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Abstract

Background: This paper presents the quantization of massive and massless spin-2 particles using
the auxiliary-field method. The issue of the perihelium precessions for a massive graviton in
agreement with the data is studied in the context of this spin-2 theory in tree-approximation.

Purpose: The aim is to study the masless limit and to investigate the perihelium of the planets as a
function of the graviton mass, and to calculate the effects to first order in the graviton mass.

Method: The field theory for the spin-2 particles is constructed using the Dirac quantization method.
In order to impose sufficient constraints on the spin-2 tensor h#”(x)-field, an auxiliary vector-
ghost field n*(x) and a complex scalar-ghost field e(x) are introduced. The h*”(x)-field is coupled
to a conserved energy-momentum tensor, which results in a dependence of the h*”-propagator
on the e(x)-field for the massive case.

The gravitational interaction between the sun and the planets (treated as scalar particles) is in-
troduced as in the weak-field approximation in general relativity, i.e. by a coupling of the h*”(x)-
field to the matter energy-momentum tensors.

Results: A general Lagrangian, containing parameters A, M, and b,, for the massive spin-2 (tensor)
formalism using the auxiliary spin-1 (vector) and spin-0 (scalar) fields is reviewed. It is found
that only A=-1 leads to a physical theory. Furthermore, it appeared that for the proper transi-
tion to a massless spin-2 theory the limit b, ~ b — +o0 is required. By making a suitable field-
transformation, a theory is obtained for massive and massless spin-2 fields with an imaginary-
scalar-ghost €(x) and a vector-ghost p#(x) field, both satisfying free Klein-Gordon equations.
Furthermore, it is shown that the p-field is eliminated from this model for b = +c0. The quan-
tization of the € ghost-field is analyzed. Using a standard Gupta-condition for physical states,
taking care of the e(x) ghost-states in the standard manner, a massive spin-2 quantum field the-
ory with a spin-0 scalar-ghost is reached.

Coupling the h*”(x)-field to the energy-momentum tensor for the sun and planets, the non-
newtonian correction to the perihelium precession is in accordance with the Einstein result also
for a non-zero graviton mass.

Conclusions: In the context of this setting it is found that, in tree-approximation, a small spin-2 gravi-
ton mass is compatible with the perihelium-precession of Mercury etc.

Typeset by REVTRX 1



I. INTRODUCTION

It is one of the aims of this investigation to find a massive quantized spin-2 theory in
Minkowski-space, henceforth refered to as a linearized relativistic gravitation theory with ax-
ialiary fields (LRGT-AF). In tree-approximation, LRGT-AF allows (i) a smooth massless limit,
and (ii) a perturbative expansion in the small ("graviton”) mass M. Here, we exploit the auxil-
iary field (AF) method with a vector and a scalar field. !. For the latter to be meaningful, it is
necessary that the theory satisfies the following requirements: (i) unitarity, and (ii) a correct
massless limit. This would open the possibility of giving a small mass to the graviton without
destroying e.g. the correct prediction for the perihelium of Mercury. In the literature this issue
has been discussed both in Minkowski [1, 2] and in de Sitter space [3-5].

It appears that this is impossible without making use of (complex-)ghost fields. The possibility
to exploit complex ghost-fields is analyzed in detail in this paper using methods discussed in
the literature, see [6]. By making a simple field-transformation the 7,(x) and e(x) fields can
be decoupled and a model is obtained for massive spin-2 field with free auxiliary fields p,(x)
and e(x). Using Gupta conditions for the latter a quantum field theory with a complex-ghost
field is reached. Henceforth we refer to this formalism as the auxiliary-field quantum field
theory (LRGT-AF). This form of the massive spin-2 formalism is similar to the so-called
"B-field formalism" for QED,QCD and massive vector-mesons as described in Refs. [7, 8].

In the LRGT-AF-formalism the massless limit can be studied in detail, and it is shown that in
this formalism a small spin-2 (graviton) mass is compatible with the Einstein non-newtonian
correction of the perihelium-precession of Mercury etc.. From recent observations [9-11] and
studies [12] the upper limit for the graviton mass seems to be u; < 2107¥m, = 18.22x107% g,
and is estimated in these notes to give a really tiny correction to the perihelium precession of
Mercury.

The contents of this paper consists of three parts. In the first part the attention is focussed
on the field equations, the quantization with the Dirac-method, the commutations relations,
and the Feynman-propagator. In the second part (i) the (causal) quantization of the complex
auxiliary ghost-field is reviewed, and (ii) the final field theory model is formulated which is
designed for the computation of the perihelium precession, hving a smooth massless limit.
The precession of Mercury is calculated with a finite mass-correction for the "graviton”. The
third part contains a number of appendices containing supporting material.

First part: In section II the general Lagrangian for the spin-2 h*"(x), the auxiliary spin-1
n*(x), and spin-0 e(x) fields is given, which contains the graviton-mass M,-, the scale-mass
M-, the A and b-parameter. Here also the field equations are derived. Furthermore, the
decoupling of the vector and scalar auxiliary field is achieved via a field transformation.
Here also the coupled Klein-Gordon equations for the spin-2, the spin-1, and spin-0 fields
are given. In section III the Dirac’s Hamiltonian method, appropriate for the quantization
of constrained systems, is reviewed for the spin-2 tensor-field exployting the auxiliary field
method with a vector and scalar filed. The canonical momenta are defined, the Hamiltonian
is given, the canonical momenta and the equal-time commutation (ETC) relations are listed.
In section IV an integral representation for solutions of the free Klein-Gordon equations for
the tensor, vector, and scalar fields is used to obtain the non-equal-time commutation (NETC)

! In sections I-VIII the graviton mass is notated by M, or M and after that by .



relations. This path also leads to the Feynman-propagator for the tensor-field. Section V
is devoted to the question whether a representation for the spin-2 propagator etc. can be
found in the "b-parameter space” that (i) allows a smooth massless limit, and (ii) such that
for M # 0 the theory contains besides the spin-2 propagator also a physical acceptable spin-0
propagator. This leads to b — +o00. We summarize our preliminary conclusions w.r.t. the
impossibility of a massive spin-2 theory with a no-ghost scalar field and a correct prediction
for the perihelia.

Section VI (i) It is shown that the p-field can be eliminated from the model for b — +o0,
leaving only the auxiliary (ghost) e-field. In section VII the symptotic fields are introduced
and the physical contents of the h,,(x)-fields is analyzed for the massive and massless
case. Spin-2 U, (x)-fields are introduced and it is shown explicitly that there is a smooth
transition from the massive to the massless spin-2 field formalism. This is the advantage of
the auxiliary-field method as compared to the Proca-method [8].

Second part: In section VIII the massive spin-2 model of this paper is applied to a com-
putation of the non-newtonian correction of the perihelium-precession of Mercury. The
gravitational interaction between the sun and planets is introduced via the coupling of the
h*'(x) spin-2 field to the energy-momentum tensors. In section IX the contribution to the
perihelium precession is computed for the scalar and scalar-ghost part of the tensor-field
propagator. The results on the perihelium precession are summarized and compared with
solar-system data. The finite-mass correction are computed and shown to be negligible.
In section XI we discuss the results and compare the LRGT-AF with other models in the
literature.

Appendices: In Appendix A the (causal) quantization of purely-imaginary e(x)-field is
treated, and the propagator is derived in detail. In Appendix B the smooth limit of the model
is analyzed considering the decoupling of the "false helicities” 1 # +2. In Appendix C starting
with the Bethe-salpeter equation for two-scalar particles, e.g. the sun and planet, the local
and non-local potentials for the Schrodinger equation are derived for the planetary motion.
In Appendix D the matrix element of the scalar particle interaction for imaginary-ghost
exchange is worked out in detail. In Appendix E the gravitational cross-term field energy
for the planet-sun sytem, giving a -1/6 correction to the perihelium precession, is expicitly
evaluated. In Appendix F the cosmological term is incorperated in the spin-2 formalism in
the weak field approximation. The possible relation between the cosmological constant and
graviton mass is discussed and consequences for cosmological parameters are estimated.
Finally, Appendix G contains the derivation of \/—_g up to second order in the h*”-field.

II. MASSIVE GRAVITATION FIELD, EULER-LAGRANGE EQUATIONS

In the work on the quantization of the spin-2 fields [13], are used the symmetric h,,-tensor
field, and the two auxiliary (ghost-)fields n*(x) and e(x). The Lagrangian consists of three parts
Ly pe = Lo+ Lop + L4y Which are specified below. In [15] the most general £, is parametrized



in terms of the parameters A,B, and C, with B = (342 +3A +1)/2and C = 342+ 3A + 1?2
where, see [13],

1 a Jyuv 1 v Aa 1 B av 1 a v
Lz = Zd h’u aahw/ - Edﬂh" a how - ZBavhﬁa hg{c - EAaOCh' ﬁaﬁhv
1, . 1 ,
—ZM3h Ry, + 2 CMy Ry, (2.1)

and application of the variation principle via the Euler-Lagrange (£.£.) equations gives the
equation of motion (EoM) for the spin-2 field as well the constraints, for A # —1/2, i.e. anal-
ogous as the Proca-formalism for spin-1. However, in the Proca formalism M, # 0 is essential
and hence prevents a useful massless limit [8]. Since for our purpose the massless limit is
essential we use auxiliary fields, henceforth referred to as the B-field method.

For the symmetric h,,-tensor field and the auxiliary n*(x) and e(x) fields, the Lagrangian is
L, =Ly + Lgp + L, Where

1 1 1 1
Ly = 0N, hy, — 504N 0% hy, — B 8,h36"hE — A 8,h*Fdgh;
1

1 v v
— MR by + =My, (2.2a)
1
'(:GF == Ma#h'wnv + Mzhﬁ€ + EbZMgnun,u’ (2.2b)
Li}’lt =K h'uv(tM,MV + tg,l«”’)' (2.20)

Here, we have introduced the scaling mass M. Since we will investigate the massless limit
M, — 0 it will be convenient to distinguish this from the ‘dynamical” spin-2 mass M,. In
the mass term for the n*-field we kept M,, but the n*-mass is distinct from the spin-2 mass,
namely M, = —b,M3. * The purpose is to derive the spin-2 propagator via the quantization of
the h*”(x)-field. For that we need the constraints which follow from the "free field equations”.
So, in this section we take ¥ = 0.

First we work out the terms in the Euler-Lagrange equation (2.1)

e T =" @3
and similarly for the n*(x) and e(x) fields. This leads to the equations [13]
(g g0 —2046°g" — B g g™ [ — A g 3°9° + g*g"* M;

—C g g** M2) hyp(x) + M (841" + 0"nk) (x) — 2M?gH e(x) = 0, (2.4a)

W, =0, b,M?n(x)+ M3,h*(x)=0. (2.4b)

2 These relations between A,B,C are connected to the constraints hZ =0and 6Mh“” =0.

3 In the following, we often denote the mass by M, = M.

4 In studying the limits M, — 0,b, — oo we keep b,M. 5 fixed. Later on in this appendix it will appear that
for a proper description of the tensor-field commutators, we need to put M = M,. This implies that
we use here the same Lagrangian as in [13, 14].



Using hg = 0 gives

(O+M2) h*(x) = 20*(8,h™(x)) + A g*8,0;h%F(x)
—M (841" + 8"nH) (x) + 2M2g* ¢(x),

2

u b,M;
h# =0, aﬂhl“’(x) = - Y n”(x).

With the last equation for d,h*"(x) gives for h*"(x):

2

@O+M3) h(x) = -M (1 + b%) (& +8"7") (x)

M?
v 2 2
—gh (A bz—M @ - n(x)) —2Mm e(x)) .

Using hZ = 0 in the last equation above again, we obtain

M; M; )
O0=-2M|1+ bzw 0- U(X) - 4Ab2ﬁ6 . U(X) + 8M* e(x),

which gives the relation

2

0-nx)=4M|[1+ A+ l)bz%] e(x).

Finally, we now substitute this relation into the field-equation for h*” and obtain

2

(O+M2) W(x)=-M (1 + b2%> (01" 4+ 0"n*) (x)

2 27
+2M2 (1 + b2M2> b:M

1
2

e 1+(2A+1)

(2.5a)

(2.5b)

(2.6)

(2.7)

(2.8)

Next we derive the field-equations for »*(x) and €(x). For that purpose we introduce the ab-

brevation °
b= b2 (Mg/Mz)’

and the equations have the form
(O+M2) (x) = =M1 + b) (8*n” + 8"n*) (x)
2021+ D)1+ QA+ 1) b g e(x),

(2.9)

(2.10a)

i(x) = 0, 3,h*(x) = —bMn®, 87 =4M[1+(2A+1)b]  e(x)2.10b)

For the derivation for 7” we start with 9, h*” = —bMn” which gives the relation

8,0+ M)h*” = —bM([ + M)y’

> In the following we will assume that M = M,. In the formulas we still use occasionally M and M,.

5
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Using the field-equation for h*” on the L.h.s. we get

8, (00 + MR = —M( +b) (I’ + 89 - ) + 2M2 (1 + b)[1 + (A + 1)b]| d%e(x)

= —MQ + by’ — 2M2 (1 + b) [1 + (2A + 1)b] ™ 8%¢(x) (2.12)
The combination of (2.11) and (2.12) gives the n”-equation:
1+b
M) np'(x) = 2M———0" ith M} = —bM;. 213
@O+ M) 7(x) T A 50 ) with M; ; (213)
The equation for e(x) is obtained by differentiation of (2.13) and using (2.7) which leads to
(O+ M?)e(x) =0 with M? = —32+—be§. (2.14)
Decoupling vector and scalar field: Making the transformation n* — p* + oA with
M (3+b)
A = 2— , 2.15
2 M2b[1+ (4 + 1)b] &(x) 215
we arrive at the equations
(O-bM2)p(x) =0, 3 p(x) =0, (2.16a)
(O+ M2) h*(x) = =M (1 + b) (8*p” + 8”p*) (x)
HAY
+2M*(1 + b)[1 + QA+ 1)b] ! [g‘“’ — 2% 51\432 ] e(x). (2.16b)
2
Summary of the field-equations:
(O + M2) W (x) = =M (1 + b) (3" + 8”p*) (x)
KAV
+2M*(1 +b)[1+ (2A + 1)b]! [g“” - 2% aMaz ] e(x), (2.17a)
2
(O-bM2) p(x) =0, (2.17b)
2b
- M = 2.1
(O-25m3)e0 =0, @170)
and the constraints:
hiy(x) = 0, 3-p(x) =0, (2.18a)
2M 3+5b
a,h* = —-bM |p”" + — 0” . 2.18b
() <p R D) e) () (2.18b)
The vector and scalar auxiliary fields p*(x) and €(x) are free (ghost) fields with an imag-
inary mass.

From equations (2.15) and (2.16) one easily derives for the "free” h*’-field, that

@O+ M))p* =0, (2.192)
O+ MH@A+MHO + M) = 0. (2.19b)
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III. QUANTIZATION

Dirac’s Hamiltonian method is appropriate for the quantization of constrained systems [13,
17]. The canonical momenta are defined as

7'[‘“’=—a.£ ,7T“=a—1.:, €=6_L" (3.1)
ohy, 97, 0é
For the general Lagrangian £,,. one obtains
1 . 1
nl.w(x) = anh,uv(x) - 5/,{06 hav(x) - EB aoh(x) Nuv
1
—5A (8,00, h(x) + 8,h%°(X) 1) + M8 41,,, (3.2a)
T,, =0, 7 =0. (3.2b)
Explicitly these momenta are °

20(x) = —%(1 +2A 4+ B) ) — (1 + %A)anh”o(x) - %(A + BYR(x), (3.32)
TOMCx) = 45 RO0) — 8, h(x) — 5 A 9" (WO(x) + ) (3.3b)
T = SR = 3B (PG + BEGD) 7 = SA (R0 + A000) 7™, (3.30)
7AG) = +3(1— 3B) KEG) = 3 (A + B) () — SA 3,h(). (3.3d)

From the constraint ,h*” = 0(M = 0) it follows that h" = —3,h°" and this gives

20m(x) = —%dkho"(x) — 8, () — %A ™ (h0(x) + h(x))

i.e. a constraint and not an independent canonical-momentum variable. ’
With B = (3A% + 2A + 1)/2 the momenta in (3.3) become

29(x) = —%(A + 1) R(x) — %(A +2)3, h"0(x) — %(3,4 +1)A + DRMx),  (3.4a)

20m(x) = +%h0rn(x) — 6, h"(x) — %A ™ (h®(x) + R(x)), (3.4b)
2 (x) = %hn'"(x) _ %(314 +1)(A + 1) RO — %(3142 +24 + 1) REGx)

—%A 8, () ™, (3.4¢)
7k (x) = —%(3,4 + 1) REx) - %(3,4 F1)(A +1) h%0x) — %A 3, h(x), (3.4d)

6 Note that for A=-1, B=C=1, 7%° etc. agree with [13]. The 79" leads to a constraint because of 3, h*”| f) = 0.
7 Remark: In the Dirac-method of quantization the equations from the £.£. equations are always valid and can

be used, for example for the time dependeces etc, for example leading to new constraints [17].
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Trying to solve for % and h” leads to the equation

P + é(A + 2)3,h™ _
K+ ZAakh"O —§(3A +1)(A+1) —i(SA + 1)

—Z(A +1)? —i(3A +1)(A+1) ( 00
hy

Obviously, the determinant is zero. There are two solutions: A=-1 and A=-1/3. The case A=-1

leads to the velocity hf = —7.% + 38, h*°/2 and the constraint 6° = 7% + 3,h™ /2 = 0.
The case A=-1/3 leads to the velocity h® = —37%° — 53, h"°/2 and the constraint 6% = 7%

2k

9, h*° = 0. For gravity this solution is unphysical. Therefore, henceforth we will only consider

the case A=-1, which is treated in Ref. [13].
The velocities are

I,'lnm

1
2" — 17”’”712',‘( + zn”makhko,
. 3
k _ k ko
hy, = —m, + zdkh ,
and the primary constraints

1
0% = 10+ Eanhno -M,n°, 6)=m,,

1
69" = 7"+ 0,k — ~O"hY, OF =7,

1
—Eamm; - M,n", 0. =m..

which vanish in the weak sense [17, 18].

A. Dirac-theory: The Hamiltonian and Constraints
The Hamiltonian is H, . = f d’x F,,. with [13, 14]

.7'(2,7;5 = ﬂ;mﬂ_’lnm — 571'27171'2’:1 + Eﬂzzamhmo _ Eakhnoakhno

1 1 1
30 Ry + 20, h0 My + 50, K0 Ry

1 1 1 1
+§amh°°a"’thg + Zamh:;a"’th,’; = 50uh""0 b0 — Eanhnmamh;;
1 1 1 1
+§M§h”0hno + ZMghWhnm - zMghghgz — ZMgh:;hgz
1
—EcMgn“nM — M,8,h™ — M,8,h"™,, — M2he — M3h'e

+220065 + A 0mBY" + 20,09 + A 07 + 2.6 .

(3.5a)

(3.5b)

(3.6)

(3.7)

In Ref. [13, 14] the primary, secondary, and tertiar constraints are worked out giving the La-
grange parameters 4 in (3.7). Furthermore, here also the Dirac-brackets (DB’s) are derived,

enabling to establish the quantization.

8 The material in this section is taken from Ref’s [13, 14] and is included here for completeness.



The ETC relations are obtained by considering the fields as operators, replacing the Db’s by
commutators, and adding a factor i. The result is

4i
h%(x), k% = 53 (x — ),
[R(x), )] s (x - )
hOm ,hkl — __l amakal am kl+ak ml+al mk 53 x—=y),
[P0 (), )], v 3M2 g g g (x-y)
[A%(x), ()], = —=— (x—),

2

" 0m ol i - 4 mAlAj 1 m Al j ml- 3
[h (x),h (y)]o = I3 50 5618j+§8 9" +0/9,g™| 6°(x —y),

2 2 |
[0, W), = L 55130, + 263" — %afajgkl 5(x — y),

2 L 2 |

; . nk om nl ym 2 nm
(A7), K )], = i[—g™ g™ - g"g™ + 3g""g"

_1% (anakgml + amakgnl + analgmk + amalgmk)

2

_ (6namgH + gmeka') — ﬁanamakal] 5(x—y). (38)

2 2

The ETC containing the auxiliary fields n#(x) and e(x) are

(1200, 7°)], = m 5(x - y),
[R"(), "), = E g"m 8%(x — y),
[R(x), €], = —# (357) o -
[ (), 7°)], = —m g 83 (x — y),
[1°60. ")), = mama% »,
[17°00), )], = 213\;2 ((; " b))25 (x — ). (3.9)

Here, as mentioned in [13], not shown are the ETC’s among time derivatives of the fields
in (3.9), which are of importance for the calculation of the non-equal times commutation
(NETC) relations below. These follow from the constraints 6, h*”(x) = —bM,n”(x), 9 -n(x) =
4M,(1 — b) e(x) in (2.10) for A=-1, which solves the time derivatives

R = 3. ho" — bM,n° , K™ = 3, h*" — bM,7",
7’ = 8k +4M,(1—b) ' €. (3.10)

This enables the derivation of the ETC’s (and NETC’s) for these time derivatives in terms of
those in (3.8) and (3.9) immediately.



IV. FIELD-COMMUTATORS AND SPIN-2 FIELD PROPAGATOR

The solutions of the homogeneous equations in (2.17) and (2.18) satify the identities, see [8,
13],
1

2 2
M2 — M?

h*(x) = fd3z [02A(x — z; M3) - h#"(z) — A(x — z; M3) 82h#(2)] +

xfd3z[6§<A(x — 2;M2) — A(x - z;M§)> - (A(x —z;M2) — A(x — z;Mﬁ))@S] .
1

2 v ’
x(@+ M) n(z2) + (M2 — M2)(M? — M2)(M?2 — M?)

X f d3z[ag ((M§ — MD)A(x — z;M2) — (M3 — M)A(x — z; M3) + (M7 — M2)A(x — z;M§)>

—((M§ — MD)A(x — z;MZ) — (M5 — M2)A(x — z; M) + (M7 — M2))A(x — z;Mg))ag] :

x(O+ M2 + M2) h*(2). (4.1)

and
oH(x) = fd3z [82A(x — z; M}) pH(z) — A(x — z; M}) 82p4(2)] (4.2)
e(x) = fd3z [02A(x — z; M2) e(z) — A(x — z; M?) 82e(z)| (4.3)

Using this identity the commutation relation can be calculated from the ETC in Eqn’s (3.8-
(3.10) with the result

2
[ (x), h**(y)] = {(n““n”ﬁ + nHhnre — 577‘”77“5>

1
+J\7 (6400 + 873%nHE + 9+9Pn ™ + §70FnH)

2
2 4
(048" 0™ + " 5%0F) + —aﬂava“aﬁ} iA(x — y; M2)
3M2 3M2 ’

—A%{(aﬂa“nvﬁ 1 073 HR + GRAP 4 &Py

2

4 1 b
— ArAvAaAaB L — v M2 _)_ WY
+M26 0vo0%0 }1A(x y; M3) {33+b77 n
2 43+ b) .
— 040" nE + nra%oF) + a“ava“aﬁ} iA(x — y; M?
3M? CERARE ) 3bM3 (x =y M)
vap . . vap . .
= 2P () iA(x — y; M3) + P (9) iA(x — y; M3)
+P(3) iA(x — y; MP), (4.4)

where P,(0) etc are (on mass-shell) spin projection operators, see e.g. [19].
Defining 7* = n*’+90#3” /M;, )" = n**+8#8” /M, and *** = n*+0#8” /M? the commutator
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takes on the compact form
[hﬂ”(x), h“ﬁ(y)] = [ﬁﬂ“ﬁ”ﬁ + e — %ﬁ‘”’ﬁ“ﬁ iA(x = y; M3)
b AV V AA LA AV v AMA |7
+A7[8“8“77 P+ 8V 0#F + 9rOFAY™ + 67 3P ]lA(x —y;M})
Il

b 1 1 3 .
——{—ﬁwﬁ"‘ﬁ + Ve (040 7™ + 7#70%0F) + ﬁaﬂd”d“dﬁ}m(x —y; M?)

3+b(3 4
= 2P (8, M) iA(x — y; M2) + PE"*P(3,M,)) iA(x — y; M2)
+PL (8, M,) iA(x — y; M2), (4.5)

and the Feynman spin-2 propagator is

DR (x —y) = —i(OIT [h*(x)h* ()] |0)
= 2Py () Ap(x — y; M2) + P (8) Ap(x — y; M2)
+P.2H*R () Ap(x — y; M?) (4.6)
The masses M, and M, are given in (2.13) and (2.14), see also([13]. In taking the limit b — oo
we use the form in Eqn. (4.5), which is important when studying the spectral representation

lateron.
The spin-2 Feynman propagator, in the absence of the auxiliary fields, becomes [13]

DE(x — y) = —iOIT [*(x)h*(y)] |0)
= —i6(x" — y°) 2P (3)AMD (x — y; M2)
—i0(y° — x°) 2P, (9)A) (x — y; M2)
= ZPS”’“/; (8) Ap(x — y; M2) + (non — covariant local terms) 4.7)
In the following, we often denote the mass by M, = M. For the normalization of our solutions,

the commutation relations of the field operators are important. Using the Dirac quantization
method, and using a vector and a scalar auxiliary field, the obtained field commutators read

11



Refs. [13, 14]°

2

€] = —3 o (3) iace -y, (4.50)

[0 = =3 S S iAG - i M), (4.80)
OO = |7 + “—i iAGe— y: M)

e i A=) (450

[e(x), h**(y)] = 8 ; Zi [a;/[a; - % G i b)n’“] IA(x — y; M2), (4.8d)

[ R )] = | 849 + 7k + Mi%a“aﬂav iAGx - y: M2)
L Al A%aaa#av MG — M), (48€)
[ (%), ¥ (v)] = [(n““n”f” + ) — %n’”n“ﬁ + ] IA(x — y; M?)
- E 5 f: =70 + ] iA(x — y: M2). (4.8f)

The ellipsis in the square brackets above denote terms with 9%, ....,3°. These are taking care
off in section VII and are unimportant due to 8Mtf\‘,}' (x)=0and (tM)Z(x) =0.

The field commutators for the h*”(x), p*(x), and e(x) fields are readily derived. Starting from
Egs. (4.1) one obtains

2

60 €00] = 375 (3 1ACk = ¥iM2) (4.92)
[0#(x),e(¥)] = 0, (4.9b)
o] ,
[e(x), " ()] = [77‘”’ - sz] IA(x — y; Mp), (4.90)
RO = 2| @ + oy - Soare | iaG - yM, (@90)
, _ (@-b) g“g” 1 b o a2

[e(x), **(¥)] = GTb) [ M. 23+ b)n“ ] IA(x — y; M?), (4.9¢)
[ (x), ¥ ()] = [(n”“n”f” + ) — %n’”n“ﬁ + ] IAQx — y; M),

[; 3 _l:_ bn‘“’n“ﬁ + .. ] iA(x — y; M?), (4.91)

9 In contrast to [14] we use here for the Minkowski-metric the notation 7**. There should be no confusion with
the auxiliary vector-field n*(x).
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where M, = M,, and in the commutator of p* and h*” we have set M = M, anticipating with
what will be done later. Again, the ellipsis in the square brackets above denote terms with
0¥, ..., 0%, which do not contribute because of 3,3 (x) = 0 and (fy,)},(x) = 0. 1°

It is important to note that upon quantization, the sign in [p*(x), 0”(y)] on the r.h.s. means
negative norm. Likewise for b/(3 + b) > 0 we have negative norm states for e(x). This would
require to set up for physical states | f) the subsidiary conditions for the positive-frequency
parts

PPNy =0, eP(0)|f)=0. (4.10)

It is one of the aims of this investigation to find a theory which allows (i) a smooth and correct
massless limit, and (ii) a perturbation expansion in the small mass M.

For the latter to be meaningful, it is necessary that the theory satisfies the following require-
ments: (i) no-ghosts, (ii) unitarity, and (iii) a correct massless limit. This would open the
possibility of giving a small mass to the graviton without destroying e.g. the correct prediction
for the perihelium of Mercury.

Corollary: As follows from the commutator (4.9f) the correct masless limit requires
the double limit b — +co, M — 0.

V. MASSLESS LIMIT: SCALAR-TENSOR OR IMAGINARY-GHOST THEORY

In the previous section we concluded that the double limit: M — 0;b — oo leads to the
proper massless graviton propagator. It is the purpose of this section to analyze the distinctive
physical contents of the propagator for the h#”-field for the different regions of the parameter
—o0 < b < +00. In particularly in the massless limit we want to investigate the possibility of
a smooth decoupling of the "false helicities".

From the commutators in (4.9) we obtain the propagator by the replacement

A(x — y; M?) = Ap(x — y; M?). (5.1)

Then, we have apart from irrelevant terms for the h*”-field the Feynman propagator !

Vv, 1 A qn 7V va 1 V&
DY P(x—y) = |5 (0’ + ) — 3108 | Ap(x — yiM?)

1 2b
= Uv,aaf e = aAg2
631 bn N Ap(x —y; P bM ). (5.2)
Introducing the parameter 4, defined as
A=:b/(3+Db), (5.3)

we can distinghuish three regions, see Fig. 1, for the b-parameter

I : 0<b<+4+0(0<1L1),
II : =3 <b<0 (—o0<A1<L0),
IIT : —c0o<b<-3(1<A<+m).

10 Later on we will consider the double limit b — co and M — 0. In doing so we keep M; = M, = —bM? finite.
1 1 the limit M — 0,b — oo this propagator becomes the standard one, see e.g. [20].
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T I I YT

FIG. 1: Three regions in (b, 1)-space. Region I, III: spin-2 and spin-0 imaginary ghost. Region II:
(massive) spin-2 and spin-0.

One sees from (5.2) that for M # 0 for region II the contents is a massive spin-2, and a massive
spin-0 particle. For regions I and III the contents is besides a massive spin-2, a spin-0 ghost
particle with an imaginary mass.

The main goal of this investigation to find a theory which allows (i) a smooth massless limit,
and (ii) a perturbation expansion in the small mass M. In a no-ghost scenario it is necessary

that the theory satisfies the following requirements:

1. No-ghost: M? >0 — b/(3 +b) <0,

2. Unitarity: b/(3 + b) < 0,

3. Correct massless limit: b/(3+b) - +1—A, A>0,

where A =3/(3 + b).

Clearly, requirement 3) is in conflict with 1) and 2) if A = 0, i.e. for a pure spin-2 theory in the
massless limit. So, with exclusively physical fields at best we can end up with is a scalar-tensor
type theory!

In order to analyze the massless limit in more detail we write the h*”-propagator as follows
D (x —y) = % (0™ + =) — %n’”n““ Ap(x — y; M?) +
£ [Ap(x =y M2) = A Ap(x = y; =24 M?)]
= DY (x — y,M?) + ADE"** (x — y; AM?) (5.4)
In the limit M — O0for 1 = 1 (b — +o0) the extra piece AD;”';“ﬁ — 0, and we get the proper

massless spin-2 propagator. Then, with 4 = 1 we have for M # 0 a theory with (i) a massive
spin-2, and (ii) an "imaginary” spin-0 ghost particle. Below we will show that the latter will

14



satisfy a free field equation, which can be quantized [6] and taken care off using a Gupta-type
subsidiary condition, see below in section A.

In momentum space we have

=uv;af — i UVt - A
AFF (p) 677 7 p:—M2+id p?+2AM2+i6
+3AM2/(1 = Q) 1

2
= 21 - eyt

p*+2AM? +id p2— M2+ i . (5.5)

Preliminary summary and prospect: We found in this section that by choosing the

constants suitably, and performing a couple of gauge transformations, we can elim-
inate the unwanted helicity components in the massless limit. Thereby we arrive at a
satisfactorily massless spin-2 theory. This in accordance with the Dirac quantization
method for spin-2 fields using auxiliary vector and scalar (ghost) fields.

We found theories of the kind: (i) —co < 4 < 0: massive spin-2 and spin-0 particles
with in the massless limit a kind of scalar-tensor” model, (ii) A = 1: a massive spin-2
and an imaginary-ghost spin-0 particles with a proper massless limit giving a relativis-
tic theory of gravitation in Minkowski space (LRGT-AF). The latter we will investigate
further in this paper to find out whether it is posible to give a small mass to the gravi-
ton, without destroying the correct prediction for the perihelium of Mercury. This in
contrast to the formalism considered by Van Dam and Veltman [1, 2].

VI. ELIMINATION p(x)-FIELD, NEW FIELD COMMUTATORS

The the conditions for the massless limit leads to the limit b — +oo as the only solution,
see Eqn. (4.9f). For the proper behavior of the propagators the p-field is not necessary, and
therefore we effectively eliminate the p-field from the equations by restricting the Hilbert-
space (I). Also, this can be done by out-integrating the p-field (II). This leaves finally in
the spin-2 model of this paper, besides the h*”-fields only the scalar-ghost field e(x) with
the subsidiary Gupta condition ¢ (x)|¥) = 0 for the states |¥) € V(h, ¢).

A. Elimination p(x)-field

Elimination p(x)-field I: The total Hilbert space V;, = 7V(h,p,¢) is an indefinite-metric

space. From now on we restrict ourselves to V(h,e) C Vi, i.e. states |¥) € V(h,¢) which
do not contain p-field quanta. Then, for all (field) equations we consider states such that
(®|f(p)|¥) =0, Vf with f(0) = 0. Therefore, in the rest of this work p(x) = 0.

Elimination p(x)-field II: Notice that the p(x)-field occurs only in £ in a quadratic form

without derivatives. Consider the generating functional

Z = thMVDpADe exp [(i/h)fﬁd“x],

15



where £ = £, + L. Ignoring 1/b-terms the gauge-fixing Lagrangian is
1 ~
Lop = Eb M pH(x)p,(x) + M [%h“”(x) + M 3e(x)] - p,(x) + M2h(x)e(x).

Introducing y”(x) = d,h*"(x) + Y M 0”¢(x), the p(x)-field can be out-integrated and yields

/bmwpwmfwﬁbmwvmwnmwumwm

2

2b2.7\/[2

_Napwmfw ﬂ@m@”

This means that Lz — £f,, where

b?

L,GF = _2b2M2 (a#

W + 7 M3Y¢€) (8% hy, + YMI,€) + M>h(x) e(x).

So, for b — oo the first (contact) interaction vanishes, only the second one survives. This
defines the model for b — oo without the p-field. (QED)

Remark: N ~ 1 /\/E — 0. So the functional integral vanishes for b = co. This is consistent
with the Riemann-Lebesque lemma. Therefore, in the limit p(x) has to be set zero.

B. Commutators and Propagator spin-2 for b —

Since we are interested in the correct massless limit we take b — +o0, i.e. A = 1. Leaving out

the p-field terms the commutators in Eqn. (4.4) become

2

2
[e(x),e)] = —% (%) iA(x — y; M?), (6.1a)
e(0). ()] = — [5:452 _ %n’”] IAGx — y; M2), (6.1b)

[1# (x), K (y)] %(v"‘“n”ﬁ +nHhyre — %n’”n“@

+# (91078 + 87 8% #6 + GKOP 4 37 0Pp)

2

— (20 + %) + aﬂavaaaﬁ} iAGx — y; M2)
2

{ 0ty — _3M2 (8¢ %0 + — a#ava“aﬁ}m(x v M2).
2

3M2

(6.1¢)

The compact form of (6.1c) reads
(1), R (y)] = {ﬁ*‘“ﬁ”ﬁ + e — %ﬁ*‘”ﬁ“ﬁ}m(x -y M3)

1 1 3 .
—{gﬁwﬁo‘ﬁ + V2 (64077 + 7#3%9F) + Wa#ava“aﬁ}m(x —y;M2), (6.2)

€ €
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with the notation 7#* = n* + *3” /M? and 7* = n*’ + 8#8” /M?. For the spin-2 Feynman
propagator from (4.6) one obtains

DX (x —y) = —i{0|T [1*(x)h** ()] |0) = 2P (8) Ap(x — y; M2)
+P(9) Ap(x — y; M2) (6.3)

because lim,,_,, Ap(x — y; M3) = 0.

The derivation of the sum rules for the spectral function p(s), see below, uses for example the
ETC relations

(19, )] = +A24—i25153(x _y), (6.42)
.2
[h(0), hE ()], = —ﬁ (n™a* + nmka!) 53 (x — y) (6.4b)

2

Here, the difference with [13] Eqn. (21) is due to the presence of the e(x)-field.

VII. ASYMPTOTIC FIELDS. PHYSICAL CONTENTS hw-FIELD
A. Massive M, # 0 case

Coupling the h,,-field to the conserved matter and traceless energy-momentum tensor gives
the field equations, setting M = M and a, = —24 — -2,

, ) 3,0,
(I:l +M ) hw(x) +2M* | 1, + azm e(x)=x tMW(x), (7.1a)
(O + a;M?) e(x) =0, 0#h,,(x) + a,0,e(x) = 0. (7.1b)

Requiring (] + M?) hZ(x) = 0 implies that (tM)Z = 0. With the spectral representation

oo}

Kz (Ol [tM,,uv(x)a tM,ocﬁ(y)] |0) =1 f dS Szﬁ(s) ﬁyv;aﬁ(s) A(x ) S) (72)
0+
where .
ﬁ/xv;a,@(s) = {(ﬁ/xan—v,@ + ﬁ,u,@ﬁvoc) - gﬁ,uvﬁa,@} (73)
with
ﬁuv(a’ s) = Nuy + S_layav’ 5“77_w =0, 77’“’77,”;(3) = 3. (7.4)
Using [ty ,(x), e(y)] = 0 we get
i 3,8, 3,05
(Ol [h/,w(x)a hoc,@(y)] |0) = _g (77#1/ + “2# 770{,8 + OCZW A(x -y a2M2)
+l/ ds p(s)ﬁ,uv;ozﬁ(s) A(x - S), P(S) = S(S - Mz)_zﬂ(s) > 0. (75)
0
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Differentiation (7.5) by x° and setting x° = y° one obtains
. (= 1_ _
(01 [ (0 ], 10) = =if s (V%) = S0

1 _ - 3
_W (a,uavr)ocﬁ + nuvaaaﬁ) - Wauavaaaﬁ} 63(X - Y) =

i 9,9, 0,9, .

[§ N + Qo |\ Mep + Q23 A(x — y; a,M?)

—i f ds P(S)ﬂw;aﬁ(s)] Fx-y), (7.6)
0

Taking u,v,a, 8 = m,n, k,l and comparing the 7,,,7,; terms gives the sum rule

1=f ds p(s). (7.7)

The ETC relations derived from (6.2) and (7.5) give the equations
ia
(01 [0o(x), hai )], 10) = =3288%(x = y) =

a2 (A —a2) +a,V?*/M?) - % f ds (o(s)/s*)V?

v 0,5°(x —y),
3M? A

+

(01 om0, Bty 10) = =505 (O + i) 8(x = ¥) =

it a [ 2 4
+— (Ukz + —Zakaz) Om — lf ds (P(S)/S){(nmlak + Nmi0; — g’?kzam) +3S lakalam}l S —y).
0

3M?2 M2
With o, = —2 these relations lead to the sum rules
ey = [ aspwss. am= [ s (79)
0 0
Let M, be the physical ("renormalized”) mass of h,,, then
o(s) = Z8(s — M?) + 6(s — s,)a(s) (7.9)
with s, > 0. The sum rules (7.7) and (7.8) give
0<Z=1 —/ dso(s) <1, (7.10a)
So
L _ Z (7 hso(s))s (n=1,2) (7.10b)
M?2n - M}%n : - '

0

which shows that if M — 0 then M, — 0. Thus in this limit the h,,-field can not acquire a
non-zero physical mass. The condition for the validity is that ¢, ,, has no massless discrete
spectrum when M # 0. This is the analoque of the same theorem as for the massive
vector-field in the B-field formalism [8].
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The commutation relations in (6.1) and before in this paper were for free fields, which we
denote furtheron in this section as "asymptotic” fields hy;(x), €**(x), which satisty (6.1) with
M =M, and (7.1).

The asymptotic field hy; and €“s are defined

1/2h - hg,, ks Z2¢ = ¢9s, (7.11)
where
k, = Z7'M}/M?> =1 +Z‘1M§f dso(s)/s > 1, (7.12a)
So
k, = Z7'M}/M* =1+ Z"'M} f dso(s)/s* > 1, (7.12b)
S

0

where we also introduced k,. Then, with p(s) = Z&(s — M?),

HEREAC]

3,8, 3,05 i
3 77,uv + - M2 770(,6’ +a, M2 A(x - Y aZM )

+iH/,w;oc,6’(Mr) A(x - y,M,%)
i 3,0, 8.9 i

= §Z Ny + Qy—— M2 Nap + ay— M2 A(x Vs aZrM )
+i1=[/,w;oc,6’(M3) A(x - y;M,%), (713)

where M?a, = M}a, and &,, = (M,/M)*a,, = k,Z a,.. Notice that the commutator is
completely expressed as a function of "renormalized” quantities. For the other commutators
we have

d, 5
[0, B 0.2 0)] = +2k, (naﬁwy = )A(x Vi@, M?), (7.14)
M 2
[€(0), ()] = —> kz( ) ACx — y;0,M2). (7.15)

To determine the "renormalized” h;;-equation we get from (7.13) the relation

2y | pyas i, 2 = aﬁ‘a” % 5 2
(I:l +Mr) [h (X) h (y)] = §Z (1 - aZr)Mr 77,uv + OCZV_I‘ 2 nocﬁ + 0y — M2 A(x y,szer)
= ——(k 2711 = M2 (1 + 2y 22 |e%00), h)]
2 2r %% 2r 5 Mr ’

which leads to the "renormalized” equation

9.9,
@+ M) RS + 2 (1 - ) (ke 2) M (n,w g ) e (x) = (7.16)
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Next we introduce the asymptotic physical spin-2 field by

4

2 _ 9,0
U,Zi(x) = h/‘,ltf)(x) + g (1 - OCZV) (kZZ)_IM}% (77/,”/ + OCZV#) (D + M?)_l €aS(X)
as 2 -1 — a,u 4 as
= hp(x) + g(kzZ) M + 8o | € (x). (7.17)
which satisfies
o o 2_ ).
[Us (0, Us0)| = {(mamﬁ + TugTlva) — gnﬂmaﬁ} iA(x — y; M7), (7.18a)
[U%(x), ()] = 0, (7.18b)
(O+M?) Us(x) =0, 3“Ugis(x) =0, (7.18¢)

With the interaction the field equation reads (] + Mrz)UW(x) = X tp,(x) wWhich can be
integrated to a kind of Yang-Feldman equation [21]

Un() = UBG+ [ diy a3 0=y 670 (7.192)

Af”s,;alg(x - y,M,%) = {(nyanvﬁ + 77;1,6’771/0() - 577#1;770(5} iA S(x - y,M,%) (719b)

2 :
- {(nyanvﬁ + 77;1,6’771/0() - 577#1;770(5} lAas(x - y;M;%)’ (7-19C)

where 7, = (9, M) etc., and Uj;, = U;L‘, or Uy, and corespondingly A% is the retarded Ay or
the advanced A,. In (7.19) the replacement 7, — 7),, etc. follows from 8¢ty ,, = (£y,); = 0
and partial integration.

The physical Hilbert space V), consists of the totality of states | f') which satisfy the Gupta con-

dition €(x)|f) = 0. Representatives of equivalent classes are obtained by applying products of
creation operators associated with the U, field.

B. Massless M = M, = 0 case

In the limit M, M, — 0 the sum rules (7.12) reveal that

lim (M2/M>)'=Z(n=1,2)=Z— 1, (7.20)
M,M,—0

which means the zero-mass limit M = M, — 0. Analyzing this limit for Eqn. (7.16) we note
that with (k,Z)"'!M? = M? one obtains for the second term

g2 _ 949, , M,\’
(kZZ) Mr 771“ + OCZVF =M 77“1) + (ﬁ) a, 6#6,, i C(za#av.
Therefore, we obtain for the massless limit the equations
Ohg (x) + 2a,0,0,6%°(x) = 0, (7.21a)
[e®(x) = 0, 0¥hy(x) + a0, (x) = 0, (7.21b)
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where we added the last equation from (7.1). Again, the derivatives in AZi «p CAN be omitted.

Next we take the limit M — 0 which changes (7.19) to the massless form
A,Zi;ocﬁ(x - y) - (77#05771;5 + nyﬁnvoc - 77;11/770(,8) lD(x - y), (722)

and changes (7.13) and (7.15) into the commutators

[hzi(x)’ hgz’(y)] = {(nuanvﬁ + nyﬁnva) - nuvnaﬁ} iD(X - y)’ (7-233-)
(%50, €()] = £ (7,,D0x = ) + 0,0 T EGx ~ 1) (7.23b)
[es00.e20)] = -3 DG - ), (7.230)

where D(x) = A(x; M?)|y-o and E(x) = [ID(x). Furthermore, in the massless limit the
U,,(x) field now satisfies

[sz,(X), Ugsﬁ(y)] = (T)uocr)vﬁ + nuﬁr)va - 77,41;770(5) lD(x - y)’ (7243-)
[Uss(x), ()] =0, (7.24b)
(U5 (x) =0, 3“Up,(x) = 0, (7.24¢)

describing a massless graviton, demonstrating the smooth massless limit M, — 0.

In Appendix A the quantization of the e(x)-field is described, and the propagator is derived
in detail. Because of the (-)-sign in the last commutator in (7.19) it has a negative norm
and so a Gupta-condition has to be imposed, similarly to that in the case of the Lorentz-
gauge in QED. Then, the matrix elements between physical states of the equations (7.20) and
of the commutators in (7.21) satisfy the classical equations, i.e. ((Jh%(x)) = 0, (8h,,(x)) = 0.

Note that this auxiliary-field treatment for the massive and massless spin-2 meson is analogous
to that for the vector-meson in Ref. [8] section 2.4, and distinct from the Proca-formalism used in
[15]. The advantage is a smooth transition between the massive and massless case.

VIII. GRAVITON-MASS AND THE PERIHELIUM-PRECESSION OF PLANETS
We want to compute the finite-mass corrections to the massless spin-2 perihelium-precession

of the planets. In this section, and henceforth, we denote the graviton mass by u, the mass
of the Sun by M, and the mass of Mercury by m.
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The propagator for the (massive) h*’-field, for A = 1, see Eqn. (5.4), reads

1
DR gl = 5 (00 + 0™ =) Ap(x; pg)
1
+2n 0P [Ap(x pg) — Ap(x; M) (8.12)

t= A0 ) + SR (s ), (8.1b)

where Af,’(;“ﬁ (x) in the lim,,__, is the propagator for the massless spin-2 particle, and

5AF,/,w,oc,6’(X;,ué) = A/(j)),ocﬁ(X;Mé) + Al(jfzﬁ(x;/,{é), (8.2)
where
A(S) .2 — 1 %% aﬁA .2 8 3
,uv,ocﬁ(x"uG) - +gn Ui F(x,,uG), ( . a)
1
Mg (s 1) = — 20N P AR —2ug) (8.3b)

As noted before, in the massless lim,,._,, the propagator D;”"“ﬁ (x; ,ué) corresponds to a massless
graviton. Therefore it gives the Einstein prediction for the perihelium precession.

In Appendix B the smooth massless limit of the model is considered using the properties of the
spin-2 polarization tensors for lim, |, and the conservation of the energy-momentum tensor

Iy

A. Interaction Spin-2 Particles with a Scalar-field

In general-relativity [26, 27] the Lagrangian for a neutral scalar field, mass m, invariant under
general coordinate transformations in a gravitational field described by the metrc g,,,, is given

by

1
Ls = 3= (8"Du¢D,p —m’¢?), (8.4)
where g = detg,,, likewise 7 = det7,, = —1. In the "weak field" approximation we write
g,uv = 77,uv +x huv’ glJV = 771“ -x h',uw (85)

where x© \/E with G is the Newtonian gravitational constant. Note that the signs in (8.5)

are consistent with g’g,, = &",.

In the following the lowering and raising of the indices is done with the 1, = n*”-tensor.

Using
J K u
gzn(1+7<h#),\/—gz1+§h#, (8.6)
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the scalar Lagrangian in the weak-field approximation is
1
LS = E (77’”5#4551;45 - m2¢2)
x x
—5h? 3,$9,¢ + Zhj (n*8,8, — m*$?)
0 in
L+ L3, 8.7)

with
. X K
Llsm = _Ehw au¢av¢ + Zhj (7’)‘”’5”81, - m2¢2)
X 1
= _zhlﬂ/ au¢av¢ - znuv (n“ﬁaaaﬁ - m2¢2)

= _Ehlfw t(s)

= —Sh 1), (8.8)

where

) _ (0)
t/.w - ay¢av¢ - nl.w 'CS (89)

the energy-momentum tensor operator for the scalar field.
The momentum expansion for h,,(x) field reads

5
Z ek, A) [a(k, Ae kx4 a*(k,/l)e“k"‘] , (8.10)

h,uv(x) = '/‘d3—k
20(k)(27)3 1=

and for the (neutral) scalar field [28]

a(p)eP* + aT(p)e“p‘x] , (8.11)

d*p
¢(x) = f —[
V2w(p)(27)?

with the commutation relation

la(), a" ("] = &°(p — p). (8.12)
For the one-particle scalar states we use the so-called "non-relativistic normalization™:
Ip) = a'(P)0), (plp’) =& (P —p". (8.13)

Matrix elements for the energy-momentum operators, using normal-ordering, is

D] ) : 1p) = AP ZP) X
(27)*4E(p')E(p)

LD DY .
il WP x [(P/,JPV + P;P/«t) —Nw (P/ P - Mz)] . (8.14b)

(2m)3/4EP)E(P)

The (spin-0)-( spin-2) vertex is given by

[ (Psps + PyPa) = 1ep (P - p — m?)|(8.142)

(P'| : Ty IP) =

(p'| —i f d*x HE(xX)|p, k) = 2m)'is*(p’ — p — k) e (k, )T, (p', p) -

-1/2

x [(27)° 8E(p")E(p)a(k)] (8.15)
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FIG. 2: Graviton-exchange between mass M and mass m.

Using

-1/2
]1

(0|h*(x)|k, 1) = [(27)? 20(k) et (k, 1) e~ kx, (8.16)

(8.15) leads to

-1/2

(Pl =i [ i H00Np k) = —itx/2) ) S lp)o)]
XS (p! — p= 1) "k D (5,5} + Bip,) 0P p=mDf, (817

which leads to
T, p)=—(x/2) [ (PuPy + PyPu) = My (P - P — mz)] : (8.18)

We notice that T, (p’, p) = T,,(p’, p) and (p’ — p)*T,, = 0. This gives for the matrix elements
of the energy-momentum operators T#” and t*#

T»(P',P) = [ (PP, +P,P,)—1,, (P'-P— M2)] , (8.19a)
“H(p',p) = [ (PLps + Pibg) —Mag (P - P — mz)] . (8.19b)
Propagators:
(m)
A (k) = Puv;aﬁ(k)
el k?— 2 +id’
m 1 1
P,fw;)ocﬁ(k) = E (77#0(771),6’ + 77/1,6’771/0() - 577;“;770(5, (8203)
(0)
P 1K)
A;Ov)-ocﬁ(k) - 2“—5
’ k? — e +i6
1
P,S:;);ocﬁ(k) = E (nuanVﬁ + nuﬁr)va - nuvnaﬁ) . (820b)

For distinguishing the massless and massive case convenient is the common notation
(@) 1
P,u(:/;ocﬁ(k) = E (nﬂanVﬁ + 77/1,6’771/05) —a nﬂvno{ﬁa (821)
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where a=1/2 and 1/3 for the massless and massive case respectively.
The amplitude corresponding to the Feynman graph Fig. 2, for the Feynman rules see [29],
chapter 14, is
(P 2 /)N N Pp) [ S
£ e 2m)*

X(27m)*8*(p' — p — k) - (P'|T#|P) in") (k) (p'|t°*| p)
= —i(x*/4) 2n)*6*(P' + p' — P — p) N'4(P', p") N:(P, p) -
XT# (P!, P) AT (k) t*(p', p)

= —i(27)*§*(P' + p' — P — p) N M}? N (8.22)

st @2r)*8*(P' — P +k) -

withk=p’'—p=P—P',and

Ni(P, p) = [(27)° E(P) E(p)

Here E(p) = w(p), E(P) = w(P) etc.
With a = 1/3 and a = 1/2 for the massive (m) and massless (0) case respectively, one gets for
the invariant amplitude the expression

-1/ -1/2
| :

Y NG(P, p) = [(2m)° E(P) B(p')] (8.23)

) 1
M)(P', p's P, p) = 20> (P'|T*|P) A0 () (p' 1] p) = 776

% [(PLP, + P,P,) — 1 (P' - P — M?)] - {% (755 + p77) — a nuvnaﬁ} .

% [(Pps + Dipa) = s (P - p— )| - [k — 422 +16] " =

3¢ {0 )P p)+ (P PP p) — 20 (P PP )

—2(4a — 1) M?m? + (4a — 1) [m* (P' - P) + M? (p’ - p)] } |k =+ ié]_l . (8.24)

Now, k = p’ — p = P — P’ which gives with P> = P"> = M? and p? = p'? = m?,
k? =[P —P)*=2M?—-2P'-P=(p' — p)* =2m*-2p’ - p,
1 1
P P —=M2_ k2 nlp—m2_ 22
P'-P=M' =2k p'p=m’— 3K,
and similar expressions for P’ - p, P - p’ in the Mandelstam variables s = (P + p)* = (P’ + p’)?
andu = (P — p')> = (P’ — p)*. In the C.M.-system, P = —pand P’ = —p/, and k = p’ — p,
q=(p +p)/2. . )
p=da-sk p'=q+k (8.25)

The scalar products in the C.M.-system read, taking the external particles on the energy shell
ie. p? = p? giving k» = —k?, q - k = 0. Evaluating the scalar products in (8.24) in the
C.M.-system, we expand in 1/Mm. Then, we obtain the leading terms

@ rpr . ~ _l 2 2 _ (M+m)2 2 1 2
M (P',p';P,p) » X 2Mm) {(1 a) + N2 (q° + 4k )
(2a — 1)(M? + m?) — 2Mm -1
Ve k2t (k> +ul —i8) .  (8.26)
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In Appendix C, the connection between the invariant amplitude M}zl.) and the potential
in the Lippmann-Schwinger (or Schrodinger) equation is given by (C18)

Q

T ( M? + m?

V(p;. py) L + k2/4>) MO (p;. p W)

2Mm 4M?m
T, B 2a(M?* + m*) — (M +m)*
R = [x* Mm] {(1 a) + AN k
(M + m)? M? + m? 24 Lo
e~ T O |(@ 3K
L1
X (K* + 2 —i6) . (8.27)

1. Massless case, a=1/2: From (8.27) the on energy-shell potential becomes

7M? + 16Mm + 7m? 1

©rpr 1. _ T2 2 4 212
Vi (P',p';P,p) = 4[7< Mm] {1+ Ve (q° + 4k)
k? 5
Mm} K2+ i8] . (8.28)

The potential in momentum space from the leading term is

d*k . *Mm 1 GMm
V(O) — v Jikx V(O) ! — - _ 2
") f(ZT[)3 ¢ ®'.p) 6 r_ r’ (8.29)
i.e. equating this potential to the Newton potential we get, using units f = ¢ =1,
x/4 = VG =1.616 x 10 cm (Planck length). (8.30)
2. Massive case, a=1/3: From (8.27) the on energy-shell potential becomes
(m) _ 5M? +12Mm +5m*, , 1.,
Doy p) = 2 M) 1+ T 2RI (g2 4y i)
M? + 6Mm + m? k2 -1
— - | K%+ p 31
2Mm 4Mm} [k + 4] (8.31)

In the C.M.-system we write V@(P’, p’; P, p) = (27)~°V™(p’, p), and the configuration space
potential is given by
d’k d*q . o
X' |V|x) = ek (X' +%)/2 plg (X' =%) /(g q). 8.32
v = | o5 | G k. (8.32)
From (8.31) one gets, neglecting for the moment the k? and q* terms, the C.M.-system local
potential becomes

d’k K*Mm e He"
(m) — ik-x 17(m) (1! —
vI(r) _(27r)3 e x Vi (p',p) 13 . (8.33)
Note that for very small u; we have
Vm(r) & v<°>(r) (8.34)

i.e. the massless limit of the massive potential is off by a factor 4/3, a well known fact [1].
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B. Perihelium Precession

1. Massless case: We analyze the k?- and g*-term in the momentum space potential (8.28),
which we write as

k? N 7(M + m)* + 2Mm
Mm 4M2m?

VO, p) = ~@rGMm) 11 - (@ + 7K -
x [k2 + u2 — i8] (8.35)

Here, we introduced the graviton mass [ because we want to analyze the massless limit. So, in
(8.35) the massless graviton projection operator is used in the propagator.

(a) The central term in (8.35) gives the Newtonian potential

—Hgr

VYOG = —[6GMm] S— with g = 0. (8.36)

(b) The k*-terms in (8.31) and (8.35) give terms with —478(r) which in the planetary motion
do not contribute and hence can be dropped.

(c) The Fourier transformation to configuration space of the non-local (q* + k?/4)-term is !?

(M + m)?

® —
(V@) 8M2m?

The Schrodinger equation reads

<V2v<°>(r) + v<°>(r)v2) (). (8.37)

Mm)
M+m)’

V2
(“g + V) $=E9 (=
and gives the possibility of the replacement V> — 2m,,,(V. — E), where V. is the total
central potential. (The spin-spin, tensor and spin-orbit potentials in V are of order 1/Mm
and can be neglected.) For (very) small u; we have V. = —A GMm/r = A V. From
[V2, Ve(M)] 9(r) = [[V2Ve(r)] + 2V V(1) - V] (r) neglecting Vi [31] and the V2-term, which
gives ~ &3(r) contribution, the contribution of the non-local term gives the correction to the
Newton-potential

7(M + m)?
VO ~ —2m,ed% v<°>(r)[vc(r)—E]
7 m\ GMm GMm
= =5 (14 3) 5 [A - +E]
TA 15071 2
= —%[v |'m~1/r?2 (M > m). (8.38)

12 A potential term V(k, q) = V,,; (k) (q* + k?/4) gives in coordinate space, see [30] Eqn. (11),

YOEG) = —%(V2vn_l,(r)+ Vol (HV2).
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In the last step we used that in a planetary orbit E= constant, and the E-term in (8.38) gives a
correction to the Newtonian potential which means a small modification of the orbit. Hence-
forth, being interested here only in the 1/r? potential, we omit the E-term.

We see that the non-local potential gives a 1/r* correction leading to a perihelium-
precession which is 7/6x Einstein’s result! This agrees with the treatment of Schwinger
[20, 32]. The remaining —1/6 comes from the change in the gravitional field energy due to
the presence of the planet, see for discussion [20, 32].

2. Massive case: Following the same steps as for the massless case, taking into account that
Vém) = (4/3)VO(r) and the non-local term with 5/3 instead of 7/4, we obtain

40A 2
PO —— [pO]". .
= -5 [V©] (8.39)

Below we show that the contributions from the scalar (section IXA) and ghost (section IX B) to
the non-local potential cancel each other in the massless limit. Therefore, the total result for the
1/r?* correction to the Newtonian potential from the h*’-field is given by (8.38). Furthermore,
corrections to the perihelium precession for a finite mass ug turn out proportional to ug, and are
tiny, see section X.

We see that the non-local potential gives a 1/r? correction leading to a perihelium-
precession which is 7/6x Einstein’s result! This agrees with the treatment of Schwinger
[20, 32]. The remaining —1/6 comes from the change in the gravitional field energy due to
the presence of the planet, see for discussion [20, 32].

See Appendix C, under point 4, for alternative treatments and a more complete
discussion.

IX. SCALAR CONTRIBUTIONS PERIHELIUM PRECESSION

In this section we derive the contribution to the perihelium precession from the scalar and
scalar-ghost terms in the h,,-propagator AP (o uZ) (8.2).

A. Scalar-exchange: Perihelium Precession

The amplitude corresponding to the Feynman graph Fig. 2, for scalar-exchange is, in analogy
with Eqn. (8.22), given by

4
ST = (+0P (/4 N 4(P', p') N(P, p) / (;1”1;4

x(27)*84(p’ — p — k) - (P'|T*|P) ia® (k) (p'|t*|p)

QY S*P —P +k) -

wiap
= —i(?/4) 2n)*8*(P' + p' = P = p) T(P', P) Ay (k) t**(p/, p)
= —i2n)*6*(P' + p' = P — p) N M;Si) N; 9.1)

28



where

P(S)
() _ Hviap p® _
A k) = m, P s = 6’7,w’7aﬁ (9.2)
G

Up to terms of order 1/M? and 1/m?, taking only the terms proportional to the parameter a

in the expression (8.27) and putting a = —1/6, one finds

(M? + m?)—Mm
2M?2>m?

MS(P', p';P,p) ~ —%KZ (2Mm)2{1 - kzt (k2 + u —i8) . (9.3)

In Appendix C, the connection between the invariant amplitude M;Zi) and the potential in the
Lippmann-Schwinger (or Schrédinger) equation is given by (C18)

VO(pyp) & g (1= M g 4 1 /4)) MOy, s W)
~ —%[K Mm ]{1 - (M -;]ler)n; Mm k?
—%W + %kZ)} (K% + pd — i5)_1 . (9.4)
The central potential in the CM-system is, with x? = 16G,
Vi) = — [ M| Pk D —% (GMm] . (9.5)

(27)3 K2 +

The contribution of the non-local term gives the correction to the Newtonian potential
M? + m?

red 4M2m2

A 2 A
Ay~ L 2
= +2m[v | +1am [GMm]

YD) ~ +2m VE(r) [Ve(r) — E]

N

~1/r* (M > m). (9.6)

B. Scalar-ghost-exchange: Perihelium Precession

In Appendix D the details of the scalar interaction with the imaginary-ghost field is analyzed
and worked out in detail, which results are employed in this section.

The amplitude corresponding to the Feynman graph Fig. 2, for scalar-ghost-exchange is, in
analogy with Eqn. (8.22), given by

4
S@ = (i (/4) N (P, p) Ni(P, p) f S P =P )
X(2m)*8%(p' — p — k) - (P'|T*|P) iA%?) (k) (p'|t°F| p)
= —i(?/4) 21)*8*(P' + p' — P — p) T*(P', P) AS (k) 1% (D', p)
= —iQn)*8*(P' + p' —P - p) N} M}fG) N, (9.7)
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—0p Q r R

FIG. 3: Complex p,-plane contour I' = R + §(—w),) — &(w,). Here, §-operator is Leray’s coboundary
operator.

where
SG 1 ~
A s() = =2, es Byl —p2). (9.8)
Here, the imaginary ghost-mass is —u?> = M? = —2/,%. The proper integration contour T, see

Fig. 3, in the complex k,-plane is given as [6] ' = R — §(w;) + 6(—w,), where §(+w) ) denotes
a counterclockwise circle around the poles at +w); [25]. (Note that for a real mass M, the T-
contour becomes the usual countour for the Feynman propagator C.)

The Feynman propagator function in (9.8) is

K(k;M2) = 3 [A0G; M2)+EO( M2)] (9.99)
_ 1 d*p k[ dk
AD(k; M?) = , —, 9.9b
( e) k2 — Mez (27T)4 - (271')3 . (277.’) ( )
_ d* 3 dk,
AD(k; M?) = 1 P dk 0 (9.9¢)

-2 ) eor ) @rp ) Cr)

Up to terms of order 1/M? and 1/m?, taking only the terms proportional to the parameter a
in the expression (8.26) and putting a = +1/6, one finds

(9.10)

1 M?* +m?) - M 1
MGO(P /P, p) & +5707 (2Mm)’ {1—( ) mk2§ P

2M2m?2 k2 — 2’

Here, we used A(k, M2) = P(k* — u?)~!, which is derived explicitly in Appendix A 1.
In Appendix C, the connection between the invariant amplitude M}Zi) and the potential in the
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Lippmann-Schwinger (or Schrodinger) equation is given by (C18)

T ( M? + m?

VEprp) * Sy (1~ e

(@ + k2/4>) MSO(p,, ps W)

(M? + m?)—Mm 1
2M2m?

Q

2
i 1—
+1 [x Mm]{

M? + m? 1

1
2 4 212\l .
YRS e )} ?kz_#z. (9.11)
The central potential in the CM-system is
G _ L T o d*k en 1 cos(ur)
Ve () = +5[x* Mm] ik iR [GMm] ——. (9.12)

The contribution of the non-local term gives the correction to the Newtonian potential

M? + m?
VOW) & +2my e VEV ) [Ve(r) ~ E]
_4a -2 ~ . 1
= Zm[vc vo| +oe [GMm]” — 1/r2 (M>m). (9.13)

The total result for the non-local 1/r?-potential from massive and scalar-ghost is

7A
VO(total) = Vi + Vig = +5- [VO] (9.14)

forlim ug — 0. Below we will show that the correction for the finite graviton mass ~ ug,
which is very small.

X. RESULTS PERIHELIUM PRECESSION

Taking for the definition of the gravitational constant that which occurs in the massless case
Ue = 0,1.e. k? = 16G, the gravitational potential in momentum space is of the form

V(ps,p)) = —4m [GMm] {A + Bk?*/m* - C (q2 + %k2> /mZ} .
x(2m)™0 (K* + pZ, — i6). (10.1)

Here A,B, and C contain the total contributions, ie. A = ZiAl- etc. where A;, B;,C; come
from the individual contributions. In coordinate space we get for the central and non-local
potential

VO = —[6GMm] | Vo(r) = A VO, (10.2a)
(r| VD)) = +% C (v2 VO(r) + v<°>(r)v2) /m?. (10.2b)
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Making the approximation Vi = 0, and V?V©® ~ &3(r) — 0 for the planetary motion, leads
to [V2, VO(r)] ~ 0. Then, as described above, using the Schrodinger equation one makes the
replacement V> — 2m,,,(V. — E) where m,,;, = m. Then, we arrive at the correction to the
Newtonian potential, see [30] Eqn. (33),

VO(r) m 2m,.y (C/m?) VOW)|Ve(r) — E]

[vor
= 2CA

=2(AC/m) [GMm]*/r* (M > m). (10.3)

As explained above the contribution of the k*-term can be neglected in the central potential.

Exchange |Propagator| A| B C
I. Massless © 1] 2 -2
B B
I Massive| A" ~[2]2_2]_2
M;C’;O;ﬁ MM 46 4
II: Ghost | Al B BRI S P
wep 751 Yo 1T
IV: "Scalar’ | AY S == 4=
pvaf 3 6 12

TABLE I: Coefficients A, B, C for the different exchange types

In Table X the coefficients A,B, and C are listed for the exchanges calculated in this paper. The
propagators are explicitly defined in Eqn’s (8.1-8.3). Adding the contributions II and III gives
I, as expected.

The results in Table X show that in the lim,,,_,, the h*” propagator leads to the masless
graviton contribution for the perihelium precession, due to the combination of the
massive spin-2 and ghost contributions: from Table X we obtain AC = (4/3 —1/3)
(—=5/3 — 1/12) = —7/4, which corresponds to the value for the massless propagator.
Then, VO (r) = 2AC[VO®)]?/m = —(7/2m)[ VO(r)]>.

In this treatment using the V(V-interaction the change in the gravitational field energy due
to the presence of the sun and the planet is not included. In Appendix E we review the

2
derivation of this effect, which give a contribution [V®]" /2m. Including this we get in total
2
YO = —(3/m) [ V@], which agrees with Einstein’s result.
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Remark: We note that this 1/r* correction to the Newton potential does agree with the
—(3V?/m + V2 /2m)-correction in Ref. [20] below formula (52). In [20, 32] the —3V?*/m
comes from

2GM 1

and —V?/2m comes from the relativistic correction to the kinetic energy of the planet:
T — 4/ p?+ m? —mreplacing Tby T —T*/2m ~T — (E — V)*/2m.

The planetary equation for the massless graviton, with the inclusion of the gravitational field
energy between the planet and the sun reads, see [32] Eqns (2-4.55)-(2-4.60),

©)
d*u, 1 d Vers
= —— T 10.4a
do? “o Lidu m ( )
V(?f = V—3V¥/m, V =-GMm/r, (10.4b)

where u = 1/R = 1/d and L, is the angular momentum per unit planetary mass. This gives

(in units c=1)
d*u G>M? GM
; 2°+(1—6 . )uoz—z, (10.5)
§0 Ll Ll

leading to the non-newtonian correction to the perihelium precession angle
2012 2 m
Apy = 671G M?/L,)? = 67 (1 + M) GM/L, (10.6)

where L™' = (1/r, + 1/r_)/2 = uGMm/J*. Here, r_ are the apohelium and perihelium
distances. The connection with Einstein’s result [26] is given by the relation GM /L, =
27(a/T)(1 — e*)~'/2, where a is the semimajor axis, T is the period, and e is the eccentric-

1ty.
In Table X the results for the Ag;, correction to the perihelium precession per century are listed
for Icarus, Mercure, Venus, Earth, and Mars. The astronomical data in the next two tables are

taken from Ref. [33].

A. Finite-mass and Ghost correction Perihelium-precession
The finite-mass correction are due to the differences
1
SOAT P (x = yipg) = 5 (0 n”® +nphyps — o)
X [Ap(x — ys pd) — Ap(x — y; g = 0)], (10.7a)

V,a 1 VoV
SONTP(x —yipg) = 2 AP —yipd) = ATV (x — yipeg = 0)]. (10.7b)
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Planet Icarus Mercury | Venus | Earth | Mars
Mass 0.24510712 0.055 0.820 | 1.000 | 0.110
¥ min(AU) 0.186 0.307 0.717 | 0.981 |1.524
€ 0.827 0.206 | 0.0068 | 0.0167 [0.0915
Period 409 87.97 | 224.70 | 365.26 [686.98
J 0.157 x 1072 0.091 1.80 2.70 | 0.35
L 0.48 0.111 0.154 | 0.182 |0.235
n 89.3 415.2 162.5 | 100.0 | 53.17
nAgp 9.8+0.8 |43.1+0.5/8.4+4.8/5.0+1.2] 1.52
GRT/LRGT-AF 10.0 43.0 8.6 3.8 1.63

TABLE II: The Solar System. Mass planet m, in earth masses, ry;,(AU), € eccentricity, J =
Zﬂmplrfnm /T: orbital angular momentum (units 10*°kg m?/s), L: angular momentum per unit mass
(units 10'm? s~1), n (orbits per century), nAg: (arc sec/century), and GRT/LRGT-AF results. Earth
mass Mg = 5.97 X 10** kg

Planet Jupiter Saturn Uranus Neptune
Mass 318 95.4 14.5 17.1
¥ min(AU) 4.995 9.041 18.330 29.820
€ 0.0484 0.0539 0.0473 0.0095
Period 4333 10759 30687 60190
J 791 321 69.2 102
L, 0.416 0.562 0.799 1.000
n 8.42 3.40 1.19 0.61
nAp* 0.634x1071/0.137x1071{0.240%1072|0.777x1073
GRT/LRGT-AF**|0.621x1071{0.136x107!|0.237x1072|0.773%10~3

TABLE III: The Solar System II. Mass planet m,; in earth masses, r;,(AU), € eccentricity, J =
27Tmpﬂ"51m /T: orbital angular momentum (units 10*°kg m?/s), L,: angular momentum per unit mass
(units 10'°m? s71), n (orbits per century), nAg: (arc sec/century), GRT/LRGT-AF results. Earth mass
Mg = 5.97 X 10%* kg and the solar mass Mg = 1.98892 x 10°° kg. Program calculation *), Literature

From the inspection of Schwinger’s computation [32] Egs. (2-4.36,37),

1
B0 = =6M [ @y 1 = 1] 0°.9)
and using (10.7) we get
§WE,,(y°) = -GM f d3y x i v [em#alx =y — 1] £90(y0, y), (10.8a)
§PE; (y°) = —%GM f d’y |Xiy| [em#eY — cos(ug|x — y )] t°(y°, y). (10.8b)

With the Sun in the center x = 0, using the limit u; < 107>m, and for the distance Mercury-
Sund := |rg —1,| & 60 10°m = 1.44 10*71/m,c, we find that ug|y| < 1.44 107 <<<< 1.
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Let t*(y°,y) ~ m/V,,, i.e. a homogeous and static mass distribution inside Mercury. Then,

0E;,,(3°) SWE,,,(0°) + 6PE,,,(y°) = GMm[(e_MGd - 1) + % (e_“Gd - COS(:“Gd)) /d

~ [GMm] [—% " gwcd)] . (10.9)

where we expanded the exponential and cosine in (10.9) keeping only terms up to the quadratic
ones in the graviton mass. The first term in (10.9) adds a constant to the potential en-
ergy, which gives no contribution to the gravitational force and hence no contribution to the
perihelium-precession 3.

The second term: the equation of an orbit becomes

d’u 1 d Veff (0) 5 )

d_¢2+u=—L—%d—uT, Veff/m=Veff/m+§GM,uG/u, (1010)
where u = 1/R = 1/d and L, is the angular momentum per unit planetary mass. From (10.9)
we have

Verp/m) = —GM u —3G*M*u’ + gGM ue/u, (10.11a)
vV, 2
A7 oM - 6GPMPu — 2GM <@> , (10.11b)
du m 3 u
so that ,
2 2A 12
du (%M =4 (k) (10.12)
dg? L L} 3L:\u

If u, is the orbit for y; = 0 we have 1/u? ~ 1/u} — 2Au/u;. Writing (10.12) as

1 u—u
— 2 ~ 2 0
u"+Au=B+C/u ~B+C,uG<;—2 " ),or
0

0
u” + (A +2Cu, /ul)u ~ B+ 3Cug /ug.
and (10.12) can be written approximately as
2 2M?  10GM M M ?
d”+(1—6G 4 106 @>u=i—2<1+5(&) . (10.13)

de? L? 3L u 2 U,

The factor (...) on the r.h.s. means a constant multiple of the Newtonian potential V' =
—GMm /R and does not produce a perihelium precession, it only changes slightly the scale
of the orbit. The factor on the 1.h.s. multiplying the u-term brings a scaling factor for the
angle, and leads to a shift in the perihelium precession, quadratic in the graviton mass,

SGM M}

2 3"
3L; u,

dp = 21 (10.14)

13 Mass of the Sun M = M = 1.99 10*° kg, mass of the Earth Mgy = 5.97 10°* kg, mass of Mercury m= 0.053
Mg, electron mass m,= 9.11 107! kg.
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The ratio with the Agy (10.6) is

S 5 )
o2 = 2o

GM)‘1
-\ . (10.15)
Apg

Rc?

Now, Gm;./hc is dimensionless, which implies that

GM | m; M[h ]
Rc2 [th]mF ch/R

is also dimensionless. Here m; = hc = 197.32 MeV is the Fermi mass. So, in atomic units
h =c =1we have

2
m -1
o 5 >(mFR)3ﬁF[Gm§] : (10.16)
E

The corrrection to Einstein’s result is proportional to the square of the graviton mass
and vanishes for y; — 0

%9 _ 5(“_6
Mg

Estimation: Using VG = 1.62x107% ¢m = 1.62x10~2 fm, one has Gm} ~ 2.7x107*. The
ratio myz /M =~ 400m,/M = 2x10~°8. Assuming R ~ 108km, gives mzR ~ 10?, insertion these
numbers in (10.16) gives

5_§0N 5<,UG 10
App 9

2 2
_ Hc
—) -1077%.2x107°8 . 10" /2.7 » —— (—) - 100, 10.17
mF> / 27 \mp ( )
From more recent work [9-12] the upper limit for the graviton mass seems to be u; <
7xX107% eV = 2X107% m, & 0.5x10~* my. This gives [6¢/Apg| < 107*!, which is very
tiny.

The Einstein correction Ap; = 43".03/century, and experiment gives Ag,,, = 41”74 +
0"”.90/century [34]. For a deviation of the order of the error §¢/Ap; ~ 0.01 we find from
(10.16) g ~ 107%m,, i.e. ten orders of magnitude larger than the upper limit above.

B. Non-Newtonian Modified Gravity

The non-relativistic two-body gravitational potential is

e *"  GMm
r 3r

V(r) = V) + Vge(r) + Vys(r) = —[GMm] [e™#¢" — cos(ugr)] (10.18)
with u; ~ 107*m;. The range of the Yukawa part is r, = 10*m =~ 10° light year. The
correction to the Newton-potential in (10.18) is AV(r) = QGMm/3c?) [1 + ugr/4 + ....] ugc?,
having a long-range repulsive part, which is very small. For u;d ~ 1 — d ~ 2x10° ly, whereas
the radius of the universe r;; ~ 46.5 x 10° ly.
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XI. DISCUSSION AND CONCLUSIONS

In studying the spin-2 theory with the axilary-field method, exploiting spin-1 and scalar spin-0
fields, we found analyzing the possible theories that only in the limiting case b — oo a model
with a massive spin-2 combined and imaginary-ghost spin-0 field has a proper massless limit.
This gives a linearized relativistic gravitation theory in Minkowski space LRGT-AF. In the
framework of LRGT-AF we performed the expansion in the (small) graviton mass, without
destroying the correct prediction for the perihelium precession of Mercury. Therefore, in the
treatment of the massive spin-2 field with auxiliary fields and the Dirac quantization method,
a continuous and smooth change in the perihelium precession as a function of the graviton
mass can be realized, albeit necessary to introduce a ghost-field. This ghost-field e(x) plays
a crucial role in (i) the field commutators, (ii) the Feynman propagator, and (iii) the correct
massless limit. In this paper is the quantization of the imaginary-ghost performed, the Gupta-
condition discussed for the Hilbert-space structure, the ghost-propagator analyzed, and the
contribution to the perihelium precession calculated for the massive graviton. In the massless
limit it converts the massive spin-projection operator into the massless one, which is very
important for the LRGT-AF model.

The role of the e-field is completely similar to that of the B-field in the massive vector-field [8].
In [8] section (2.4.2), the field equations are

O+ m)A* — (1 — a)d“B = —ej*,
GVA# +aB =0,

which are similar to equations (7.1). Also, the vector-field commutator has the vacuum ex-
pectation value

(0] [A,(x),A,(»)]]0) = im;?3,8,A(x — y;am?)

+if dsp(s) (=1, — 5718,8,) Alx —y; ),
0

which is the parallel of (7.5). Similarly for the Feynman propagator. So, the function of the
ghost-fields B(x) and e(x) is very much the same. '* They participate in the coupling to the
electric current respectively to the matter-energy-momentum tensor.

The introduction of the asymptotic-fields reveals the physical contents of LRGT-AF as shown
in the spectral analysis of the theory. It shows that in the lim M — 0 also the "renormalized”
mass vanishes with the ratio M, /M — 1.

The eventual connection with the cosmological constant gives strong conditions on the
possible mass u of the graviton, leading to negligible corrections. Also, the non-newtonian
corrections are very small for the solar-system.

The General-Relativity Theory (GRT) [26] has proven to be very succesful in describing an
impressive amount of phenomena, particularly in Astrophysics and Cosmology. The search
for deviations from GRT has been extensive but till now there is no sign of the presence of
e.g. a Yukawa-like component in the graviton-exchange potential [12, 37]. The study in this

14 A notable difference is the imaginary e-mass. According to [6] an imaginary-mass field cannot be satisfactorily
quantized. This may be a weak point of the model presented in this paper.
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paper seems to confirm that it is impossible to disprove the conjecture by Van Dam and Veltman
[1] within the context of the standard respected field theory models. The (sophisticated) spin-2
model with the imaginary-ghost is interesting, but its physical foundation is uncertain [6].
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Appendix A: Quantization imaginary-mass field

We rescale the ¢(x)-field
1 = [b(1=byM* _ 1 M
G(X) = E 3 mw G(X) = E 3@ €(X), (Al)

where = indicates the limit A - 1(b — +o00). The basic commutation relation (4.9a) for the
scalar field becomes normalized

[€(x), €()] = —iA(x — y; M2), (A2)

with M, = i\/2—/1M => i\/EM . The quantization of spinless complex-ghost fields has been dis-
cussed in e.g. [6, 22, 23]. In our discussion below we will follow these references. In particular
we analyse the €(x) fields in terms of the spin-less complex-ghost fields ¢(x) and ¢ (x) having
M. and M{, respectively. Compared to these references, the (-)-sign) in the commutator (A2)
is different, and we will discuss the ensuing differences. Apart from the imaginary masses the
situation is quite similar to that of the B-field in the so-called B-field formalism for (massive)
vector field, cfr. [8], subsection 2.4.2. So, we introduce a Gupta subsidiary condition for the
physical states | f) in the total Fock-space

P f) = " P0If) =0, (A3)

and the quantization procedure is quite analogous to that as described in [6, 22, 23] for the
complex-ghost fields.

Notice that sofar we have not defined A(x — y; M?). This is the topic of the rest of this section.

1. Imaginary-ghost Quantization

In order to obtain real potentials, we follow the quantization method given by Nakanishi [6]
for the scalar field with an imaginary mass. We make the identification

) = % [6G0) + 67 (x0)] . (A4)

Here, ¢ and ¢' are spinless free complex-ghost fields having u = +i\/5,uG and u* = —i\/E,uG,
respectively. The Lagrangian [6] is given by

gy =3 (0008 — o + 5°9'0.9" — 9" (43)

The expansion of the field operator ¢(x) = ¢ (x) + ¢(x) in terms of annihilation and
creation operators is, see [6], section 16,

d’p . .

+) — R X —

pH(x) = wap(2n)3 a(p)exp (ip - X — iw,X,), (A6a)
d3

P (x) = f—pr(fﬁ)3 Bi(p)exp (—ip - X + iw,X,) . (A6b)
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The canonical commutation relations for a ghost with a negative-metric imply

|a), B (@)]

[B(), «" (@] = —(27)*5(p — @),

[a(p). a'(@)] = [B(p). B (@)] =0, etc

from which follow the field-commutators

[¢(x), p(¥)] = —iA(x — y,ip),
[¢(x), ¢'()] = 0,
[¢7(x),¢" ()] = —iA(x — y, —iw),

with the two-point vacuum expectation values [6] eq. (16.32),

(01$()$I0) = — f
(OGN0 = 0,
(01" DI0) = — f

where w* = —w. This gives

(OI[$(), pI0) = — f

Ol (0, 610y = — f

Cp—pexp[ip.(x—y)_iw (X — ¥ )]

zwp(zﬂ)3 p\o 0/]>
d*p ‘ o

W exXp [lp . (X — y) — lwp(xo _ yo)] )
d3

(27T)3pa)p exp [lp . (X — y)] sin a)p(xO _ y()),
d3

G P IIP- (K= Ysin a0 =30).

The field-commutator for the €(x)-field becomes

26000 = =5 (ACr = yi4) + 80x = yi i) )

2. Imaginary-ghost Propagator

15

(A7a)
(A7b)

(A8a)
(A8b)
(A8¢)

(A9a)

(A9Db)

(A9c)

(A10a)

(A10b)

(A11)

Here, to emphasize the difference in mass, we used in the argument of the invariant A-function
w instead of u?. This implies for the Feynman-propagator of the €(x)-field [24]

iA(x — y; M?)

i . .
= =5 [Ar(x =i M = ip) + Ap(x — s M = —ip)|.

(OIT [Fx)E)] 0) = {<0|T [6C)EO)] 0) + (OIT [ ()¢ ()] |o>}

(A12)

The proper integration contour I', see Fig. 3, in the complex p,-plane is given as [6]
' = R - 6(wp) + 6(—w,), where 6(+w,) denotes a counterclockwise circle around the poles

15 Note that, in contrast to the imaginary-mass case case treated in [6], section 16 and 17, we have here a ghost

with a negative metric. This is taken care off by the (-)-sign on the r.h.s. in (A7a).
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at +w, [25]. (Note that for a real mass M, the I'-contour becomes the usual contour for the
Feynman propagator Cp.)

Conjecture: The Feynman propagator function in (9.8) is

— 1 — —
Ap;M2) = 5 [AD(p; M2) + AP (p; MDY (Al13a)
- 1
AV (p;M?) = ———— + 271 §(p? — M?), Al13b
(p; M¢) > MEA 10 (p ) (A13b)
~ 1
A ‘M) = . Al3c
(p; M%) M0 (A13c)

To show this we first evaluate for the integration contour I' = R — §(w,,) + 6(—w,,) the contri-
bution from the Leray coboundaries to AM(p; M?) in the complex p,-plane:

8(w,) ~ —im eP T oy §(—w),) ~ +irr €PN [ey

and therefore

; 0 ; 0 eiP'X
_ _ — —iw, X +iw, X
O(w,) +6(~w,) = ir [e pX 4 e ] oy (A14)
Next we evaluate
d*p d’p .
Is = o 2 M2 = —_ plPX
‘ f @y 2P MO f @y ©
d A
Po [6(p° — w,) +8(p° + cup)] e ipox’
12|
dp 1 ox® im0
— —lw,X w,X Ip-x
f ) —pr e~ 4 eTp ]e . (A15)

Note: in the application here M = iy and cof, = p? — u? is real. This justifies the use of | py| in
(A15). From the last two equations we conclude that

—8(w,) + 8(—w,) ~ 27 8(p? — M?), (Al6)

which proofs the conjecture (QED).
For M, = iy and M} = —iu we have
[p* —MZ +i0] — P(p* +u>)" —ind(p® + u),
[p? — M:* +i0] - P(p?+ u®)! —ind(p* + ).

Therefore, using (A13), we find that with M, = —M} =iu

1
p*+p*

A(p; M?) = %[Z“)(p;Mf) +Ad(p;MH)| = 2 (A17)

We note that in the one-graviton-exchange diagram Fig. 2 we have on-energy-shell external
particles that p® = 0. Then, p? + u*> - —(p? — u?), which is used in (9.10).
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Appendix B: Massless-limit Helicity-couplings
2]

3
- . 1 1_
H,uv,ocﬁ(k) = z (A)(k)s(/l)(k) E (nuar)vﬁ + nuﬁnwx) gnuvnaﬁ’ (Bl)

A=1,5

For massive gravitons the projection operator is

with 7, = 1, — k*k” /M>.
The coupling to the conserved energy-momentum ¢, ,, warrants the replacement

- ) 1 1
H/,w,oc,@(k) Pluzv af {2 (77#05771;5 + nyﬁnvoc) - 577;”;770(5} (BZ)

Next we show that in the massless limit, owing to the properties of the polarization vectors,
the helicities 4 = —1, +1 decouple smoothly from the ¢, ,,-tensor for lim,,_,, and that the
helicity 4 = 0 gives a contribution that is calcelled in the massless limit by a contribution
from the scalar imaginary ghost.

1. Spin-2 Polarization Vectors

We work in a frame where p#* = (p°,0,0, p), for which we choose the spin-1 polarization
vectors in the standard form:

eH(+1) = % (0.F1,-1,0) , €(0)= - (p.0,0.5,) , (B3)
Then, the spin-2 polarization vectors are, up to a ‘gauge’ transformation,
e (p, A =+42) = s“(p, +1)e’(p,+1), (B4a)
e (p,A=+1) = T (s“(p, +1) €”(p,0) + €#(p,0) €”(p, +1)) (B4b)
1
“(pA=0 = — (zs“(p, 0)€'(p,0) + €(p, +1) &/ (p, 1) +£(p, ~1) €(p, +1) ) (Bo)

[

2

and similarly for 1 = —

2. Polarization Vectors and Smooth Massless limit

We note that for small M the leading terms for the 4 = 0 polarization are

pH M M )

u — — 3

e“(p,A=0) = 7 + ( 2p’0’ 0, 2 + O(M”~) (B5)

which gives

e (p, A =+41) ~

(s“(p, +1) p” +&”(p, +1) p“) ; (B6)
2M

gp“p”+i( W_p"‘ﬁ”+ﬁ”pv>
3M L[5 2p-p )’
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where we introduced p* = (p°, —p), and used the identity

ptp’ + pp’

2p-p %)

e“(p,+1) e’(p,—1) + e¥(p,—=1) e”’(p, +1) = n*’ —

Terms in the polarization tensors e*”(p,1) « p*, p* do not contribute to the matrix elements
because p*ty; ,, = 0. This also in the massless limit, since lim,,o(p* /M)ty ., = 0. The only

"false helicity”, i.e. 1 # %2, that survives is ¢*’(p,4 = 0) ~ n**/ \/E which contributes a term
—NwNap/6 N va);a e This term is cancelled in the massless limit by a contribution from the
e-ghost

1 ~ 1 ~ 1 ~
_gnuvnaﬁAF(pzaMz) - gnuvnaﬁAF(pz’Mez) = _EnyvnocﬁAF(pz’Mz)
1 ~ ~
+€77/.w77a,6’ [AF(pZ’Mz) - AF(pz’Mez)] )

where on the r.h.s. the second ("mass correction”) term o« M2 —M? « M?, showing the smooth
transition to the massless case.

Appendix C: BS-equation and LS-equation

In this appendix we consider the Bethe-Salpeter equation (BSE) in the normalization used in
[28] for scalar external particles. To start, we note that in [28] the Feynman rules give the in-
variant amplitude —iM. For scalar-exchange the potential is readily seen using the Feynman-

rules [28] to be given as
2

8
q*>—u2+id
Here, the external momenta are (P, p’) and (P, p) for the final and initial state respectively.
The exchange momentumisq=p’'—p=P—P'.

V(P',p';P,p) = (C1)

The total and relative momenta for the initial, final, and intermediate states are defined as

Po = MoP+ D, Py =uP =P, Po=uP +p's P, =u,P —p,
ka = :uaKn + k’ kb = :ubKn - k’Kn = ka + kb' (Cz)

In the following we use for the weights u, = @, = 1/2. From the conservation of the total
momenta, i.e. P; = P, = K,, = W, the dependence of the amplitude and potential is given by

M(P',p"; P, p) = M(py, pi; W), V(P',p';P,p) =V(py, pis W). (C3)

From an anlysis of the planar-box graph for scalar-exchange we infer the BSE, see Fig. 4, for
scalar external particles as

M(P', p';P,p) = V(py ks W) + fd“kn V(Dys ki W) Gols W) MUk, s W) (C4)
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FIG. 4: BS-Integral Equation

/

Da > o— Dl Pa 0 > o—> Da
. . kq .
qy D Y Y% &)
; , A O ,
P, = o—> P, Py 0 = o— P,
(a) (@)

FIG. 5: One-meson and planar two-meson exchange etc. Feynman graphs. The solid lines denote
scalar heavy particles, e.g., the sun and the planet. The dashed lines refer to the scalar mesons.

with
;
G,k W) = — 1 (C5)
[GW + k)2 = M2+ 18| | GW — k)2 — m2 + i8]

Equation (C5) can easily be read off from the amplitude for the planar-box graph depicted
in Fig. 5. In the application to planetary motion in these notes, the particles, planets and
sun, off-energy-shell effects are non-existent. Therefore, the amplitude and potential are k-
independent. The poles of the Green function G, (k,; W), see Fig. 6, are at

Wi = kyg = —%\/Ei &(k,) F 16,

an

H+

wE = 0% = +%\/§ + E(k,) T i6, (C6)

1. Positive and negative energy contributions: Integrating over k9, using the residue the-
orem, in the r.h.s. of (C5) we get

E(k,) + E(k,) 1

kB 5= (€0 + BRI €D

+0o0
/ dk? G, (k,; W) =7
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FIG. 6: Poles of the two-particle Green function.

In the low energy approximation, we have

M+m E+E M+m
— Py — (p? —-k2), —— ~ .
s = (80e) + B,y » === (0} =), gk~
M?*+m?\ k; 1 k2
X 1+(1— A )2Mm] NZ(I_ZmZ (M > m). (C8)

With this approximation the BSE (C4) becomes

(k) +E(Ky) 1
8kt W) = e By 5 = (€0 + ER))? (CSb)
~ i 2Mreq (C9¢)

Mm(1 +k;/2m? p? —k; +i6
The transition to the Lippmann-Schwinger equation (LSE) is made by the transformation

T(ps»pi) = N(pp) M(pg, pis W) N(py), V(pg,pi) = N(ps) V(py, pis W) N(py), (C10)

where
: &(p) + E(p) 7r P’
So the potential for the LSE at low energy becomes
v N(pp) V(ps, pi W) N ~_ (4 p?ﬂ)izv W
(Pf’Pi) = (Pf) (Pf,Pi, ) N(p;) ~ Mm\* T Tam2 (Pf’Pis )
_ T ¢ +K*/4 .
= >Mm (1 P V(ps, pis W). (C12)

2. No negative energy contributions: We split the intermediate state propagators in the
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"positive” and "negative” part as follows:

1 ! 1 ~ 1
GWJrkn)z_MzHa_zg(kn) (SVs+kp)—e+is  (s+k))+e—is

1 1 1 B 1
(%W_kny_mz_,_ig_zE(kn)_(%x/_—kg)—E+i5 (;xf—kg)w-ia_'

Neglecting the contributions of the negative-energy states the two-particle Green function is
given by

1 1 1
Gtk W) = : (C13)
28(k)E(k,) | 1 (k2 + \/E) —E+i6 - <\/§ - k2) —E+i8
2 2
As above, the kY-integration gives
/+00 dkd G (k,; W) = 21 ! = gt (k,; W). (C14)
oo E(kDE(k,) 1[5 — (&(k,) + E(k,))
In the low energy approximation, we obtain
T 1
g (kW) =
2E(ky)E(ky) £[s — (&(k,) + E(k,))
4 M?*+m? 2M,eq
T 2Mm ( e ”) p; —k; +i8 (19

Again, the transition to the Lippmann-Schwinger equation (LSE) is made by the transforma-
tion

T(ps» pi) = N(pp) M(pg, pis W) N(py), V(pg,pi) = N(ps) V(py, pis W) N(py), (C16)

N = 7/26@B0) | o (1= S 07) (M3 m), (€1)

and the potential for the LSE at low energy becomes

where

T
V(ps,pi) = N(pp) V(ps, ps W) N(p) = IR
Mmoo )
x (1 T AmEM:2 (@ +k /4)> V(ps, pis W). (C18)
Notice that for M > m the form with no negative energy

contribution (C18) is equivalent to (C12).
3. Non-local Potential and Schrodinger Equation: For a non-local potential, i.e.

Yk, q) = v(k (q2 + %kZ) (C19)
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the action on the wave function is [30]

(X1 VIp) = =3 (V2o(x) + v@ V) Y(x). (C20)

In [30] the ¢-function is introduced as ¢(r) = m,,, v(r), and the radial Schrodinger equa-
tion, orbital angular momentum integer 1, after making the Green-transformation u; = (1 +
2¢)"Y2w,,reads

w)’ + [k? = 2m, W(r) = I(1 + 1)/r*] w,(r) =0. (C21)
The "effective” potential W is energy dependent and given by
v N2 ;
Wy = 2O L £y, 2
1429 2Muq \1+2¢/)  142¢2m,y
2
Db;
~ V(r)—2¢r) | V(r) — 2mVed] (C22)
Now, using a circular approximation the (classical) total energy is
2
by 1
= Ima + 217 <0 (b.s.) (C23)

4. Perihelium-precession Planets: Here, we focus on the 1/r*-terms, which are responsible

for the perihelium-precession. From the previous paragraph we have that
7mred (0)
¢(r) = e vO(r) (C24)

There are now two possibilities:
a. We treat E in (C22) as a function of r as given in (C23), which gives

W@ (r) = V(r) — ¢(r) V(1) (C25)

and consequently the 1/r?-correction is given by
AV & =) VO() =~ [VO] (C26)

which is 7/12x Einstein’s result.
b. We treat E in (C22) as a constant, like in [20, 32]. Then, the E-term in (C22) is of 1/r-type
and only deforms the shape of the orbit a little bit. The 1/r?-correction becomes

AV ~ —26(r) VO(r) = —% [vor, (C27)

which agrees with Schwinger [32], and leads to 7/6X Einstein’s result!

Note: In a circular, classical, motion the kinetic and potential energy are connected by the equi-
librium equation:
|Vl _mv> _p

r r mr

|Fgrav.| = |Fcentr.| - |V,| =

orT = |V|/2, instead of T = E — V!?
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Appendix D: Scalar-interaction Imaginary-ghost Field

The Yukawa-interaction of a scalar fields 1(x), y(x) with the imaginary-ghost field ¢(x) we
describe by the interaction Hamiltonian

,06) = = [g,07°(0) + 8,°(0)] ($(x) + 67 (x)) (D1)
2

where the ¢ and y masses are M and m respectively. For the existence of the Dyson S-matrix
a Gaussian adiabatic factor is necessary [6]

HE(xy) = FH; e, (D2)

such that for the transition matrix U,(x,, y,) the time limits x, - +o0 and y, — —oo exist.
Then, the S-matrix is given by

n!

S. =Y (=) f d*x, ... f dix, T [FCE(xy) ... FCE(x,)] - (D3)
n=0
The 2nd order S-matrix element is
1 pr e 1 4 4 1 pt € €
@ PIsIp.p) = =5 [t [ @y L PIT @GO B, 0
The one-particle states of the scalar particles give the wave functions

p(x) = (OP(0)|P) = [2m) 200(P)] "/ emiP, (D5a)
x,(x) = 0lxx®)|p) = [y 20(p)] " P, (D5b)

The plane wave expansion of the imaginary-ghost field is [6]

b(x) = f 4P
\/ 27)3 2w,
) a3
$00 = [ L]
\/ 2m)32a,

The quantization, such that [¢(x), $"(y)] = 0 and the negative-metric, is given by the com-
mutation relations

a(pe™P* + Bi(p)etir~],

af(p)eP* + B(p)e~P~]. (D6a)

[a(p), BT (@)] = [B(p), a"(@)] = —(27)*5(p — q), (D7a)
[a(p). a(@)] = [B(p). B7(q)] = 0. (D7b)

For imaginary-ghost exchange between the scalar particles the relevant term in the Wick-
expansion of T [...] is given by

T [$*(0)¢(x) X’ P3)] = N [$*() x*W](0IT [¢(x) $()]10), (D8)
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where
(O[T [¢(x) ()] 10) = iAp(x — y;ip),
and

(P, P'IN [$?(x) 2°0)] Ip.P) = Q)¢ [160, wpew,wp] -

X {ei(p’—p)'xei(P’—P)-y + ei(p’—p)'yei(P’—P)x}.

The 2nd order S-matrix element becomes

(0 PIS1p.P) = g, 2 [16mpwpyen] " [[atx [aty
XelP'=P)xglF'=P)Y iA(x — y;iu) e e,
Using now the variables
Z = %(x+y), zZ=Xx-Y,
and defining the M-matrix by
S(f,1) = 8, — 2m)*i 6(P; — P) M(f, D),
we obtain
P PIMP1p,P) = g,8, ) (160, wpw,0,] -

de4Z elp'=p)z Ap(z; l,u) e—szé/Z

(D9)

(D10)

(D11)

(D12)

(D13)

(D14)

A similar contribution to M 22) comes from the exchange of a ¢' imaginary-ghost particle. In

that case the Feynman propagator is

iAp(z; —ip) = 6(z,) (0]1¢"(2)$7(0)|0) + 8(=20) (011¢7(0)$"(2)|0).
Working out the z-integrals in (D14) for Ap(z; —iu) explicitly, we have

[es)

lim | dz, e5%/26(z,) (019" (2)¢"(0)]0) =

e—0 o
—lim dt e="/?0(1) e = i [?é + iﬂ5(5p)] ,
e—0 o C()p
and
lim [ dz, e%/%6(—z,) (0|1¢"(0)¢'(2)|0) =
e—0 o
—lim dr e—sr2/29(_T) eHi@pT — j [?é + in5(5p)] ,
-0 oo C()p
and we get

°° . dp l1. 1
[oo dZO AF(Z;—lﬂ)=2ﬂfWep [E?5—p+15(cop)]
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| p = p-plane

FIG. 7: Branchpoints w(p) at p = =+, and the relation between w(p) and @(p). The dashed-line
indicates the branchline. On the upper rim of the branchline w = iy/u2 — p2, and @ = —iy/ u2 — p2.
For u < p < oo one has w = 4/ p2 — u2, whereas @ = —\/ p? — u2. With these choices of the branches
of the square-root @ = —w.

Similarly for Ap(z; +iu)

f T dz A (z;ip) = 27 f P e (1 sy (D19)
= 0 2F\4> lu - ZCUP(27T)3 T wp p .

Here, for the branches of w, and c’Jp see Fig. 7,

)
+/p — 2 (p* > 1),

W, = 1 S (D20a)
+i\/ 2 —p" (p? <)

\

(

—V2—p* (p* > ),

W, = 1 2 (D20b)
—i\/pur—p" (P’ <u?)

\

For the further evaluation of (D19) and (D18) we consider

L °°_pdp sin(pr)
@ p

J
27r b »

: 1,1
lé(COp) + Efpw—p]

L[_if“ pdp pdp
S R ey R N

. 1 1
X [lé(cop) + E?w—p

sin(pr) -

] = 2—; K, +K,). (D21)

Using the identity '

16 According to Eq. (16.44) of [6] the Dirac §-function and Cauchy’s Principal value for complex argument, being
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8(wp) =8 (VI — 7) = —VE — P2 [8(p — 1) + 8(p + )] (p22)

p
we obtain for K; and K,

e _ 1. 1 (7 pdp
Kl = +§ sm(,ur) + E l m sm(pr),
Kt = +i sin(ur) + 1 " _pdp sin(pr) (D23)
2 2 li T p2 —_ #2 p ’
Ute

Here, a factor 1/2 in included in the §-term because of the endpoint situation.
Next we evalute the similar integrals for the ¢'-propagation.

1 (T pdp . 1.1
— = sin(pr) [lé(cop)+ E.’Pa—]

J
27y b » »

o]

L[H f”_PdP B
27Tr o ~//,£2—p2 A 1/p2—/.£2

]E Lk +K). (D24)

] sin(pr) -

2rr

X [ia(ajp) +ip L
T Cl)p

For K, and K, we obtain

~ 1 1 pdp
A 1 .
Kt = > sin(ur) + - -[ o sin(pr),

_ i 1 (7 pdp
K¢ = —=sin(ur) + —f sin(pr), (D25)
From these results we find
1 1. (7 pdp
3 (J+7) = +ﬁ?/(; T2 sin(pr). (D26)

The time-integral over the propagator for the field € = (¢ + ¢7)/ /2 becomes
o . .
f dz, 5 [Ap(z;in) + Ap(z; —iw)] =

1 ® qdq B d*q exp(iq-r)
2n2r?_/ PR sin(qr) = P oy e (D27)

useful in extracting the finite parts of the Dyson S-matrix, can be defined by

© de
27
(o]

i ! 57.'2
e—lCOTe 2 ,

0(w)

lims,(@) . 5.(e) = f

1 . 1 1 1 (7 i —Ler?
p(= limP. (=) , P.[=)== —iwt
(co) P E(@) ’ E<w> 2/_de0(7)€ ©r

From this definition it can be verified that §(ix) = §(x).
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and we obtain

~1/2
(p',P'IMP|p, P) -

8,8, (2m)73 [16w , wpw ,wp
xde,,. e—i(P,_P)T . :])f d3q eXp(lq : r)

CZON
8,8, (2m)73 [16w , wpw,wp

-1/2 1
P,
! (' —p)—p

which justifies the use of the principal-value integral in Eq. (9.10) etc.

(D28)

Appendix E: Perihelium precession: -1/6-correction

The order G? contributions to the perihelium precession evaluated in sections VIII, IX and X,
differ from the Einstein result by a factor 7/6. Here, we evaluate in detail an additional effect of
order G? in the interaction between m and M. This is associated with the gravitational energy
between the planet (mas m) and the Sun (mass M), which is not localized on either mass [32].
It is distributed in space and can be calculated from the Newtonian field strength:

M
g(x;r) = GV[H T— (E1)
Newtonian Gravity Electrostatics
Force between
Fy = -2 Fo = +22¢

two sources

Force derived
from potential

Potential outside
spherical source

Field equation
for potential

r2
Fy = —mVoy(xy)

GM
- 8% =V (xy

N =

V20, = 4nGu(xy)

Fc = —qV®c(xy)

®c = <, B = —Voc(xy

V2(I)C = _Pelec(XM)

TABLE IV: Newtonian Gravity and Electrostatics. The positions and charges of the masses M and m

are x,; and x,,, respectively Q and gq. The relative distance is r = x,,, — X,.

The energy density in a Newtonian gravitational field can be derived as follows: Consider the
assembling of a system of N particles of mass M, at the positions x,. The Newtonian potential
energy W of the system is the needed energy by bringing them one by one from infinity in the
gravitational field of all particles already assembled, which is

GM M
W(r) =—5 Z - (E2)
A#B |XA XBl
For a continuous distribution of mass with density u(x) this is
G
W(r) = —x f dx f &y’ ’l"ix)‘;(,’l‘ ) _ 1 f Ex u(x) By (x). (E3)
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Via the Newtonian field equation V?®(x) = 47G u(x) one can eliminate the source u(x) in
the last expression of Eq. (E3) and applying the divergence theorem leads to

W) = —— [dx VOu() - VO, () = ——= [dx [g) = dex Pra®).  (B4)

Here p,,4,(X) is the energy density associated with the Newtonian gravitational field.
The gravitational energy density in the gravitational field of the masses M and m is

1 M m M m
)=-—GV|(—+—— | - V[—= 4+ ——). E5

Here, the gravitational self-energy terms, proportional to M? and m?, are in principle incorpo-
rated into M and m and independent of to each others presence. (Moreover, these self-energy
terms are independent of the positions and hence can not contribute to the perihelium pre-
cession.) The cross term, which contains the correlation of the two bodies, is r-dependent and

given by
1 M m
Peross(X; 1) = —1:°V (m) Y% (m) : (E6)

Because of the mass-energy equivalence, the energy density p.,,.(X; ¥) implies also a mass distri-
DULION Ueposs = Peross/ € and hence gives a gravitational pull to the planet and sun. The interac-
tion energy of this energy density with M is of order G* and given by (units c=1)

—fd3x MG eross(X3 1) = %GzMzm fd3x (iV ! )V;

1% r —
cross,M( ) |X| |X| |X| |X—1‘|

1 1 1 1
= —G*M*m |d’xV . = ——G*M?*m -
87 |x|2 |x —r| 81
1 1 1 1 V2
X [d3x - V2 = +=-G*M*m — = +—. E7
f TERATE A T = Tam (E7)

Here, we used |x|7'V|x|™! = V|x|™2/2, applied partial integration, V*(1/r) = —4x5(r), and
the Newtonian potential V' = —GMm/r. In total one has for the perihelium precession
—7V?/2m + V?/2m = —6V? /2m, which is Einstein’s result.
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Note: In this note we give a detailed derivation which is symmetric between the planet
and the sun. Similar to the mass M, the interaction energy of the energy density p,, s
with the planet, mass m, is given by

1 1 1
17cmss,m(r) fd3 | | :ucross(x I‘) _ﬂGzMle . /d3x ( V—) .

Ix—r| x|

1 1 V2
Vix—r - +§G2 m’ -t S Verossu(®) for m < M. (E8)

The total potential energy due to i, (X, 1) is

VCVOSS(r) = VCVOSS,M(r) + vCrOSS,m(r)
%GZMm(M+m) ! _M+m

= V2, E9

where x, and x; are the position of the sun and the planet respectively, r = x5 — X,
and V = —GMm/r. The potential energies Vs p aNd V055 m are both sensitive to the
position of the sun and the planet, and therefore leads to a force between the planet and
the sun. Notice the symmetry w.r.t. M < m which ensures the < action = -reaction >
rule.

In the center-of-mass the separation of the relative motion, taking M, = M, My = m,
is as follows:

d*x 1M+m
dt;‘ = V4 Voo = +5 37— V. V2, (E10a)
d*x 1M+m

m dtf = +V Voo =~ V.V2, (E10Db)

This gives for the center of mass d’R_,, /dt* = 0, and for the relative motion

d? 1/1 M+m 1/M+m\
= —= V2= _—2 \ATL El11
an X8~ %a) 2<M+m) Mm 2( Mm ) = (Ella)
d’r V2 V2
#Vedﬁ = -V (2,(,{red> ~ _Vﬂ (Ellb)

Here, 4, = Mm/(M + m) =~ m for m < M.

Application of (E11) to the planet-sun system demonstrates that the potential in Eq. (E7)
indeed represents to a very good approximation the proper extra potential from the p., s
energy distribution.

Appendix F: Cosmological constant and Graviton mass

The gravitational action including the cosmological term reads [38, 39]

4 __ 4
S, = — 167TG d*x J—gR ’/‘dxx/ A (F1)
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The Einstein equation follows from

% __ & (RW—1 “”R)x/— LN (F2)
3¢, 167G 28 ET &5 VTEZD

or, with the inclusion of the matter term &S,,/6g,,,
(RW - %gﬂ“’R) +Ag" = —xTH /2, (F3)

with Einstein’s constant x = 87G/c* and 1 = 87GA/c* = xA/c*. Here is used, see [40],
0+/—8/68,, = —g""/—g/2. Eqn. (F3) is Einstein’s equation Ref. [41], see also Ref. [42]
equation (8.1.39).

Incorporation of the cosmological term in the spin-2 formalism of this paper, in the weak-field
approximation, is achieved by the change £L® — £® 4 ¢, 1/—g in the spin-2 Lagrangian, with
¢, = A/c. In the weak field approximation this becomes , see Appendix G,

1 1 1
£O 5 £@ 4 ¢ [1 + Exh,’j — x> (Zh’ﬂlﬁ — g(hﬁ)2>] (F4)

With the constraint h,’j = 0, coming from 94, /de(x) = 0, only the ¢, h*’h,, /4-term is rele-
vant. This implies that in the Klein-Gordon equation (2.10) for the h*’-field M; — M? + cox>.
Assuming that the origin of the gravitational mass is entirely due to the cosmological constant

we have u; = M, =+ A/cx.
The Friedmann equation reads [43], see also [42] eqn. (9.73) with A = 4,

2
R 21
H? = (E) = ?,o — % + 5/102. (F5)

Note that for R > 1 the density becomes

2
_3H?  Ac? 1 (,uGcz)

P=37G sz¢ P " 1enc\ n (F6)

The sign of the A-term is in agreement with [43] Eqn. (9.1), but is opposite to that in Ref. [36]
Eqn. (10.27) which has A = —uZc?/h?, and implies the presence of "dark matter”. A < 0leads
to an Anti-deSitter space for an empty universe, which seems unphysical. At the presentepoch

the Hubble constant is

871G ke? 1
H? = ”Tpo _ Ri + A (F7)
0

The deceleration parameter g, = —R/RH? satisfies [44]
.. 1
qo = —R/RH? = 7% - c*A/3H;. (F8)
From observations the deceleration parameter |q,| < 5 [47], which gives

|A| < 21H?/c* ~ 107> cm™2, (F9)
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for Hy < 100 km s~ Mpc™'. With Mp; = 107 cm™, one has |A|/M}, < 107,

In the GUT picture, before the breakdown of the GUT gauge-symmetry via a first-order phase
transition at the critical temperature T, ~ 10'* GeV, the (GUT) cosmological constant is much
larger than the present one and is given by

87G
= 2T & (1015Ge) M. (F10)

Interpretation of the cosmological constant term as a mass term in the equation of the h*”-field

we have [36]
167G 16 [ T\’
Ug = V2A =4/ — T2 =/ = (M;) Mp, = 411071°M,,, (F11)

The perihelium precession of Mercury imposes a limit on the present cosmological constant,
which follows from the modification of the Schwarzschild metric, namely

1
ds? = ¢ (1 —oM/r — %Arz) dtz—(l —oM/r — %Arz) dr—r? (d6? +sin’6 dg?) , (F12)

where M = MG /c?. From the accuracy of the value of the perihelium precession of Mercury
one derives that, see [44]

IAl < 1072em™2 = 1071% M2, - ug = V2A = 1.4 107%Mp, ~ 2.8 107 m,, (F13)

where is used M, = 107% cm, in units h = ¢ = 1.

The upper limit from the LIGO-Virgo Collaboration is u; < 1.76x1072%eV /c? = 3.44x10"%m,
[45].

The solar system upper limit of the graviton mass is m3° < 4.4 x 1072%eV /c? giving 15° >
2.8 X 10'* km. LISA measurements with an "ideal source” could give an improvement by a
factor ~ 50 [46].

The transition between the large cosmological constant A in (F10) and the tiny one in (F13) can
be understood within the inflational phase transition scenario [48]. For this the "latent heat”
AMIZ)Z is during this phase transition transformed into radiation, diminishing enormously the

cosmological constant.

Appendix G: Miscellaneous formulas

For a diagonalizable matrix A
det(I +cA) = 1+¢ f1(A)+ & fL,(A) + ... (G1)
The first order term is f,(A) = Tr(A). To calulate the second order, we use

I+¢A = exp(eB), det(eB) = expleTr(B)] (G2)
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This leads to
2
det(I + cA) = det[exp(eB)] = det (I + B + %Bz + )
&’ 2
=1+4¢e¢Tr(B) + E(TrB) + ...

Also we can rewrite

det(I +cA)

det[exp(eB)] = det [I + s(B + %BZ + .. )]
=1+¢Tr (B - %Bz - ) +&2f,(B +...) + O(E).

Taking lim e — 0 leads to

f4B) = 3[Tr By ~ 17 (7))

Since in this limit A=B we have f,(A) = f,(B).
For g, = 1,, + x h, or in term of matrices g = 7 + x h we introduce

I =DnD,A=DhD,e=x,
where the diagonal matrix D has Dy, = 1,D,,,, = i (m = 1,2, 3). Then,
det(I + ¢ A) = det(D(n +x h)D) = —det(n + x h),
since det D = —i. Using the result above we obtain
det(n +xh) = —det +e£ A) = —(1+¢ f1(A) + &f,(4) + ...)
This gives
[—det(n +x h)]

(1+¢ fL(A) + 2f5(A) +..)"°
= 1+ 56 [i(A) + 3E2F2(A) = 52F1(A) +O()

\/ — det(g)

Now, Tr A = Tr(DhD) = Tr(D?h) = Tr(nh) which gives

(G3)

(G4)

(G5)

(G6)

(G7)

(G8)

(G9)

\/—det(g) = 1+ %s Tr(ph) + %ez B(Tr(nh))z - %Tr((nh)z) - %(Tr(nh))z] +..(G10)

Up to the second order in the gravitation constant x we obtained

— = l K2 l w _l #v]
A/ det(g)—1+27<h# K[4h h,, Sh”h”'
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