gives a d;; factor. Contraction with o1 ;09 ; — (1/3)(o1 - 02) J; ; gives zero. Therefore,
for s-wave quarks the tensor-potential gives no contribution, which is logical.

G[O,O] - D[072]. (317)

IV. KINETIC ENERGY THREE-QUARK SYSTEM

1. Quark-contribution: For equal quark masses m; = mg (i = 1,2,3) the non-relativistic kinetic energy operator
s [24]

Top = [PT + P35 + P3] /(2mq) = [p3 +p2] - (4.1)

1
2mq
Then,

T = (T =L | /

3 3
_ A2 //dpxdpp

X (2m) (BTN o (

} “(0) [p%+ P2+ 2] /(2mo)¥(py)

(p3 + pp)} (P3 +p2) /(2mq) = N3 -

5/2/77%2 =9\/(2mq) = (27/2)(mqRN) "% mq. (4.2)

Here is used N3 = (47/3A)%/2 and A = 3Ry With Ry = 1 fm and mg=312.75 MeV one gets (T) = (9/2)m¢ which
implies per quark a kinetic energy ~ 470 MeV. Clearly the quarks move relativistically, and the non-relativistic



formula is wrong.

2. de Broglie estimation: An alternative derivation is as follows: Using the de Broglie relation between momentum
and wave-length p = h/\, one has for each quark

e ~ 2 he . p? N7r_2 (he)? _ 2 (he)?
(mQRN)?

2Ry 2mq 2 moR%
With he = 197.325 MeVfm we obtain for Ry = 1 fm the kinetic energy per quark 1.6m¢g = 500 MeV, which agrees
roughly with the more exact result in (4.2).
3. Relativistic Energy Expectation-value: First we derive a gaussian-type of presentation for the relativistic
energy. Using integral representations, see [25], we derive for the relativistic energy a gaussian-type of expression

2 2 00 2 2
—s p°+m 2 p°+m
E = 2 2:7:— dAi
() pram p2+m?2  TJo p2 +m? + \2

= / d\ / da exp[—a(p® + m® + \?)]
1 am? e—ap
= (p>+m?)- N \/_ . (4.4)

Then, the expression for the relativistic kinetic energy of the three-quark system becomes

Er = <Z \/Pi+ m?) = % 000 %e—amz <Z(p22 +m?) e_o‘p?>. (4.5)

The evaluation of the expectation value in (4.5) involves only gaussian integrals and is straightforward. We remind
the formulas, with P = 0,

T
2

mgq-. (4.3)

o Lo 1.5 1
pP1 = 6P>\+§PP+EPA'Pp,

2 1 2 1 2 1
Py = GPX+ 5P, ~ 3P Per

2
p% = (p1 + p2)2 = gp?\-

(a) For quark 1 the expectation of the kinetic energy is given by

(Br), = M%/ d—a e=™" (p} +m?) ‘”’1"1’> N f/ 7% "
d3p,\d Dy 1 2 2\ —ap?
N e P SA(err)p) (P +m”) e ™ (4.6)
The momentum integral I = { . } is
_ d 2 dgp/\dspp [ 1 2 2
D= (gt B [ ool (5 o 4ol
1 1 1 d
+a [ép?\ + §p,2, + ﬁp,\ . pp})] = (—@ + mQ) J (4.7)
where
<o [ dpad®p,
J = N3/W — {ap3 + cpx - p, + bp; } |, where (4.8a)
1 « 1 « «
= —_— — = — - = —. 4'
e Tt /3 (4.8b)

From the integrals in Eqn. (B1f) we have

~ ar? \Y? _
J(a,b,c) = N2(2m)~© (L> = (14 2xa)~/2, —%J(a,b,c):3/\(1+2)\a) 5/2 (4.9)



TABLE I: Kinetic energy Er as a function of Ry. Listed are the integrals K33 5, the non-relativistic K.E. Tnr and the relativistic
K.E. Tr per quark.

Ry [fm] (p) K3 Ks Tnr(1Q) Tr(1Q) Tr(3Q)
0.50 519.4 8.37 57.66 2241.0 820.8 2462.5
0.60 432.8 5.62 27.45 1556.2 653.6 1960.9
0.70 371.0 3.99 14.60 1143.4 536.1 1608.3
0.80 324.6 2.94 8.40 875.4 448.4 1345.2
0.90 288.6 2.24 5.14 691.7 380,8 1142.5
1.00 259.7 1.75 3.30 560.2 327.6 982.9
1.20 216.4 1.13 1.52 389.1 250.2 750.7
1.40 185.5 0.77 0.78 285.8 197.6 592.8
1.60 162.3 0.55 0.44 218.8 160.0 480.0
1.80 144.3 0.41 0.26 172.9 132.2 396.6
2.00 130.0 0.31 0.163 140.1 111.0 333.0

The integral in (4.7) becomes

am2 —3/2 m2 —1
— <1+6 2R2> [1+9(mRN)2 <1+6 232> ] (4.10)

Because of the symmetry, the total kinetic energy is three times that for quark 1, so
3m? [ da am? \ /2 am? \ /2
Er) = — e (146 9(mRy)"? (14 6——5
) = T ke eonig) oo (o)
6m 6y2 —3/2 ) 6y2 —5/2
= d ImRN) | 14+ ——= . 4.11
O R @

oo

We remark that

lim By — o [T 49 —ame _ Om

Rn—00 ﬁ 0 \/a € - ﬁ

dy e~V = 3m.

In a concise form we write

1
Er(mRy) = %(mRN)“D’ {Kg + 2[(5} m, Trey = BEr — 3m, (4.12a)
Kn(mRy) = %/ dy eV (y*+d2) " with d = mRy/V6. (4.12b)
™ Jo

In Table I the numerical results are shown for the kinetic energies (K.E.’s) as a function of the radius Ry .
4. Average quark momentum: The expectation value for p? is given by

~ dBprd®p 1
(p?) = Ne?/(%)ﬁ” p eXp[ 3A(px+pp)]

&p1d®p
= N3 / 7(21#) 2 p? exp { (ap? + bp3 + cp1 ~p2)}

_ 2 5/2
= Ni (27)° " 3 <L> =V3 Ry (4.13)

2m2 \ dab — 2

So, the average quark momentum is (p) = 34 Ry'. The average K.E. (T(1Q)) = ((p))?/2m¢ matches with
Tyr(1Q) in Table I. The average relativistic energy is Eq, = /P2, + mé, Defining the average quark mass by
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Moy = (Eqv +mq)/2 gives for Ry = 1 fm a value mg, = 469 = 1.5mg MeV. Since the quarks are relativistic it is
better in the QQ-potentials to make the replacements 1/(4m2) — 1/(4mZ,), which gives for the the tensor, spin-orbit
a reduction by a factor &~ 6, and for the quadratic spin-orbit a reduction by ~ 39. This makes these potential more
reasonable, without having to do a fully relativistic calculation. In Appendix H a more exact, but rather complicated,
way of including relativistic effects is described.

5. CM subtraction: Considering the 3-quark system residing in a central harmonic confining potential we subtract
the zero-mode energy from the kinetic energy (?!). With

1
Veony = Ca 73 = §me20M ry (4.14)

3 2C
Ecoy = —h wep, with wopyr = z (4.15)
2 3TRQ

Using Cy = 315 MeV fm~2 and mq = M, /3 one obtains Ecp ~ 231 MeV.

one has

P D5 P2 P P3 Pa P D3 D5

A
> 1l o | I\

7 7
7 7
P d P d

¢ ¢ A

p1 b3 D2 p1 D3 D2 D1 p3 D2

(i) (i)

FIG. 2: Three-particle amplitude (a) and the Born-Feynman graphs type (i) and (ii)

V. NUCLEON MASS FROM TWO-BODY FORCES

In this note we calculate the contribution to the nucleon-mass from the two-body QQ-potentials, see graph (i) in
Fig. 2. The contributions from the three-body QQQ-potentials, see graph (ii) in Fig. 2, will be derived in another
note [26].

Here, explicit formulas are given for the contributions to the nucleon-energy, i.e. nucleon mass, from the two-body
QQ-potentials. The formulas below are based on the potentials in section D. Below, the contributions from the
local, non-local, and ”additional” potentials are listed separately. (”Additional” = contributions to potentials due
to the extra meson-quark-quark vertices, which have been introduced in order to match with the potentials at the
baryon-level.)

Below we compute the contributions from the potentials for the graphs (a)-(c) of Fig. 1 to the expectation values
En = (Un|Va|UnN) for the different OBE-potentials. The Vig.o and Vaz.i1 give identical results in the case of the
nucleon. Therefore, we multiply the results for Via,;3 by a factor 3 to obtain the total answer.

We remark that terms proportional to q; and/or k; vanish due to the integrations in the matrix elements (U3 |Va|Usq),
which implies no contributions from the spin-orbit potentials. This is logical because of the absence of P-waves etc.
in the quark wave functions.
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1. Nucleon: The isospin-spin operators that occur in Eny are 7y - T2, 01 - 02, and the product 7, - 70 01 - 05. The
symmetrized spin-isospin part of the nucleon state is

Uy = % (¢M,SXM,S + ¢M,AXM,A> . (5.1)
In Appendix F the nucleon matrix elements of the spin-isospin operators are derived, with the result, see (F12):
(Un[71-72|¥N) = (Un|m1 - 73|¥N) = (Un|m2 - 73|¥N) = -1, (5.2a)
(Inlor-o2|¥N) = (Pnlor - o3|¥N) = (Pn|os - 03|¥N) = —1, (5.2b)
(Un|T -T2 01 02|¥N) = (Un|T1 - T3 01 - 03|V ) =
(Un|me - 13 09 03|V ) = +5. (5.2¢)

The antisymmetry of the full nucleon state is provided by the color part of the wave function being the singlet
SU (3)c-irrep.
Here, including a factor 3 takes into account of the similar contributions from Vis.2 and Vaz.1.

2. A: For the A the spin-isospin matrix elements are, see (F12),

(Uplm1 - T2|Tp) = (UalTr - 13]TA) = (Up|Te - 13| TA) = —1, (5.3a)
(Tplor - o2|Tp) = (Tplor - 03|Pp) = (Ualos - 03|Tp) = —1, (5.3b)
(VAT -T2 01 - 02| Wp) = (VA|T1 - T3 01 03|¥n) =

(Up|lT2 - T3 02 - 03| ¥p) = +2. (5.3c)

The total three-body matrix element has three terms (V3) = (Vi2.3) + (Vis.2) + (Vas1), where Vigs = Viyp(12), Ve =
Vus(13), Vaz = Vps(23).

3. XT: The wave funCtiOnS fOr \I]E+ is
(25 = us + su)u uus |, (j) = us su)u,
M,S \/6 M,A \/5

and for for the spin wave functions xas,s and xar, 4 similarly as for the proton P. This gives, see (F11),

1 2
(Ul - m|Vy) = 5 (Ul - 13]¥s) = (Us|e - 13|¥5) = +§, 5.4a)
(\I’g|0'1 . 0'2|\I/§]) = (‘I’g|0’1 . 0'3|\I/§;) = (‘I’g|0’2 . 0'3|\I/§;) = 71, (54b)
1 1
(Ul -T2 01 02|Vx) = ~5 (Us|r1 - 73 01-03|¥x) = +3
1
(Us|r -3 0'2'0'3|\I’2)=+§. (5.4c)

The total three-body matrix element has three terms (Vo) = (Via.3) + (Vasi2) + (Vas.1), where Vig.s = ViyD(12), Vizo =
Vi S(13), Vas.a = Vps(23).
4. E9: In this case the matrix elements are, see (F19),
(Vz|m - 1|¥s) = (Vz[m - 13|¥s) = (Ve[r - 3|¥=) =0, (5.5a)
(\IJE|O'1 . 0'2‘\115) = (\I/5|0'1 . 0'3|‘I’E) = (‘115‘0'2 . 0'3|\I/E> = —1, (55b)

(V2|11 -T2 01-02|V=) = (V|11 - T3 01 - 03| V=) =

(Vz|me - 73 02 03|V=) = 0. (5.5¢)
5. AJ;": In this case the matrix elements are, see (F26),

(Walm - 72|¥a) = (Va|m - 73|0a) = (Val7e - 73]Va) = +1, (5.6a)

(\I’A|O'1 . 0'2|\I/A) = (\I/A|O'1 . 0'3|\I’A) = (\I/A|0'2 . 0’3|\IIA) = +1, (56b)

(Talm -T2 01-02|0A) = (Va|T - 73 01-03|TA) =

(Valry - 13 02 03|¥a) = 1. (5.6¢)
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A. Mass from Local Two-body forces

Contributions to Fy from local QQ-potentials, given in subsection D 2.

(a) Pseudoscalar-meson exchange J7¢ = 0~+:

3
P m
E%Q?} = —gls95, <712MPM ) [3[2,0] —i—BB[o,o](T)} (o1 02). (5.7)
yVin
(b) Vector-meson exchange JF¢ = 17":

Eg% = g13924 MV *

2 M, M, mi
X (B[o,o] 4M M {2 + (“24 ™ + K3~ ™ )] B0 + K13H24716M2]\V4yMn B,
2

M M, m
6MM {(1 + “ijsﬂy)(l + %4—/\/1 ) Bpa,g) — K¥3H54_8/\/‘l/2 B[4,0]}(‘71 - 09)
yiVin

m2 v M, M v o m2
+4M ‘J/\/[ {(1 + K13ﬂy)(1 + Koa— M )B[O o(T) — “13“248/\/1—‘/23[2,0] (T)})(o-l -02)

yMn
v {10+ ) Y et 2 LB Q) - ). 58)
(c) Scalar-meson exchange JP¢ = 0++:
2 4
B = 91939547”5({3[0,0] + 4]\235]'\4”3[2,0]} - wﬁing[o,o](m : 62)>. (5.9)
(d) Axial-vector-meson exchange J©¢ = 1+:
Egé = —013934 MA -
X ({B[o,o] 61, 2]\/[ [4 + (’154% + “T:s%)} Bia o) + ﬁ?ﬁ%ﬁkmfﬁw}}
+{1 -2 ("@1% + H‘fg%) Bio,o)(T) + H1sﬁg4m3[2 o(T )}
+ [AZEJ Bg) (1 - 2). (5.10)

(e) Axial-vector-meson exchange J©¢ = 1+—:

(B) _ Bep (My+DM,y)?  my mi
E12;3 = +fi3f2 sz . 12M, M, B[O,O]*4My—MnB[2,O])

m2

+3 {B[Om (T) — 4%71?%3[270] (T)] ) (o1 - 02). (5.11)

(f) Diffractive exchange JF¢ = 0F+:

EPY = gl mp D +m7%3D 7m7313D (o1 - 03) (5.12)
12;3 913924 A2 [0,0] AM, M, [2,0] 160202 [0,00l01-02) |. .
? n yn



(g) Gluon exchange JP¢ =1-":

G
E£2)3 = gQCD mg -

2 M, M, m4
x|\ Brooy — 4MM 2466\ 30ty B[20]+KG16M2MM

2

2

me VM, M, M, M,
16M2M2{1+8”G RV }B[O,o](Q)(O'l'O'Q).

B. Mass from Non-local Two-body forces

Contributions to Fy from nonlocal QQ-potentials, given in subsection D 3.
(a) Pseudoscalar-meson exchange J7¢ = 0~:
(P) _ p(P)  p mp
oz = Elos + 913924 M, M, )
1
X (B[4,2] + 5 B0 +3 {B[m] (T) + Bla,o) (T)D (o1-02).
(b) Vector-meson exchange J©¢ = 17:
3

v v 3m 1
EfQ;?a = E§2 )3 + 91395 57 20, M { [0,2] + 43[2,0]} .

(c) Scalar-meson exchange JP¢ = 0++:
() _ p(s) mg 1
Bl = Ei5s + 913954 5o 21, M (3[0,2] + ZB[Q,O]>-
(d) Axial-vector-meson exchange J©¢ = 1+:

A 3m?
Eizs —Egz?s 913934 577 20, M <B[02] + B[z 0]) (o1 -02).

(e) Axial-vector-meson exchange J'¢ = 1+:

B (Mn+M )2 m5
Eizs =Vizs + R0 ()

1 1
X{ |:B[2,2] + 4B[470]:| + 3 |:B[272] (T) + ZBM’O] (T):|) (0‘1 . 0'2)‘

(c) Diffractive exchange J©¢ = 0++:

6 2
D D m m?
E%z;:)s = Eiz;:)s — 91395, (A_é')) 20, M, <D[o 2]+ D[z o])

d) Gluon exchange JF¢ =1-—:
(d) g

a v 3mg, 1
E§22’) E{2; + 900D T o0, M {3[0,2] + 13[2,0]]-

M M,
MM {<1+HGWZ/>(1+KGM)B[20] K68M23[40]}( 0'2)
yVin

M, M,
s {0 re 0+ 56 Ban (T) = k3 Bua() e - )

13

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)
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C. Mass from Additional Two-body forces

a Pseudoscalar-meson exchange J”¢ = 177: no extra contributions.

b Vector-meson exchange JF¢ =17":

3
V m v v v v v v M v M
A = = (b ) { ot s e+ { (st 55 ) 1 (14 22
o [ » My M, m? 2
+f13 (924 + f24ﬂ> (1 + m—Q>} <4My‘1/\4n> [53[4,0] — B, (T)} (o1-02)
V M, Mn v P v v v P M, M" m4
"‘{ <1+4TyQ> (973f21 + f13954) + 8f13f24 /\il } (16My¥M£) :
xBio,0/(Q) (01 02). (5.21)
¢ Scalar-meson exchange JF¢ = 0F+:
3 4
AES), = _g%.g5 <&> (BQO ~ S By, 6(Q)(on -02)>. (5.22)
12;3 13924 9M, M, [2,0] 16M§M,% (2,0]

JPC

d Axial-vector-meson exchange = 0**: no additional contributions.

VI. INSTANTONS, CONFINING POTENTIALS

The SU(3) generalization of the 't Hooft interaction for the (u,d,s) quarks in the NJL-form, see Appendix I, reads

cu@-—Ch»k&Aowf-+<¢vauoz—<&A¢o2—<¢T%Aowf], (6.1)

with G; = Aya/4, and where 1 = (u, d, s) i.e. the flavor {3}-irrep spinor field, A, a = 1,8 are the Gell-Mann matrices,
and \g = (2/v/3)1, see Appendix 1.
For the U,D quarks, and written in the quark fields, it reads

Lua = Gr 22;1 [{(Qiqi)(Qij) —(Gimiq) - (QjTij)}

+{(Qﬂ5qz‘)(5ﬂ5%‘) — (@vsTias) - @j'YSTij)}]- (6.2)

The quark-quark momentum-space instanton potential V7 i2(p’,p) is obtained from the constituent quark Dirac
spinors as follows

_ 1 .
(q9)° — 1= <2p"p+l(01+02)-p’><p)>,
Q
) 1
(qv59)> — —4 o1 (P’ =p) o2 (P’ —p)

Q

Noting that H; = —L;, and using the momenta k = p’ — p and q = (p’ + p)/2 the instanton exchange potential
between ¢ and g2 becomes [20]

k2 2
V112(P/7p)=—2G1<1—7'1'7'2) [{(1-1- 5 — q2)
’ SmQ 2mQ

729" ] fo o' <0l

i /
——— (01+02) P xXp+ o
me, 16mQ

4

k2 1 1 9

+ WUI'UQ—FW 0'1-k0'2-k—§O'1~0'2k . (63)
Q Q
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Now, the factor (1 — 71 - 72) is +2, and 0 for respectively the proton P and the Agss.

+2  P(938)
0 As3(1236)

—6  P(938)

0 Ass(1236) (6.4)

(1—71'7'2)_{ ; (1—7'1'7'2)(01'02)_{

For SU(3) the coefficients in (6.4) become (2/3 — A1 - X2) and (2/3 — A1 - A2)(o1 - 02) which assume the values, see
Appendiz J,

+4/3  P(938)
—2/3 A3z3(1236)

—16/3  P(938)

—2/3 As3(1236) (6.5)

(I —=A1-A2) { , (1)\1.>\2)(01.02){

For the baryon-octet the contribution of the instantons is universal, giving a down-shift and an up-shift of the mass
for the baryon octet and decuplet respectively, producing a mass splitting between the octet and decuplet.

In configuration space, with the addition of the gaussian cut-off, for the proton and the 33-resonance the effective
local QQ-potential, see e.g. [39] for the momentum- and configuration space formulas, is

Ar\’ A2 1
VLloc(T) = —2(1 —T1 TQ) G[ (1> ll + IQ <3 - 2A§T2> .

2/ 2mg,
1 1.5 5
X 1—|—§o'1~0'2 exp —ZAIT —
Ar? A2 1.y, 1.y,
—4 — 1 ——A ——A ) .
G; <2ﬁ> +3 7 3 A" || exp | =2 AT (6.6)

The last expression in (6.6) is for each pair in the nucleon, where 7, - 75 = 0 - 002 = —1.

From the m — p splitting G; = A\q/4 = (3.5 — 5.0) GeV~2, and for A; = M = 1 GeV the potential is attractive
Viioc(0) = —2.4M,,. This leads to the N — A splitting caused by the instantons. In these notes we call the model
with this instanton-splitting model-A. The confining potential is taken of the same form as in Eq. (7.3) i.e.

2,2

Veons = —Cp + [C’é 7‘2} U (6.7)

Writing G; = C7/M?, the contribution to the nucleon and the 33-resonance mass is

(1) A7 Aj A7
Bizg = 22000 =mm) (e )\ Pool + g i, P20 ~ 37,57, Do

A2 3A2
The confining potential is taken of the same form as in Eq. (7.3) i.e.
Veons = —Ch + [C’é r? e‘mérﬂ. (6.9)
The contribution to Ecopy is
3/2 y
us Cy 3 0 1 2)
Eeony(12;3) = —Cj+ (m—zc> [+m_§c{5 Geong ~ ) EprdE (6.10)

where G (2me)3 Dy o) (M) and el (2me)® Dpg o) (M)

conf = conf =
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VII. GLUONS, CONFINING POTENTIALS

The QCD one gluon-exchange (OGE) has the form Vogr = géCD (XS - AS) Ww(mg,r, Ag), where Vi, is the OBE
vector exchange potential, and A§ (i = 1,8) are the Gell-Mann matrices. Here, mg = 420 MeV, which is the mass of
the gluon propagator in the ”liquid instanton model” [17].

Apart from the OGE potential the potential for the three-quark system consists of a single-quark potential Vo, and
a two-quark potential V,,,,, where the latter is the color-magnetic moment interaction. We distinguish between the
OGE and the phenomenological V., .

a) OGE: the contribution to the nucleon mass is given by the same formula as those from vector-meson exchange
making the substitution: my — mg, and g{395, — géCD, and kY3, k5, — K. For the ”current quarks” kg = 0 since
this quark has at low energies no internal structure. However, ”constituent quarks” presumably have internal gluonic
structure because of the dressing, and hence in principle kg # 0. Also, the quark-gluon coupling for constituent
quarks can be expected to have a form favtor with a cut-off Agcp ~ 1 GeV. Although the mass splitting between the
nucleon and the 33-resonance, as well as the mass splitting between the w and the p, could be attributed totally to OGE,
see e.g. Ref. [32, 83], important contributions from instantons are also possibly present. Utilizing the sensitivity w.r.t.
to the cut-off room for the latter contributions can be made. The gluon-quark coupling is described by the Lagrangian

Hr = g0/ [y 48+ o 0047 - 040 . ()
In configuration space the OGE potential, see e.g. [39] Eqn. (32), for the (12)-pair reads
2
_ Yqcp 0 3 2,0 0 o2 )
Vi2(0GE) = =7 mK%JF 2M, AL, 4M, M, (V20e +0cv )> 6M T
2 3mG 0 mé c
x(oy - 03) — 4MyM o7 — 20, M, ¢so L-S+ TOVERVE (mGr) ¢TQ12:|( -F3). (7.2)

Here M,, = mq, My = m’Q, and F = A/2. For the quark pairs (13) and (23) similar expressions apply. For the octet
baryons and the Azz (o - o) is -1 and +1 respectively. Similarly, for F{ - F§ = (A{ - Af)/4 one has -2/3 for both
the octet baryons and the Agsz-resonance (see Table II below). This because, in contrast to flavor and spin in the
baryons, the color and spin are not intertwined.

The pointlike limits are given by lima e ¢2 = exp(—mgr)/(mar) ete.

b) Veonss Vinm: We choose a color-singlet central confining potential and a color-octet ("magnetic”) spin-spin po-
tential. We restrict the contribution to the region of the nucleon, i.e. for r < R, with R= quark radius of the nucleon.
An attractive procedure is the multiply the confining potential by a Wood-Saxon type of function. However, this
makes the integrals for the three-body matrix element very complicated. Therefore, we choose to work here with a
gaussian cut-off:

2

1
chonf +Vium = _CO + |:CQ 712 - 101 (0-1 : 02)()‘€i ! )\(2:):| e—mér . (73)

Here, we choose m¢ ~ 0.74 fm~! which means that V., 1 is reduced by a factor 2 at » = 1 fm. Then, in momentum

space
3/2 2
~ ~ T Cy (3 k
s om0 = o+ (55) [ s - sz
meo meo meo

ficl (01 - 2) (XS - Ag)] exp { 4:;0} . (7.4)

We note that (7.3) is a cut-off modified potential in Ref. [28].

The parameters in [28] are Cy = +230 MeV, Cy = +93.75R52 = +314.47 MeVfm~2, with Ry = 0.546 fm, and
C1 = 4+293.7 MeV.

Assuming that the confinement potential V., is a scalar-exchange the contribution to the nucleon mass is

T\ G 3 o 2
Econ 12a = - 5 —5 Y45
f( 3) Co + (m%) |:+ m% { ) Gconf G(’onf}

1660 o1 (A Asﬂ 7 (7.5)
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TABLE II: Color and Spin matrix elements, F = A°/2.

S I C <)\§ . AS) <0’1 . O'2>
0 0 {3*} -8/3 -1
0 1 {6} +8/3 1
1 0 {6} +8/3 +1
1 1 {3°} -8/3 +1

where G((:g)nf = (2m¢)*Dj,0)(m¢) and nglf = (2m¢)° Dy, (m).

To make the color spin-spin more like a §2(r) function it is useful to take m¢ — me, and me — mg, for the central
and spin-spin potential respectively. For example m¢, ~ 10 MeV and m¢, ~ 200 MeV. The formulas above can
readily be adapted to accomodate this.

In models this phenomenological spin-spin interaction is often used to generate the N — A and w — p mass splittings.
If one includes the OGE potential this interaction is unnecessary, hence Cq = 0.

c) Color-Spin factor: In Table IT the color factor is given. For the other pairs, because of the complete anti-
symetrization, one has

(A1 A2) = (A1 - A3) = (A2 Ag). (7.6)

Since the di-quarks are in the {3} color-irrep one has
c c _ 1 c c\2 1 c\2 c\2
Al-Ag = 3 (AT +A3)" - B} (AD*+(X9)%) (7.7)
We have F; = A;/2, and

3
(F?) = (1) + 2(L) + 1Y
which for the quarks (I, = 1/2,1.. = +1/2,Y, = 1/3) gives (F?) = 0, 4/3, 4/3, 10/3, 3, 6 for the SU(3)-irreps
{1}, {3}, {3*}, {6}, {8}, {10} repectively. Then, the color factor for the {3}.-irreps becomes A; - Ay = —8/3, which
applies to the nucleon as well as to the Ass.
For the spin operators one has summing over three quarks

1
0’1'0'2+0'1'0'3+0'2'03=5(0'14‘0'24-03)2—

25(S+1) — >
D=3 N, 5=1/2 3

N ©

(7.8)

Because of the SU(4)-symmetry w.r.t. spin-flavor one has o1 - 09 = 01 - 03 = 02 - 03 = =+ for respectively the Az
and the nucleon. Therefore, the N — A mass-splitting from OGE is due to the spin-spin force.

d) Remark: In [28, 29] the confining potential is taken to be a scalar color-octet exchange potential. In [30] the
confining potential is color-singlet scalar exchange of the form Vo, s = Co + Cy %, where Cj is adjusted to give the
939 MeV for the nucleon mass, and depends on the other parts of the total Q-Q potential. For the GBE-model [18, 31]
in [30] table III the fitted GBE parameters are Co= -416 MeV, C1= 2.33 MEVfm 2.

Since the GBE-model approach is also that of Manohar-Georgi, we choose in this work the confining potential in
(7.3).

e) N-A-splitting I: In [32] the mass splitting between the nucleon and the Ags-resonance is given by the expectation
of the spin-spin force

A = — 3 50) <u> (7.9)

3ml-mj
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Here (ij) is the quark pair. Because of the symmetry of the quark wave functions we evaluate this for the pair (12)
and multiply the results by 3. The calculation of d in eq. 4b of Ref. [32] is as follows

T — A? 1
d = —<\IJO|5(I‘12)‘I’0> :AIEI;O §<\P0 WGXP {ZAQI‘%Q} ‘\IJO>

a3 FEDY —3A(p? AZ) —A%p?)2
16\/— / / ‘

A3 A2\ 732 227 ,
_ AT 1
NG (1+6>\> — 16 (A = o0). (7.10)

This gives for mass shift of the spin-spin force

2 4<0’1 'O'2> 8

Using that (o1 - 02) is +1 and -1 for the Ass and nucleon respectively, and multiplying by the nunber of pairs (3),
one gets

Ap(I) = Ma — My = % s (d/md) _3\/§ as (mgRNn)"? Ry (7.12)

For Ry = 1fm, mg = M,/3 = 312 MeV, one obtains Ay; = 603.0 as MeV. With a; = 0.48 the mass shift is 289 MeV.
f) N-A-splitting IT: Using the formulas of these notes, we get in the massless and point-coupling limits
= 6V2 3/2 -3
Ah—>H;o 7}7.11—1;10 H[O 0] 6 NO [0,0] RN 5 11_1)20 T}llg H[Q 0] = (187T) ./\/‘[070] RN . (713)

Then, in the same limits the OGE gives

92 1
ESL = —(2m)7° 27(2rv2r) Ry 2QCQD [1—&-—

3<0’1 -02>] . (714)

This leads to the spin-splitting, via adding the color factor -2/3 and using g(z;,CD =4rag,

3o

Au(II) = Ma—My =~ (2mV21) (moRn) > Ry (7.15)
This leads to the ratio
Ap(I)/An(II) =1. (7.16)

Corollary: this checks our formula with the literature [32]!

VIII. RESULTS AND DISCUSSION
A. Coupling Constants, F'/(F + D) Ratios, and Mixing Angles

In Table IV we give the ESC16 meson masses, and the fitted couplings and cut-off parameters [34, 35]. Note that
the axial-vector couplings for the B-mesons are scaled with mp,. The mixing for the pseudo-scalar, vector, and scalar
mesons, as well as the handling of the diffractive potentials, has been described elsewhere, see e.g. Refs. [36, 37].
The mixing scheme of the axial-vector mesons is completely similar as for the vector etc. mesons, except for the
mixing angle. As mentioned above, we searched for solutions where all OBE-couplings are compatible with the QPC-
predictions. This time the QPC-model contains a mixture of the 3Py and 3S; mechanism, whereas in Ref. [38] only
the 3 Py-mechanism was considered. For the pair-couplings all F/(F + D)-ratios were fixed to the predictions of the
QPC-model.
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TABLE III: ESC08c¢ (rationalized) coupling constants, F/(F + D)-ratio’s, mixing angles etc. The values with %) have been
determined in the fit to the Y N-data. The other parameters are theoretical input or determined by the fitted parameters and
the constraint from the N N-analysis.

mesons {1} {8} F/(F+ D)  angles

ps-scalar f 0.3389 0.2684 ap=0.3650 Op =—11.40°%

vector g 3.1983 05793 af =1.07 6y = 39.10°%

—

—2.2644  3.7791 o} = 0.4655")

axial(A) g —0.8826 —0.8172 a4 =0.3830 64 = —50.00° *)

—

~6.2681 -1.6521 of = 0.3830"
axial(B) f —0.9635 -2.2598 ap = 0.4000") 65 = 35.26° *)
scalar g 3.2369 0.5393 as = 1.0000 6s = 44.00° *)

diffractive gp 2.7191 go= 4.1637 fo=-3.8859 app = 0.39")

One notices that all the BBM «’s have values rather close to that which are expected from the QPC-model. In
the ESCO08c¢ solution a4 ~ 0.31, which is not too far from a4 ~ 0.4. As in previous works, e.g. Ref. [39], af, =1
is kept fixed. Above, we remarked that the axial-nonet parameters may be sensitive to whether or not the heavy
pseudoscalar nonet with the 7(1300) are included.

In Table IV we show the OBE-coupling constants and the gaussian cut-off’s A. The used o =: F/(F + D)-ratio’s for
the OBE-couplings are: pseudo-scalar mesons oy, = 0.365, vector mesons of, = 1.0, ay’ = 0.472, and scalar-mesons
ag = 1.00, which is calculated using the physical S* =: f;(993) coupling etc.

B. Model A: Instanton interactions

In model A the mass splitting between the nucleon and the 33-resonance is produced by the four-quark instanton
Lagrangian. In Table V the baryon masses are shown with Vogr = 0. The mass of the Z(1321) is about 100 MeV
too large, which could be repaired by taking the quark radius R = 0.95 fm reducing the kinetic energy contribution.
In Table VI shows that the contribution of Vogg is small. The contributions of the ESC-potential are small by
themselves and moreover there are big cancellations. In Table VI C; and A; are different from Table V, while the V;
is about the same. This shows that there is a strong correlation between these parameters. Checked should be the
consistency of (Cr, A;) with those for the m — p splitting.

Looking at the contributions from Vopg displayed in Table VI it is clear that also with model A a good match with
the baryon masses is quite possible.

C. Model B: Color Magnetic interactions

In Table VII the baryon masses are tabulated coming from the OGE-potentials, the confinement potential, the
quark kinetic energies, the CM-energy subtraction, and the quark masses. In Table VIII the baryon masses are
tabulated coming from the ESC16 OBE QQ-potentials, OGE-potentials, the confinement potential, the quark kinetic
energies, the CM-energy subtraction, and the quark masses.
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TABLE IV: Meson couplings and parameters employed in the ESC16-potentials. Coupling constants are at k% = 0. An asterisk
denotes that the coupling constant is constrained via SU(3). The masses and A’s are given in MeV.

meson mass g/\/4r f/4r A
138.04 0.2684 1030.96
n 547.45 0.1368* )
n 957.75 0.3181 y
P 768.10 0.5793 3.7791 680.79
é 1019.41 ~1.2384" 2.8878" .
w 781.95 3.1149 —0.5710 734.21
ai 1270.00 —0.8172 -1.6521 1034.13
f1 1420.00 0.5147 4.4754 .
1 1285.00 —0.7596 -4.4179 ’
b1 1235.00 —2.2598 1030.96
h1 1380.00 —0.0830" .
4 1170.00 —1.2386 ’
ap 962.00 0.5393 830.42
fo 993.00 —~1.5766" )
€ 620.00 29773 1220.28
Pomeron 212.06 2.7191
Odderon 268.81 4.1637 -3.8859

TABLE V: Contributions Baryon masses from the confinement central potential and the instanton interaction (Veons), the
kinetic energy (Exin), and constituent quark masses. Quark-radii are R = 0.95,0.95,0.875,0.875,0.850 for P, Ass, A, ¥, and =
respectively. The quark masses are my = 312.75 and mg = 500 in MeV. The ” confinement parameters are Cj = 760, C% = 93.75
MeV. With Gr=2.8 GeV~2 and A; = 1 GeV. The instanton quark-quark interaction gives -324.4 MeV for P,A, X, =, and 0
MeV for Ass. The CM-energy subtraction is 231 MeV.

baryon VosEe Veony Voce Viot Exin S my Mass
P(939) — -528 — -852 +827 938.26 914
A33(1236) — -528 — -525 +827 938.26 1238
A(1115) — -528 — -852 +878 1125.50 1151
3(1189) — -528 — -852 +878 1125.50 1151
=(1321) — -528 — -852 +843 1312.75 1304

TABLE VI: Contributions Baryon masses from the ESC QQ-potential (Vogg), the confinement central potential and the
instanton interaction (Veony), the one-gluon-exchange interactions (OGE), the kinetic energy (Egin), and constituent quark
masses. In OBE the quark-meson Gaussian cut-off mass is Aggon = 500 MeV. Quark-radii are R = 0.80,0.90, 0.775, 0.850, 0.850
fm for P, Azz, A, ©*, and = respectively. The quark masses are my = 312.75 and ms = 500 in MeV. The ”confinement
parameters are C§ = 760, C% = 93.75 MeV. With G;=2.8 GeV~2 and A; = 1 GeV, the instanton quark-quark interaction gives
-318.0 MeV for P,A, %, =, and 0 MeV for Ass. The CM-energy subtraction is 231 MeV.

baryon Vose Veony Vinst Viot Eyin Soi m Mass
P(939) -288 -525 -318 -1131 +1110 938.26 918
A33(1236) -42.4 -525 0.0 -568 +912 938.26 1282
A(1115) -248 -525 -318 -1090 41090 1125.50 1221
3(1189) -21.1 -525 -318 -864 +925 1125.50 1186
=(1321) -21.1 -525 -318 -864 +843 1312.75 1300
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TABLE VII: Contributions Baryon masses from the confinement central potential Veorr, the ”magnetic” spin-spin interaction
Vium = 0, the one-gluon-exchange interactions (OGE), the kinetic energy (Eg:n), and constituent quark masses. Quark-radii
are R = 0.95,0.95,0.90,0.90,0.90 fm for P, Asz, A, ¥, and Z respectively. The quark masses are my = 312.75 and ms = 500
in MeV. The ”confinement parameters are Cop = 395,C; = 0,C2 = 93.75 MeV. The CM-energy subtraction is 231 MeV.

baryon VoBE Veons OGE Viot Ekin S mi Mass
P(939) — -394 -411 -805 +827 938.26 961
As33(1236) — -394 -135 -529 +827 938.26 1237
A(1115) — -394 -411 -805 +833 1125.50 1154
¥(1189) — -394 -411 -805 +833 1125.50 1154
=(1321) — -394 -411 -805 +755 1312.75 1263

TABLE VIII: Contributions Baryon masses from the ESC QQ-potential (Vopg), the confinement central potential Veony,
the "magnetic” spin-spin interaction Vi.., = 0, the one-gluon-exchange interactions (OGE), the kinetic energy (Egn), and
constituent quark masses. In OBE the quark-meson Gaussian cut-off mass is Aggom = 500 MeV. Quark-radii are R =
0.80,0.90,0.90,0.935,0.935 for P, Ass, A, ¥, and = respectively. The quark masses are my = 312.75 and mg = 500 in MeV.
The gluon mass mg = 420 MeV, Agcp = 1000 MeV, géCD/47r = 0.48. The ”confinement parameters are Cy = 395,C1 =
0,C2 = 93.75 MeV. The CM-energy subtraction is 231 MeV.

baryon Vose Veons Vocr Viot Ein 32 ma Mass
P(939) -288 -394 -432 -1120 +1110 938.26 937
A33(1236) -42.4 -394 -140 =577 +912 938.26 1273
A(1115) -50.2 -394 -432 =877 +833 1125.50 1082
3(1189) +177 -394 -432 -650 +776 1125.50 1251
=(1321) +177 -394 -432 -604 +700 1312.75 1485

CHECK: From Table VIII it is seen that Rs > Rp > Rpx > Ry > R=. The strong magnetic repulsion in the Ass-
resonance makes the ’bag” larger. Furthermore, the S-quark is slower than the U-,D-quark, which makes the order of
the radii not unlogical. Of course, the differences between the {8}-baryons are small and there could be other reasons.

D. Summary and Conclusions

In summary: The picture of this quark model is that of the sizties. This is a picture of quarks moving in a deep
potential well. Here we have constituent quarks moving relativistically in a deep harmonic potential well. The depth
of the well is the same as for charmonium suggesting universality, which is pleasing in view of the flavor-blindness of
the gluons.

We stress that we have evaluated the baryon masses in Born-approximation (B.A.). Therefore, to properly evaluate
model A, model B, or a mix of these, the three-body Lippmann-Schwinger or Schrédinger equation should be solved.
Conclusion: The contributions from OBE are not large if the meson-quark form factor cut-off Aggar =~ 500 MeV.
For for example Aggar = 1 GeV the OBE is very large. This because the interaction is essentially short range (r 0.5
fm), and therefore very cut-off dependent.

For as = 0.48 and Agecp = 1 GeV the N — A mass splitting is reproduced (model B). The same is true by using the
instanton interaction, without OGE (model A).

This opens the possibity to fit simultaneously the N —A and 7 — p splitting, using both mechanisms for these splittings.
This because the OGE is rather dependent on the gluon-quark-quark cut-off. Decreasing Agcp diminishes the N — A
splitting, making room for the presence of instanton interactions. So, there is a possibity to fit both the N — A and
7 — p splitting, using both mechanisms for these splittings, consistent with (perturbative) QCD and instanton physics.
There are very large cancellations between the confinement potential and the (relativistic) kinetic energies of the
quarks. The inclusion of the ESC meson-exchange potential between the quarks is perfectly compatible with the
picture of the baryons in the CQM. An important condition is thet the ESC QQ-potential is rather soft. This also
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legitimates the application of the quark-quark ESC-potential to quark matter.
Thinking that there will be truth in both models A and B, a mix of these models is most likely the

correct picture! For example taking (Cr, A;) the same as for the m — p mass splitting, the rest of the N-A splitting
can be attributed to the color magnetic moment spin-spin interaction.
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APPENDIX A: DETAILS V,; THREE-BODY MOMENTUM-SPACE INTEGRALS

Hjg0) in cartesian momenta: Since the potentials V> are expressed in the cartesian momenta k;, (i =1,2,3) it
is convenient to express the integral in (2.11) in terms of these variables. (This is also the case for the non-local
momenta q, (i = 1,2,3) when the contribution of these terms is non-vanishing, of course.) In cartesian coordinates
the exponential factor from the wave functions has

1
p,; +PX + P, + PX —4[(q?+q1 rap +a3) + (kK ko k)| (A1)
For the following it is useful to introduce the short-hand

N = (2m)~2(37°2%)3/2 N3 = (2m) 73, (A2)
Then, we get

Hoo = (20K} [ daco” [ @ik [ @qdh.
0
1
XeXp{ o { (af +a1-az+a3) + (ki + ki - ko +k§)} } e = N -

X / da e=om™ . / d3k1d3kgexp{ o [k2+k1 k2+k2H e (A3)
0

where in the last step the g-integrations are performed. Using ko = —k; brings (3.6) into the form

Hypg = ./\/[070]/ do €™ /ddkexp {)\kﬂ exp [—’ka]. (A4)
0

Doing the k-integration we obtain

Hyppo = /\/[0,0]/ da e ™ /d3k exp[ {( +7>k H
0

N, / " do o m \" A=t (A5)
oo G e (a+rA)) - 61 A2
The integral in (A5) can be worked out explicitly. Defining & = o + A the integral reads
0 3/2 ') 1/2
2 m d 2 T
J A) = doe™ ™ | —— = 21— da e | ———
) = [Taa et (i) =gy [T ()

d Am?2 dr 2 d Am? 2, 2
2 m xm 4 m d —m~y
dA l:e A \/E ‘ :| dA |:€ /\/A ve

= (o) g [ (V)

= —(2nyT)m [eAszrfc(v Am?) — \/ﬁ] (A6)
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With A = 3Ry” one has A = (1 + A%R%/18) /A% and

m2

1
2 2 2

Finally, the expression for Hjg g becomes

H[()’O] = Af[O,O] J1 :/\/‘[070] '271’\/%771 |:7

TAmM?2

— e Erfe (v AmQ)} . (A8)
b. Factor k? in Va: Writing k? = (k? + m?) — m? a new integral occurs which is purely gaussian
~ d3pl,d*p) d3p,d3p 1
G = T — N2 P A / p& P 2 "N
[0,0] <¢3| 3|'(/J3> 3 / (27T)6 (271—)6 exp 6\ (pp +Px )

1 L2 /A2 0~
X exp {—a(p%pi)} e /N }: (2m)°N3 / d°pj,d’p) / d’p,d°py -

1
X {exp {a (p;2 +pR+ pi + pi)} e”k2} , where v = A2 (A9)

Following the same steps as above from (3.3), but now without the a-intehgral etc., one gets

~ 1
G0 = (2m) (37 \)2 N3 /dka/dSk;,\ exp {—m (ki—l—ki)} .

1

1
St 2k k,\H : (A10)

1
X exp [—7 {§k2p + /3

which reads in cartesian coordinates, see (A4),
3 Lo 2
G0 = Npo | d°kexp fak exp [—7k’]

6T 3/2 3 T 3/2
= Moo 15gn) MM\ TR ) (ALD)
18

The integral for the matrix element with an extra k? is denoted as H [2,0], Which is
H[2,0] = G[O,O] — m2H[O’0]. (A12)

The integral with a factor k* in the integrand, i.e. Hyy ) is easily found as follows. We write kt/(k? + m?) =
(k? —m? + m*/(k? + m?). The term with k? leads to G[pg) = —(d/dv)Go,0] which is, see (A11),

3/ 6xr \? 3 ™ 5/2
Gzo) = Noa (1 - 67)\) Mooy (1 + 118A2R§v> (A13)

Then we find
H[470] = G[270] — m2G[070] + m4H[070]. (A14)

c. Factor g = (q? + q3)/2 in Va: The g-integrals, see Eqn. (3.3) gives the factor

1 4
I, = /d3q1 /d3Q2 B} (Q? + q%) exp {_6_)\ (Cl% +dq1-92 + q%)] (A15)
Using
3 3 2 2 4 o/
J:/dq/d q2 exp[(aq1+cq1.q2+bq2)(—4ab_02> ,
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one gets with a factor aq? + 493 + vq: - q2 in the integrand

4ab — c2

47_[_2 5/2
82 >

J = i[40zb+4ﬂa—2’yc] (

Application to the integral (A15) with a = b = ¢ = 4/6)\ and a = 1/2, 8 = 1/6,7 = 0 one gets I, = 2\ (3m2\?)3/2.
Therefore, after doing the g-integrals we have

> P 1
Hipz = 20MVjo g / dow e~ / Bkd3ky exp {_m (kI + ki - ko +k§)] Lo (A16)
0
Then, comparing with the expression (3.6) for Hjg o one gets

Higz) = 2X N, -2my/T m[ - eAszrfC(V AmQ)] =2X Np,o) J1- (A17)

1
VT Am?

With a factor q?k? in the integral, using again k? = (k? + m?) — m?2, we need Go,2)- Doing the g-integral we get
5 1., ) 6ar \ /2
G[O,Q] = 2\ ./\/—[070] d kexp —ak exp [—’Yk } =2\ ./\/-[070] m . (A].g)
Then, it can be verified easily that
H[272] = G[O,Q] — mQH[O’Q]. (Alg)
d. Factor ¢;k; in the integrand, which occurs for the spin-orbit, gives zero in the overlap integral.
e. For the tensor the overlap integral is
~ d*pl,d*p) d3p,d3p 1
I; = N2 [ A/ p& PA 2 2y |
! 3 / (2m)8 (2m)6 P16 (py +PX)
X exp {a(Pp + P,\)} " “kyiko,j. (A20)
In terms of Cartesian coordinates (A20) reads
~ dgqld?’kl d3q2d3k2 4
Ii' _ N2 2 . 2 .
o= 8 [ [ e [ e s
1 ) ) e_kZ/AZ
X exp [—a(kl + k1 . k2 + k2):| m . kl,ikZ,j' (A21)

Performing the q-integrations in (A21) giving the expression (why not factor (3w\)3/% 2)

I; = (2m)°(3n2\2)%/2 N2 / FEhadhes oy sk

1 , , esz/Az
X exXp |:a(k1+k1 k2+k2):| m .

Using ky = —k;, i.e. insert a factor d(k; + ko), the above expression reduces to
1 e—k2/A2
_ 3 2 _
By = Ao [ {eXp o] e [ ks
*A/[o,o]/ da e /d3e’(°‘+’4)k2 ckiky =
0

1 [ 2 T 5/2
_./\/'[0)0] . %/Ov do e ™ <a—|—A) 5l] (A22)
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with A = 1/6X + v, and where (B1f) is used in the last step. This result shows that the tensor two-body interaction
Vs leads to spin-spin term in the three-body matrix element. The remaining a-integral is related to Jy in (A6)

Ja(m, A) = % 000 dov e=m” <0[<7|1:A>5/2 = —%%Jl(m,A)
= —%mQ [Jl(m, A) —7mm (Amz)_g/z] . (A23)
So,
Iij = —NpoJa(m, A) 65 = H 1) 0i 5. (A24)

With this result the three-body integral of the tensor operator Pij is
1
Hs(m,A) = |Hp 1 — §H[0,O] o102 (A25)
f. Factor ¢1 ;g2 ; in the integrand, which occurs in the P} Pauli-invariant, in cartesian coordinates the overlap integral

1S
~ dgqldBkl dSQstkQ 4
I; = N} ——(a? ~ NE
J 3 / (27‘-)6 / (271')6 {exp |: 6\ (ql +d1-9z2 + q2):|

1, , e—kz/AQ
X exp |:—6—)\(k1 + ki - ko + k2):| ©Q1,i492,5- (A26)

k2 + m?

The g-integrations give a factor —(\/2)(372\2)3/25;;, and hence

K2 /A2
L = —(A\/2)N /d3k1d3k2{exp [—é(kf +ki -k +k§)] %} Sij.
Comparing the remaining k-integrals with those for Hg o we find that
Iij = —(\/2) Hyp,0) 0ij- (A27)
With this result the three-body integral of the non-local tensor operator P is
Hy(m, A) = =9\ Njgg(A) Ji(m, A) (o1 -02) (A28)

g. For the quadratic spin-orbit the overlap integral is

vo [ LR [ dpydip 1
1@z = Ns / 2 A/ g {exp [—ﬁ(pé%rp’f)} :

} (a1 x ki)i(qz x ka); (A29)

e~k /A?

k2 + m?

1
X exp [—ﬁ(pi + pi)]

In terms of cartesian coordinates (A29) reads

~ g d®k d3qed?k 4
I3(Q12)ij = N3 / ((12177)6 - / ((122706 2 {GXP {—a((ﬁ +di-q2+ q%)} :

1 —Kk2/A?
X exp [——(k? +k; - ko +k§)]

6 } (a1 x k1)i(qz X k); (A30)

k2 4+ m?
Working out the cross products we have

(Q1 X kl)i(q2 X k2)j = €imn€jrsk1,mk2,rQ1,nQ2,s
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Then, for the overlap integral we use (B1f)

J.[1.2](a,b,c) = /dgkldskig (kl,ikQ,j) 6_(11(?_01(1'1(2_“(g

ij
c 472 5/2
(7) 5ij = J[l’g] (a, b, C)(Si]’,

472 \ dab — 2

for the g-integrations in (A30) giving the expression

3a 2y2v3/2 v2 [ ERidks
I3(Q12)i; = —(A/2)(2m) " (37°A%)*/= N3 m)p i k1 mbkar -
1 e_k2/A2
Using ko = —k;, i.e. insert a factor d(ky + ko), the above expression reduces to
5 1 ) 67k2/A2
I3(Q12)ij = +(>\/2)/\f[0,0]/d k< exp [ﬁk} W2 [ CimnEirn Koy

o0 —am? d3k —(a+A k2
+(>\/2)MO’O]/O da e /(27T)3€ ( ) EimnEjrn kmkr

a+ A
= +>\ ./\/‘[070] JQ(?TL,A) 5” (A?)l)

1 > 2 T 5/2
+()\/2)./\/'[070] . %/0 da 6_0”” ( ) . 2(5@‘

with A = 1/6\+, and where (B1f) is used in the last step. This result shows that the quadratic spin-orbit two-body
interaction V5 leads to spin-spin term in the three-body matrix element. The remaining a-integral has been evaluated
above, see (A23).

With this result the three-body integral of the quadratic spin-orbit operator P; is

Hs(m,A) = Hg,,(m, A) (o1 02), (A32)

with the definition I3(Q12)i; = Hg,,(m, A) d;;.

APPENDIX B: MOMENTUM INTEGRALS MATRIX ELEMENTS

Integrals of matrix elements proportonal to k; and q; give zero for s-wave nucleons. Terms quadratic and tetratic
give non-zero results:
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1. The integrals with integrands proportional to two momenta

e 1o my\ane
Iij(a,) = /d3 k k. ) k % (7> 5LJ = Il(a/)(sij, (Bla)
) R 47_(_2 3/2
Jo(a,b, C) _ /dBkldSkQ efakI*Ckl'szbkg — <44ab — 02) R (B].b)

2 2
Ji(a,b,c) = /d3k1d3k:2 ky i e~ okimekike=bl;
. j— 2_ . — 2 —_ .
— _clilm Vd,i/dgkldgkg e aki—ck;-ko—bks; e d-k;,
=0

3/2 k 2
= —lim Vg, (a) /d3k2 e_bkg exp [M]

d—0 4a

- = (5) /d3l<;2 iz, exp [— <b— 4—) kQ] =0,

J'[l'z](aab7c) = /d3k1d3k2 (kl,ik2,j) eiakfickl.k2ibk§

—~

Blc)

c 4 5/2
T T4 (m) 8ij = Jp21(a; b, )b, (Bld)

)

J.[l.l](a,b, c) = /d3k1d3k2 (k1,ik1 5) e aki—cki ke —bk;
b e 5/2
= +W (m) 61] = J[l,l] (a7b7 C)6ija (Ble)

J,Lv[j2-2](aab7 C) _ /d3k1d31€2 (kQ,ikQ,j> e—akf—ckrkz—bkg
5/2
a am
= +ﬁ (m) (Sij = J[Q’Q] (a, b, C)(Sij. (Blf)

2. For the integrals in the main text we use the same notation but it is understood that there are integrals over the
(a, B)-parameters, i.e.

Jig — / da/ dg emomig=hm; Jyi,j1(a, b, c), (B2a)

K2 / dov / dg e=omie=fmi 12 (g b, ¢), (B2b)

[m [2,5]
< dp

Hij — ;/0 Jal, VB e Mg Pms Hp; j1(a,b,c). (B2c¢)

APPENDIX C: GENERALIZED D&D-MODEL

In this appendix we consider distinctive gaussian wave functions for the initial and final state. This enables one
to treat the case where the the wave functions are a sum of gaussians with parameters \;,7 = 1..N. This is akin to
description of wave functions in the GEM-approach [23]. Then, for W3y = >, ¥3n(A;) the matrix elements are

N

(Uan [Va[Wan) = Y (han (N[ Valsn (A;)-

ij=1
Here, we consider the The momentum space wave functions are

1, 5 9 L ar\ 32
Nj exp Y (pp—i—p)\) , with N3 = EY , (Cla)

Y3n,i(Pp, PA)

~ ~ 1 . ~ 47 3/2
Fav s (B Bh) = Nyep [~ (0 +5)]  winn N5 = (57) (1)



28
The generalized basic integral is
~, ~ 1 1
Gz = N3 N3 /dSp;dgp&/dgppdpr {GXP[ o Py Ph )] exp {—ﬁ(piﬂLpi)} -

eikg//\% eikg//\g K2 /A2
67 3/ 3

X
k? +m?2 k2 +m3
= Nj / da / df e miemims '/d‘gp;dgp&/dgppdspx
0 0

1 1
xdexp (= (P2 +PR) — — (P2+p])| e " MeT e (C2)
6N 6
where v = « —&—Afz, Yo =p +A52. and 3 = A52.

Changing the (k, q)-integration variables and expressing everything in the (p, A)-varibles we write for (C2)

Gs3 = N} Ny / da / dB e=omie=hms . / d3q,dk, / B d3ky, -
0 0

1 1

X exp —@( +k5/4+q,-k,) — 5(qi+k%/4—qp~kp)]-
! 1

X exp a(q§+k§/4+qux)5(qi+k§/4qux)} :
(1 , 1 , 1

xexp | =y 5 +ae)k, + on +72+4'73)k)\+ﬁ(71_72)kp'k)\ -

Note: We remark that in this generalized D&D-model the terms proportional to the q; vectors no longer vanish
doing the momentum space integrations.

Using the notations g = 1/\ and g/ = 1/) we have

Gs = Nj Ns / da / dB e~ *mie=Pms -/df’qui”k,,/df‘)qui”kA-
0 0

X exp 1 s {0+ wlag +%5/4) + (' — p)a, - }}

X exp _——{ (1 + p)(a} +k3/4) + (u’—u)qx'kx}} :

[ 1 1 1
X exp |— {5(’71 + ’72)1{%2) + 6(’}’1 + 72 + 4’}/3)1{?\ + ﬁ(’h - ’72)kp . k)\}:| . (03)

1. The basic integral is
Hy = Nj N3 / d>q,dk, / Bard’ky -
(1
xexp |~ {( + w)(a) +X5/4) + (1 — pa, - p}}

xoxp |4 L+ (@ +13/4) + (M’M)kax}]'

I 1 1 1
X exp {2(71 + ’72)k + 6(71 + 90 + 4y3)k3 + ﬁ(% —72)k, - k/\H

_wm (=N [k [ L g2 g2y
AN (T g NPT e T

1 1 1
cexp [~ {500+ + g0+ + 4G + o1 =)k o] ()
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2. With e.g. a component of the q,-vector in the integrand we define the integral
i N7 3. 13 37, 13 —d.q
H(q,) = é1_>InoN3 N3 /d gpd qk/d k,d’kx - F(ky, ky) -q, e o
1
X exp [—5 {(W +pwap + (W = wa, - kp}} :
6

X exp {—1 {(W +was + (1 = wax - kA}:| (C5)

Here we first make the move q, -+ —V4 and execute the d3qp—integral, which gives

Then,

6 3/2 I 2 !/ _
1ide:>(/7T ) exp[(”,“) ki]'(u, 1) k.
d—0 w+p 24(p’ + ) 200 + )

Performing also the d®gy-integration we arrive at

3
~, ~ o
H(q,) = N} N; (m) /d3qu3q,\/d3kpd3k,\-F(kp,kA)~

(W =2 o] o [ =) 0] W —n)
24(u’+u)k"} p[24(u’+u)kA} 200 +p) " (C6)

and a similar expression for H(qy). It is easy to verify that H(k,) = H(k,) = 0.

xexp[

3. With bilinear components of k, and ky, in the integrand we obtain results similar to those for the case p' = p.
Comparing the basic integral (C3) with that for u/ = p in Eqn. 3.4 we see that the change is

1

Iy w+p 1.,
= A = (V4.
2 T ow s N7 o 2NN

Then, using again the formula

3/2
/ Bl d3ky, e K5 —ckpka—bk} _ ( 4 ) /
p - )

4ab — c?
with,
_ 1 _ pu .
o= 5A+a+p), A——g(#/+u)+(71+’)’2)7 (C7a)
_ 1 _ pwu o .
b = g(B-l—a-i—ﬁ),B—(N,+u)+(71+’)’2+4’73), (C7b)
¢ = Z2(C+@=B). C= (=) (7o)

where again y1 =491 +a+ 8,72 =92 + o+ 5, and y3 = 93.
With this result we finally obtain,

N AT 67T ° > > 7o¢m27m2
Gs = Nj N3 <(u’+u)>/o da/o df e omig=Fms .

127 3/2
XQA+a+BMB+a+B%%C+a—ﬁP) ’

(C8)

For the Jix z}, J[x,p)5 and Ji, ), similar to the case ' = p the formulas given in Appendix B apply.
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4. Hp in Cartesian momenta: Recalling the inverse of (2.9¢)

3 1
k) = \/;(kl + kz) , kp = \/;(kl — kg), (09)
we write (C3) into the form

Hy = N Ny <( ) /d3 /d% exp{ fu(kfﬁrki)]-

xexp [— {(71 +73)kT + (11 +73)k3 + 2y3k1 'kz}]
= (V3)3N} N ( — ) /d3k1/d3k2 exp [—— o K+ Xk .k2+k§)] .
(W' + 1)

"+
X exp [— {(71 +y3)k3 4 (71 +73)k3 + 273k, - kz}]

-~ 6r \° 120 \*?
= N N. C10
5 ((u’ﬂt)) (4ab—02> ’ (C10)
where
1 R R
a = a+ +91 + 93 = A + «, (Clla)
6/\7'ed
1
b =B+ +%2 + 93 = Be + B, (C11b)
6)\7‘€d
1 .
c = oh + 293 = C,, (Cllc)

with Apeq = (1 + )/ (24 11). Analogous to (C7),

~, 6m 3o e —am2 —Bm?2
ngNéNg <m)/0 d()(/o dﬁ@ 1eﬁ2'

127 3/2
% (4(Ac fa)(B.+f) — Cg> ’ (C12)

APPENDIX D: ONE-BOSON-EXCHANGE QUARK-QUARK POTENTIALS
1. Non-strange Meson-exchange

In this section we treat non-strange meson exchange. The strange meson exchange is readily obtained using the
prescriptions given in [11] for the strange meson exchamnge potentials.

Two-body system: In the two-body center of mass system (CM), we denoted the initial- and final-state CM-

momenta by p; and py. Using rotational invariance and parity conservation we expand the V-matrix, which is a
4 x 4-matrix in Pauli-spinor space, into a complete set of Pauli-spinor invariants ([37, 41]) Introducing the momenta

1
q=§(pf+pi), k =p; — pi n=p; xpy=qxk (D1)
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with , of course, n = q x k, we choose for the operators P; in spin-space

P1 = ]., (D2a)
P2 = 0102, (D2b)
P3 = (0'1'1()(0’2'1()—%(0'1'0'2)1{2, (DQC)
Py = %(0'1-1-02)'117 (D2d)
P = (?1'“)(02'11)7 (D2e)
Py = %(0'1—0'2)-n, (D2f)
Pr = (01-q)(02-k) + (01 -k)(02-q) (D2g)
Py = (01-q)(02 k) — (01 -K)(02 - q) - (D2h)

Here we follow [37, 41], except that we have chosen here P; to be a purely ‘tensor-force’ operator. For the axial-vector
mesons there also occurs the invariant P, = (o7 - q(02 - q) — (01 - 02) q%/3, see [34] for its treatment. For the
non-strange mesons the mass differences at the vertices are neglected, we take at the YY M- and the NN M-vertex
the average hyperon and the average nucleon mass respectively. This implies that we do not include contributions to
the Pauli-invariants P; and Pg. Then, the potentials are expanded as

6
V=> Vik?q?P, . (D3)

i=1
For the non-strange quarks also the antisymmetric spin-orbit we will neglect.
Three-body system: The generalization of the Pauli-invariants from the two-body- to a N-body-system, in par-

ticular to a three-body system is as follows. In the three-body system it is appropriate to introduce, e.g. for the
12-subsystem the momenta

1
q = 5(P'1+P17 k; = p} —p1, (D4a)
1
qz = 5(P’2 + p2, ko = p5 — p2 (D4b)
For the V12,3 potential momentum conservation p; + p2 = pj + ph gives ko = —k;, and therefore in the expressions

below for the QEX), where X = P,V,S, D, A, k = k; = —ks. Since for the two-body 12-subsystem q; # g2 for the
three-body system we have the generalization

1
(0'1+0'2)'01><k%§[0'1'(l1><k1+0'2'012><k2], (D5a)

Ul~quO'2~qu—>Ul-ql><k10'2~q2><k2 (D5b)

As for the non-local potentials, which are related to the g*-terms, we note that in the three-body system for Vj2.3 we
must take q> = (q? + q3)/2. Accordingly, the potentials are splitted as V;(k,q) = V;.o(k + (a? + q3 + k2/2) V; /2.
The appropriate Pauli-invariants for the 12-subsystem in an N-body system are we choose for the operators P; in
spin-space

P)1 — 1’P2:0-1.0-2, (DGa)
1
Py = *(0'1~k1)(02'k2)+§(0'1"72)(k1'k2) ) (D6b)
)
Py = g(o1-m+02-m3), P = (01-m)(02 na). (D6c)

We skipped here Pg, P7, Py since we do not use them in this paper. Note that these P; are choosen such that they
correspond to the set in (D2) in the case that k1 = —ky =k and q; = —q2 = q.
The potentials for the 12-subsystem are expanded as

5
V:ZVi(klak%qlaCH) P;. (D7)

i=1
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Listing non-strange meson exchange QEX) (X=PV,S5 D,A B):

(a) Pseudoscalar-meson exchange:

k? 1
P P
an) = _9{)3954 (W) ) Qi(ia) = _gtfi)3gg4 <4MyMn) ) (D8a)
2 1
P P
Qéb) = +9]193954 (W) ) Q;(ab) = +9117391274 <8M2M2> ) (D8b)
y-n Yy n

(b) Vector-meson exchange:

V v v v v k2
an) = {913924( 2M M, > 913f244MM f13924m
3
+f13f2416M2M M, } Q = 913924 (m)a
2
o) — “eal, o) - heal),
v M, k2
Qi(’)a) = {(913+f13M)(924+f24M) f13f248M2 /(4MyM,,),
% M, M,
Q:(),b) = (913+f13M)(924+f24M)/(SMQMZ)
/M, M 3k?
|4 v v v pv v v n v pv
Qz(l ) = _{12913924+8(913f24+f13924)Ty_f13f24m}/(8MyMn)
/My M, My M,
V v v v v v v
Qé ) = {913924+4(913f24+f13924)T+8f13f24 M2 }/(16M§M72L)
K2 (M2 — M2) 1
Q(V):, vv+vv n Y/ (Y U FU U .
6 (973924 f13f244M2) 4M5MT% (975f34 f13924)7\/m
(D9)
¢) Scalar-meson exchange:
(c) Scal hang
S s k2 S s 1
an) = —9f392g4< M, M, ) ) ng) = 4973954 <W)
QS = _gtg8 Q) = g2, g8 1
4 13924 L 13924 16My2M,2L
s (
Qé )= 91392474M2M . (D10)
xial-vector-exchange = :
(d) Axial hange JIC = 1+
A o a 2k? M, k?
Qéa) = —Y13924 {13MUMJ {(913]"24/\4 ff};gé%;M) f13f242M2] m
A a a 3
ng) = 913924 (2MyMn>
A 1 M, k2 1
Qz(s ) = —913954 _4MyMJ [(913f24M +f13924M> f13f2112M2 90, M,
r 2 2
(4) _ a4 a 1 (A) _ (M, — M)
Q7 = —91395 _2MyMn} , Qg —973954 [ 4My2M7%
M = g8, 2 } (D11)
| My M,
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Here, we used the B-field description with «, = 1, see [34] Appendix A. The detailed treatment of the potential
proportional to P!, i.e. with QéA) , is given in [34], Appendix B.

(e) Axial-vector mesons with JF©¢ = 1+

Qéf) = +f1B3f51 (Mn:,zzBMy)Q (1 B 4Ml:2]\4n> <12J\1/;5Mn) ’
Ol =+ 5 (Mn;%My)Q <8MI§M5>
oy = +rB 5 (Mn;zBMy)Q (1 - 4Ml:21\4n> <4M;Mn)7
O = I (MnﬂtzBMy)Q (8M§M3>
(D12)
(f) Diffractive-exchange (pomeron, f, f/, As):
QY = +oll, (1+ 4]\22]\4n> - O = oty (W)
) <2MiMn) e T (W)
0P = oot e o

AMZM?

(g) Odderon-exchange: The Q¢ are the same as for vector-meson-exchange Eq.(refeq2), but with g3 — ¢, f15 —
1S and similarly for the couplings with the 24-subscript.

As in Ref. [37] in the derivation of the expressions for QZ(-X), given above, M, and M,, denote the mean hyperon and
nucleon mass, respectively M, = (M; + M3)/2 and M,, = (My + M,4)/2, and m denotes the mass of the exchanged

meson. Moreover, the approximation 1/M3% + 1/M2 =~ 2/M,M,, is used, which is rather good since the mass
differences between the baryons are not large.

2. Non-strange Meson Momentum-space Potentials 1

The local potentials are given below.

(a) Pseudoscalar-meson exchange:

Vi q) = —gudts {k2P2+3P3}( ) Go(k2, A3). (D14)

12M,, M,



(b) Vector-meson exchange:

V. k? M, M, K2

\4 v v v v n

23k, 1) = g3 ({ (1 ~ oM, M, ) a (”24ﬂy HL”’W) 4M, M,
Yy n

+ v o k4 2 (1+ v My)(1+ v Mn) KV, kY k2 k2
_ K 1.2 o Myy oL K
MsRA e RN M, [ 3 B M Y R Y VEN VTV VA

M M,. o, . K
+{(1 + ’ﬂ%ﬂy)(l + 524%) - HISHMW} Py /(4M,,My,)

v v V n vV 3k2
_{12+8(H24 _"_/{/13)71/ — K13,€24—M2 }P4/(8MyMn)
v \/ M 2272
—< 1+ 4(ky + KY3) " 48k 13n24—M Ps /(16 M, M)

vov k? (Mn - M2) v v
{0 sty ) i — (b s/ (MM | )
Yy n
XGo(k2,A%/).

(c) Scalar-meson exchange:

2
(s) e k 1 p—|—L |p
Viza(k,q) = 913924<<1+ 4MyMn> + {ZMyMn] 4 LGMgMg 5

XGo(k2, A%)

(d) Axial-vector-meson exchange J©¢ = 1+:

A a a 2k2 a Mn a M, K0 k2 k2
Vsl = 913924<{ [1W —\\WeRg Ty ) T e | s, g
y+in y My

+ # _ a % +,<;a % Iﬁ: ,{A k2 # P.
4M, M, 2T T sy 8RA 02 | oMM, [ °
1 (M7 — M) 2
- W por |2 | P K2, A%).
* |agar) Pt i+ g ) Gt

AMZM?2
(e) Axial-vector-meson exchange J¢ = 1+—:

(B) B 5 My + My)2 k? k?
Vi, = 1— .

X {PQ + 3P3} Go(kQ,AQB)
(f) Diffractive exchange JZ¢ = 0++:

2
D)k o) = +adad [ (1 k 1 p_ [ 1p
Vigss (k. a) +gl3924(< +4MyMn> + {2MyMn *7 ienzaz) Tt

X exp [—kQ/MQ] :

3. Non-strange Meson Momentum-space Potentials II
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(D15)

(D16)

(D17)

(D18)

(D19)

As for the non-local potentials, which are related to the q-terms, we note the following. In the three-body system
for Via.3 we must take q> = (q? + q3)/2. Accordingly, the potentials are splitted as V;(k,q) = V; o(k + (g3 + q3 +

k?/2) V; /2



(a) Pseudoscalar-meson exchange:
P P 1
Visa(k @) = Vi3 (k@) + 5 (af + a3 +K/2) ghygh, -

k2
X{k2P2 + 3P3} [m} Go(kz,A?:))
yiVin

(b) Vector-meson exchange:

Vo = Vo a) — (el + a3 +K2/2)

(ot + St 08+ g - 512Pe+ P b SMEMD ) Gl A% )
(c) Scalar-meson exchange:

S S 1 s s
V1( )(k q) = V1(2;i)’)(k7 q) + 5(01% + a3 +k%/2) 913924( ) Go(k?, A%).

1
2M, M,

(d) Axial-vector-meson exchange JF¢ = 1++:

A 1 3
Viga(k.q) = wgmm—;ﬁ+@+wmmm&(ﬁﬂf
yiin

(e) Axial-vector-meson exchange JF¢ = 1+~

1
B B
V1(2 g)(k, q) = V1(2 §(k q) + Q(Q? +a;+k%/2)-

M77.+M k2
><<le3]024 ){P2+3P3}< M2M2) Go(K*,A%).

(f) Diffractive exchange JF¢ = 0+:

D D 1 1
Viga(k.q) = ‘G(zﬁ(k,q)—§(qf+q§+k2/2) 9f39§4<2%—m) eXp{—kQ/MQ}

) Py Go(k? A%).

APPENDIX E: ADDITIONAL ONE-BOSON-EXCHANGE QQ-POTENTIALS
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(D20)

(D21)

(D22)

(D23)

(D24)

(D25)

The extra vertices at the quark-level generate additional OBE-potentials. Neglecting the k* etc terms we obtain

the following contributions:
(a) Pseudoscalar-meson exchange: no additional potentials.

(b) Vector-meson exchange:

v v v, o v k? v
Aﬂga) = —{glsf3s + fl3954] IMme? Aﬂﬁb) =0,
2 2
AQY) = —5K AQY) =0, Al = —5K AQY) =0
v M, M, M, K>
Aan) = {913+f13M) <1+ Q>+(924+f24M)f13( o >} 4MmQ/(4MyM")’
V) MyMn
AQ =+ 3+ 2 —— ) (g13fa1 + fi3954) + 4f13f24 /(2MyM,,),
M M" v v v v v
AQéV) = "‘{ <1 +4 5 L) (973f21 + fi3954) + 8f15f24 } ( ) 16My2M72L)7
Aol =
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(c) Scalar-meson exchange:

k? s
AQS? = —973954 3 Ang) =0,
2mQ
2 2
) _ s s K 1 S) s s k 1
AQY = —gi3954 —477% {—MgMg} , AR = g73954 —4m2Q —8M§M72L )
2 2 2
8 _ s 8 (MniMy) k
AQg” = —gi3954 4M3M,% Qmé' (E2)
(d) Axial-vector-meson exchange:
AQYY = +giygs, [—4 ] (E3)
M, M,

The transcription to configuration space potentials of these additional Pauli-invariants is similar to that in section D
and is readily done.

APPENDIX F: ISOSPIN- AND SPIN-OPERATORS IN THREE-QUARK SPACE
1. Baryon octet JP = (1/2)* 3 spin-isospin quark wave functions are of the symmetric form

1
Up = N <¢M,S ®XM,S+ Pma® XM,A) , (F1)

where in ¢pr 5 and ¢ps 4 the isospin of the 12-subsystems, which in the case of the nucleon is 1 and 0 respectively,
see e.g. [33]. In Table IX the explicit states are given. Similarly for the spin wave functions xas,s and Xz, 4.
The nucleon consists of three (constituent) quarks, which are in the ground state has J=1/2, and T=1/2. The

s énr,A

7pr —‘r% [(uldg + d1UQ) us — 2uﬂL2d3] (uldg — d1U2) us

Sl

"N — 16 [(p1d2 + dip2)ds — 2d1d2U3] L (u1ds — dyuz) ds

S
S

TABLE IX: Isospin states for the proton (P) and the neutron (N).

ground-state is symmetric w.r.t. the (L, S, I) quantum nubers for the permutation of the quarks. It is antisymmetric
in color. The total symmetric spin-isospin state we generate by application of the symmetrizer S to e.g. the state

Uy =u'dlut. (F2)

Using the Ss-projection operator one has

S=> m (F3)

where §; is the signum of the permutation p;. The 6 permutations p; of Ss, listed according to the conjugation classes,
are

Sy e; (12), (13);(23), (123), (132). (F4)

Then, the fully symmetrized ”P”-state is

1
U = Sy, = 7 {qu%H +d"uut + utndtut + ututd + wtatdt dTuiuT} . (F5)



It is easily verified that (F'5) coincides with (F1).

2. The matrix elements of the spin-operators can easily be evaluated explicitly. Using
005 = 2(04,i0-;+0i01 ;) +0i:0j:

we derive, working things out for the ”"P”-state,

0102 XM,A = —3XM,A , O1°02 XM,S = XM,S,
1 4

0103 XM,A = +v3 XM,Ss , O1°03 XM,Ss = % XM,A + ﬁ XM, A>
1 4

0203 XM,A = —\/5 XM,S , 0203 XM,S = % XM,A T % XM,A>

where
/ 1 . 1
XA = 7 (urugds — diugus) , Xy a = ﬁm (u2ds — dausz),

with the matrix elements

1 1
XRLA Xma = +§ ) X}r\/f,s X4 = —5\/37

1 1
XL,A Xl]\//[,A = T X}r\/f,s X/J(/[,A = ) 3.

The individual matrix elements are

(xaslor-oalxars) = +1 , (xar,alo1 - o2xar,a) = =3,
(xaslor-aalxara) =0, (xaralor - o2|xas) =0,
(Xm,slor-oslxas) = =2, (xam,alo1 - os|xara) =0,
(Xm,s|lo1 - o3]xMm,4) = +V3 (Xam,alo1-o3|xa,s) = +V/3,
(xm,slo2 - a3|xms) = =2, (Xaraloz - a3|xaa) =0,
(xm.slo2 - a3lxara) = —V3 , (xm.aloz - o3lxa,s) = —V3.

These matrix elements apply to all J¥ = (1/2)*-baryons.
4. Baryon octet J¥ = (1/2)* spin-isospin matrix elements: From the baryon wave function (F1) one has

1
(¥p| Or Og |¥p) = 3 { (oa1,5|011P0,5) (xar,s|0s1X0,5)

+( |par,a) (xas,5|0s]xar,4)
+( |par,s) (Xar,4|O0s|x0r,5)
)

+ (6a1.41011631.4) (xar.alOsxar.a) } .
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(Fra)
(F7b)

(Fc)

(F11)

5. P: The isospin matrix elements are similar to the spin-operator matrix element. This leads to the proton matrix

elements of the isospin-spin operators:

(Un|T-2|UN) = (Un|T - 73|¥N) = (Un|Te - 3| ¥N) = —1,
(Unloy-o2|¥N) = (Unloy-03|¥N) = (Yn|oz-03|VN) = —
(Un|T -T2 01 02|¥N) = (Un|T1 - T3 01 - 03|UN) =

(Un|To T3 02 - 03|V N) = +5.

Of course, these matrix elements are the same for the neutron.

6. A: The flavor part of the wave function is

Suslh) = —5 (uds),

(F12a)
(F12b)

(F12c)

(F13)
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where the Young-operator is Y = PQ = [e + (12)][e — (13)]. For the explicit derivation of the matrix elements it is
useful to introduce the wave function components

1 1 1
¢1 = 7 (dsu —usd) , ¢o = 7 (sdu — sud) , ¢3 = 7 (dus — uds) . (F14)
These wave functions are orthogonal. The mixed symmetry states for the A are, see [33] section 3.3,
1 1
dm,s = 7 (p1+ d2) 5 dara = 7 (1 — P2 + 2¢3) . (F15)
The operation of 7; - 7; on the components, using (F6), is readily evaluated. The results are
(11-72) 1 =0, (T1-72) 2 =0, (T1-T2) ¢p3 = —3¢3, (F16a)
(T1-73) g1 =31, (T1-T3) P2 =0, (T1-73) 3 =0, (F16b)
(T2 'T3) (bl =0 s (T2 'Tg) (252 = —3¢2 5 (T2 'T3) (bg =0. (F16C)
With these we find
(11 72) dars =0, (71 72) dusa = +V60s, (F17a)
3 3
(T1-73) drrs = *\ﬁéﬁl o (11 73) dma = +%¢1, (F17Db)
3 3
(T2 73) drrs = *\ﬁ% o (T2 73) A = *%@2527 (F17c)
which give the matrix elements
(om,slmi - T2ldns) =0, (daralmi - T2ldnra) = =2, (F18a)
(pm,slTi - T2|Par,a) = 0, (Sar,alTi - T2|dnrs) =0, (F18b)
1
(D511 - T3l ,5) = 5 (Prr,alT1 - T3|dar,a) = —g3 (F18c)
1 1
(Par,s)T1 - T3lPar,a) = +§\/§ y (Pr,alm - T3|dMm,s) = +§\/§7 (F18d)
(om,s|m2 - T3|P0,5) = 5 (Par,alT2 - T3|dara) = —3 (F18e)
1 1
(Par,s]T2 - T3lPaa) = —5\/5 y (Or,alTe - T3|dm,s) = —5\/5 (F18f)

Similar results hold for the spin-operators. This gives for the A matrix elements of the isospin-spin operators:

(TUplm - T2|PA) = (UplTr - 73| TA) = (P72 - T3|Tp) = —1, (F19a)
(Tplor - o2|Tp) = (Pplor - 03|Pp) = (Ualos - 03|Tp) = —1, (F19b)
(TAlT1 -T2 01 -02|Up) = (Up|T1 - T3 01-03|Tp) =

(ValTe - T3 02 - 03| W) = +2. (F19c)

7. X1 The flavor part of the wave function is

RN NN
V6|3 |

This state is the same as the proton if we make the substitution d — s. But the isospin-operator matrix elements are
different. Explicit calculation gives for the ¥ spin-isospin matrix elements

dus(XT) = — (uus). (F20)

1

(Us|m - 72|¥s) = (Vs|m - 73|¥s) = (Vs|m - 73(¥s) = +3 (F21a)
(\I/2|0'1 . 0’2|\I’E) = (\I/Z|O'1 . 0'3|\I’E) = (\I/Z|O'2 . 0'3|\I’2) = —1, (Fle)
(Us|m -1 01 02|Vs) = (Us|T - 73 01 -03|¥s) =

1
(Us|m 73 02 - 03|¥s) = +. (F21c)

3
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8. Z0: The flavor part of the wave function is

= ——L 1] 2] ssu
Pus(E°) = NAER (ssu). (F22)

This state is the same as the neutron if we make the substitution d — s. The matrix elements of the spin-operators
are the same as for the neutron and the proton. The isospin matrix elements are different, being simply zero due to
double the s-quark component. The = spin-isospin matrix elements are

(Pg|m1 - 2|V2) = (Pe|m - 13|P=2) = (V|2 - 73|P=) =0, (F23a)
(Pgloy - 02|¥=) = (Vo - 03|P=) = (V=los - 03|V=) = —1, (F23b)
(Vg|r1 -T2 01 - 02|¥=) = (V|1 - T3 01 - 03|¥=) =

(Pg|Te - T3 02 - 03|¥=) =0. (F23c)

9. A" The flavor part of the wave function is

1
ous(AL) = |1 123 | (uuu). (F24)
The states are the completely summetric ¢ = uuu and xs = + + +. This gives

(T1-7T2) ¢s = (T1 - T3) b5 = (T2 - T3) s = ¢s, (F25)

and similarly for the spin operators o1 - 2xs = xs etc. This gives

(AT -2 PA) = (Pa|Tr - T3|0A) = (Talm - T3|TA) = +1, (F26a)
(Ualor-02|PA) = (Valor - 03]TA) = (Valos - 03]TA) = +1, (F26b)
(Talm -T2 01-02|0A) = (Va|T - T3 01-03|TA) =

(Talme - T3 02-03|Ta) =1. (F26¢)

APPENDIX G: MOMENTUM-SPACE WAVE FUCTIONS II

The wave function as a function of the momenta p;,i = 1,2, 3 in the three-particle CM-system is

3
6)\ (pl +p2 +p3 :| 63(Z:pi)a (Gl)

Us3(p1,P2,P3) = A eXp{

where the normalization factor Ng we evaluate as follows. It is convenient to replace 63(3_ p;) by the gaussian form
[45]

Zpl = hm (47rm —3/2 exp[ Zpl } (G2)
For the norm N3 we have to evaluate the integral
3 3 2 2 2 2
J3(a,b,c) = II;_, /d D; exp {—ap1 —bp; — cp3] exp {—a (p1 + P2 + P3) } (G3)
with @ =b=c=1/3\,a = 1/(4m?). In a more explicit form
J3(a,b,¢) = I_1d°p; exp [(a +a)pi — (b+a)p3 — (¢ + a)Pg] '

X [—204 (P1-P2+P1-P3+ P2 'P3)]- (G4)



Performing successively the integrals gives:
1. pi1-integration

3/2 2
exp |+ @ (p2 + p3)?|.
a+

= /d3p1 exp [—(a + a)pi — 2a(p2 + p3) - pl} = ( -

a+ o
2. po-integration

2

m(a + a) ))3/2.

3 2
_ —9 :
_ /d pgexp{ (b+ a)p3 — 20(ps - ps) + bt alatd

(p2 + p3)2] = (

a+«

e exp ((a + a)(aosza(a b)) pg) ‘

3. ps-integration
2 2,2

a3 _ 24 Y 52 = 3 =
:>/ pgexp[ (c+a)P3+a+aP3+(a+a)(ab+a(a+b)) Ps

ab+ afa +b) +3/2
" abe + (ab+ ac+ be)a '

Collecting factors we obtain
—3/2 -3/2
J3(a,b,c) = ﬂg/Q{abc+a(ab+ac+bc)} w9/2{73+3a72} ,
with the notation a = b = ¢ = v = 1/3\. From N2 (4mm?2)~3.J3(a,b,c) = 1 follows

- +3/2
Ni = (47m?2)? J3_1(a‘)b7 c) =792 (47m?)3 {’YS + 3a'y2} ,

a=b=c=~

The expectation of the kinetic-energy operator becomes

(1) = @mg) ()83 [0, (zp> o]k (;pﬂ

X eXp[(i Pi>2 /(4m?)] = (2mq) ' (4wm?)~* Nals

i=1

~ [d d d
= —(ZmQ)_1(47Tm?)_3 N3 <% + 7 + %) Js(a, b, c),

—5/2
3
Is(a,b,c) = 57r9/2 [ab+ ac + be+ 2a(a + b+ )] {abc + a(ab+ ac+ bc)} ,

which gives

(T) = (2mq)™"- ;[372+604ﬂ {73+3a72}1 = gfl <1+2:> <1+33)1/(2mc9)

LB\ 1+L 1+L 71/(2m ) = (27/2)(mgRN) "% m
2 2m2R2, Am2R2, @ QI @

40

(G9)

This gives for Ry = 1 fm and mg = 321.75 MeV approximately 3mg/2 = 469 MeV, giving the same answer as in

(4.2).
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APPENDIX H: RELATIVISTIC EXPANSION FACTORS

In the Paxuli-spinor expansion of the Dirac-spinors occur the (E + M)~! factors, which show up as (4M’'M)~!
coefficients in the spin-spin, tensor, and spin-orbit potentials. In the quadratic-spin-orbit as (4M’'M)~2 coefficients.
Comparing these coefficients for the nucleon-nucleon and the quark-quark potentials there is a difference of 9 and 81,
making these potentials much stronger in the quark-quark case. This seems artificial in realizing that the quarks are
moving relativistically inside a nucleon. A way to include these (E + M)~ !-factors in an exact way within the context
of the harmonic-oscillator quark-model of the baryons is described in this Appendix.

Starting from the integral presentation

1 2 /°° I A2 1
BE(p)+M 7/ (A2 + M?) (E%(p) + A?)
2 i 2 2 > e_o‘)‘z
= = [ dae oMY / Nd\ ———— H1
™ _/0 @ce 0 )\2 + M2 ( )
The A-integral is
R e—aN’ 1 /n 5 aM?
o A4dA m = 5 E 1—vVrmaM? e E’I"fC (\/EM) . (H2)
This leads to the exact expression
1 1 e da M2 2
—_— = — e @ 1—VraM? M Brfe(VaM?) ) - —ap?]. H3
o) =M~ v o \/ae ( To e rfe(Va )) exp[ ap] (H3)
After making the transformation a = y? and subsequently y = 2/M one obtains

1 1 4 e 2 2 22
- = = dr e ® |1 — L) . — 2 _p?
OF 20 v7 ), z e [ VT xe rfc(ac)} exp [ 5P }

(2M)~" f(p?, M?), (H4)

and the non-relativistic approximation means f(p?, M?) = 1.

Note, that again the momentum behavior is Gaussian, and can be incorporated in the calculations of the matrix
elements of the Va potentials. Of course, for [(E(py) + M)(E(p2) + M)]~1, this at the cost of two-extra numerical
integrals.

APPENDIX I: SU(3) NJL-FORM INSTANTON LAGRANGIAN

The 't Hooft instanton-determinant generated quark-quark interaction [19, 42] in the (u,d,s)-sector

Lact = 8G3 € det(vrir) + hec.

= Ga|(PAY)” + (PAo159)? — (PAi)® — (PAirse)? |- (I1)
Here, we have taken in the last expression 6§ = 0. The convention used for the right- and left-hand quarks is
1 1
qr = 5(1‘*‘75) 4 9L = 5(1—75) q. (12)

where q is the generic for u,d, and s. In [15] the (u,d,s)-sector Lagrangian reads

L4 = Mua(tgur)(drdr) + Asu(Srs1)(Urur) + Asa(3rsL)(drdr) + (R < L),
Aud = 2n+/(<&¢>)27 Asu = Asd = )\ud<au>/ |:<SS> - 3ms/(27r2pc):|v (13)
which implies for the (u,d)-sector the Lagrangian

Lua = Aud {(ERUL)(JRdL) + (’ELUR)(d_LdR)}

= P [<uu><dd> " <m5u><d%d>] (1)
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In the (ud)-sector the Lagrangian (I1) is
Laer(ud) = Go| () + (Py51) — (1) — (r751)? ). (I5)

Working out the Lagrangian (I1) for the (u,d)-sector one obtains

(Y)? = (wu)(tu) + 2(au)(dd) + (dd)(dd), (I6a)
(Y59)? = (uysu)(@ysu) + 2(aysu) (dysd) + (dysd) (dysd), (I6b)
(1/1 ) (au)(au) + (Jd)(Jd) — 2(au )(cid) + 4(ﬂd)(czu) (I6c)
(b1y50)? = (wysu) (uysu) + (dysd)(dysd) — 2(uysu)(dysd) + 4(avsd) (dysu). (I6d)

Now,

(ad)(du) + (@y5d)(dysu) ~ % [(Gu)(dd) + (@y5u)(dysd)],

where the Fierz-identities, see Appendix in [43], have been used. This also generates an tensor-type of term which as
is usual neglected, see e.g. [44]. Then, from (I5) and (I6) we obtain

Laet(ud) ~ 2G5 | (au)(dd) + (Gysu)(dysd) | (I7)

This corresponds with Eq. (I4), and implies the relation 4G5 = Ayq.
The complete instanton Lagrangian reads, see [15] Eqn. (6.9),
Lugs = )\ud(aRuL)(JRdL) + )‘su(gRSL)(aRuL) + Asd(gRSL)(d_RdL) + (R A L)
Laet(ud) + Laet(su) + Laer(sd), (18)

where
Aua = 204 J{OT)2; Noy = Ao = Aualtu) /[(55) — 3m, /2% p,). (19)

Here, (0W) etc the vacuum is the chiral sponteneously broken vacuum. (Note that the vacuum |0) in the CQM
is "trivial”, i.e. (0|gg|0) = 0.) We now work out the SU(3)-symmetric Lagrangian in Eq. (I1), and take (X\o);; =
(2/+/3) 8; ;. For the scalar current terms we get
Laer(S) = G {(1/»\01&)2 - (7/»\1‘@2]
= 8G2{<ﬂu~czd+ﬁu~§s+cfd'§s)
—(ﬁd~Ju+ﬂs~§u+(Zs~§d>
= G2[3<uu~dd+uu-ss+dd-ss)
— (u'yg)u - dysd 4+ Uysu - 5y58 + dysd - 3758) + .. } (110)

Here, for arriving at the last expression we used the Fierz-transformation. Similarly, for the pseudoscalar current
terms

Laet(P) = G {3 (U%u - dysd + Wysu - 5758 + dysd - 875S>
—(uu-dd+uu-ss+dd-ss)—..} (111)
For Lget = Laet(S) + Laet(P) the dotted terms cancel, except for the tensor terms. Then, the result for Lge: is

[’det ~ l:ﬁud + Lus + Eds:| ) (112)
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where Lgei(us) and Lget(ds) are defined similarly as Lge:(ud).

Naive considerations: Assuming that A,g = Agy = Asqg = A; the instanton couples as follows: P, N ~ wud, ddu —
2X7, A, 20 — 3)7, Azz ~ 0, and Z° ~ uss — 2A;. Also, (Az3]|Lae|Azz) = 0. Furthermore, 3+ ~ uus — 2\, and
Y7 ~ dds — 2)\gs. Then we expect A, X° ~ uds — A5 + Ags (calculation?). Therefore, instantons break SU(3)-
symmetry when e.g. Ayg # Aus = Ads-

In the next Appendixz we give the results from an explicit calculation of the matriz elements, which is clearing up the
questions raised here!l!

APPENDIX J: BARYON SU(3)-FLAVOR- AND SPIN-OPERATORS

1. For the evaluation of the instanton two-body quark-quark interaction (I1), see e.g. [13, 27],
Laet = Go [W%Wz — (WA)? + (PAoys9)” — (w/\%w)ﬂ- (J1)

where Ao = 1/2/31, and A\,, a = 1,8 are the Gell-Mann matrices.

For the baryons the matrix elements of the SU(3)-flavor operators X; - A; and the spin operators o; - o; are given in
this Appendix for (i,j)=(1,2),(1,3), and (2,3).

2. The baryon octet J¥ = (1/2)T 3 spin-isospin quark wave functions are symmetric in spin-flavor space, see (F1),

1
Up = V2 <¢M,S ® XM,s + Om,A ®XM,A) , Uag = Ps xs, (J2)

where in ¢pr 5 and ¢ps 4 the isospin of the 12-subsystems, which in the case of the nucleon is 1 and 0 respectively,
see e.g. [33].
3. Baryon octet J¥ = (1/2)" spin-isospin matrix elements: From the baryon wave function (J2) one has

1
(¥p| Or O |¥B) = 3 { (énm1,5101100,5) (Xa1,510s|x01,5)

+ (61,5101 |01, 4
+ (&a1,4|01| 1,8

O1léa1.4) (xar.alOslxar.0) } . (33)

(Xnm,510s|x01,4)
(xn,4]0s|xn.5)

)
)

+(dn,4

4. N: The unitary matrix elements are similar to the spin-operator matrix element. The nucleon (P,N) proton matrix
elements of the unitary-spin and spin two-body-operators are:

‘1/N|)\1 . A2|\I/N) = (\I’Np\l . )\3‘\111\[) = (\I’N|A2 . )\3|\I/N) = —2/3, (J4a)
Unloy - o2|¥n) = (Un|oy - 03|¥N) = (Un|oz - o3| ¥N) = —1, (J4b)
\I/N|>\1 . AQ g - 0'2|\I/N) = (\IJN|>\1 . A3 g1 - 0'3‘\111\]) =

\I/N|)\2A3 0'20'3|\I/N):+14/3 (J4C)
Explicit calculation shows that these matrix elements are the same for A, Y, and =, which is not surprising in view of

the complete spin-flavor symmetry of the baryon states.
5. Aj3: The matrix elements of the unitary-spin and spin two-body-operators are:

(\IJAP\I . )\QI\I/A) = (\I]Ap\l . )\3‘\I/A) = (\I’Ap\g . A3|\I/A) = +4/3, (J5a)

(‘IJA|O'1 . Ugl‘IfA> = (\I’A|0'1 . 0'3|\IJA) = (\I/A‘O'Q . 0'3|\I/A) = +1, <J5b)

(VAlAL - A2 01 - 02| UA) = (VA|A; - A3 01 - 03| TA) =

(\I/A|>\2')\3 0'2'0'3|\IJA) :+4/3 (J5C)
1. Miscellaneous Material

In Table X the ESC16 energies are displayed. To arrive at the values shown in Table XI for T=0 these values
have to be multiplied with the expection values of the operators 1, (o - 0;) for Ec and (E,, Er, Eq,, respectively
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TABLE X: Coefficients of the ESC16 contributions to the potential energies in the expansion Exsc = [Ec,0+ Eoo(01-02))| +

[EC,l + Es101-02)| (11 T2). The quark masses are my = 312.75 and mgs = 500 in MeV. Quark-radii are R = 1.0 fm for P,

Ass, A, BT

QQ T Ec E, Er Eo,,
NN 0 +72.9 -5.16 +1.42 +72.9
SN 0 +67.7 8.18 +1.75 +67.7
SS 0 +42.2 -6.65 +1.64 +0.05
NN 1 +3.10 -2.00 +0.79 -0.00
SN 1 +0.00 -0.00 +0.00 +0.00
SS 1 +0.00 +0.00 +0.00 +0.00

TABLE XI: Contributions Baryon masses using ESC16-parameters. Co, o9 denote the isospin 0 contributions for the operators
1,(oi-0j), and C1, 01 denote the isospin 1 contributions for the operators 7; - 7, (73 - 7j)(05 - ;). Note that the spin-operator
gets contributions from the spin-spin, tensor, and quadratic spin-orbit potentials. The quark masses are my = 312.75 and
ms = 500 in MeV. Quark-radii are R = 1.0 fm for P, Azz, A, 7.

baryon Co oo Ch o1 CNF, CNF, OGE
P(939) +72.9 -69.1 -3.1 -1.2 -659.0 -161.0 +5.9
As33(1236) +69.1 +69.9 +3.1 +0.3 -659.0 +161.0 -9.9
A(1115) +67.7 -61.2 +0.0 +0.0 -659.0 -161.0 +5.9
¥+ (1189) +67.7 -61.2 +0.0 +0.0 -659.0 -158.0 +5.9
50(1321) +42.2 -61.2 +0.0 +0.0 -659.0 -53.8 +0.6

for each baryon. Similarly for T=1 E¢ and (E,, E7, Eg,, are multiplied by the values of the operators (71 - 72), and
(o1 - 02), (11 - T2) respectively.

In Table XI the contributions to the baryon mass of the ESC16 central (Cy, Cy), spin-spin (¢, o1 )are shown. The latter
get contributions from V., Vr and Vg,,. Also the contributions from the confinement and OGE are tabulated. The
constant Cyp = 760 MeV in the confinement potential is taken from Novikov et al [40] in their work on Charmonium.
In Table XII the baryon masses are tabulated coming from the ESC16 QQ-potentials, OGE-potentials, the confinement
potential, the quark kinetic energies, the CM-energy subtraction, and the quark masses. The subtracted by the CM-
energy is 231 MeV.

TABLE XII: Contributions Baryon masses from the ESC QQ-potential (Vgsc), the confinement central potential and the
”magnetic” spin-spin interaction (Veons), the one-gluon-exchange interactions (OGE), the kinetic enrgy (Eg;n ), and constitunent
quark masses. Quark-radii are R = 1.0 fm for P, Ass, A, ©*. The quark masses are my = 312.75 and mg = 500 in MeV.

baryon Vesc Veonf OGE Viot Egin % Mass
P(939) -0.50 -820 +5.90 -831 +827 938.26 935
As3(1236) +432 -498 -9.90 -76 +624 938.26 1486
A(1115) +6.50 -820 +5.90 -808 +833 1125.50 1155
$(1189) +6.50 -820 +5.90 -808 +925 1125.50 1253
=(1321) -19.0 -820 +0.06 -839 +944 1312.75 1381
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