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Abstract

Background The Nijmegen extended-soft-core (ESC) models treat in a unified way, using broken flavor SU(3) sym-
metry, the low- and intermediate-energy interactions of nucleon-nucleon (NN), hyperon-nucleon (YN), and
hyperon-hyperon/nucleon (YY/ΞN) systems with strangeness S=0,-1,-2,-3,-4 respectively. The potentials con-
sist of local and non-local potentials due to (i) One-boson exchanges (OBE), which are the members of nonets
of pseudoscalar-, vector-, scalar-, and axial-vector mesons, (ii) Two pseudoscalar exchange (TPS), (iii) Meson-
Pair-exchange (MPE) and (iv) Diffractive exchanges. Both the OBE- and Pair-vertices are regulated by Gaussian
form factors producing potentials with a soft behavior near the origin. Broken SU(3) symmetry serves to con-
nect the NN, YN and YY channels. In particular, the meson-baryon coupling constants are calculated via SU(3)
using the coupling constants of the NN-analysis as input. The assignment of the cut-off masses for the BBM-
vertices is dependent on the SU(3)-classification of the exchanged mesons for OBE, and a similar scheme for
MPE.

Purpose The NN,YN,YY results presented are those from ESC16, which is the latest version of the ESC-potential
model for Baryon-baryon (BB) scattering. The two body BB-potentials are also applied to the hyperonic many-
body systems. Next to the standard ingredients of the ESC-models, in the ESC16 version a contribution of the
short range repulsion due to the quark Pauli-principle in the BB-channels has been included systematically for
the first time.

Methods In this review the (new) derivation of the potentials is based on the formulation of relativistic quantum field
theory (RQFT) as developed by Kadyshevsky. Here, in contrast to the usual Feynman formulation, the particles
in the Kadyshevsky graphs remain on-mass-shell also in the intermediate states. This implies that Gaussian
form factors, a characteristic of the soft-core models, are well-defined and can be handled easily in the Kady-
shevsky formalism. Furthermore, pair-suppression can be handled phenomenological by introducing factors at
the vertices without conflict with relativistic invariance.
Major novel ingredients with respect to the former versions ESC04-ESC08 is the inclusion of (i) short-range
Odderon-potentials corresponding to the odd numbers of gluon-exchanges next to the Pomeron-potentials rep-
resenting the even number of gluon-exchanges, (ii) short range repulsion in all NN, YN and YY channels due
to Pauli-forbidden six-quark cluster (0s)6-configurations. Further new elements are (a) the extension of the
JPC = 1++ axial-vector meson coupling, (b) the inclusion of the JPC = 1+− axial-vector mesons, and (iii) a
completion of the 1/M-corrections for the meson-pair-exchange (MPE) potentials, and (c) the treatment of the
scalar κ(861) meson within the Gell-Mann-Okubo (GMO) meson-mixing scheme, and as a broad meson, like
the ρ(760) and ϵ(620). In contrast to ESC04, in ESC16 a medium strong flavor-symmetry-breaking (FSB) of the
coupling constants is not considered. The charge-symmetry-breaking (CSB) in the Λp and Λn channels, which
is an SU(2) isospin breaking, is included in the OBE-, TPS-, and MPE-potentials. In addition to the old set of
35 YN-data and 3 Σ+p cross sections from the KEK-experiment E289, 11 elastic and inelastic Λp and 3 elastic
Σ−p cross sections at higher energy are included in the YN database. For the ESC16-model, a simultaneous fit
has been performed to the combined NN and YN scattering data, supplied with constraints on the YN and YY
interaction due to information from the G-matrix calculations of hypernuclei.
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Results 1. NN,YN (S=0,-1): The fitting of NN dominates the determination of the couplings and the cut-off masses.
Only a few parameters are strongly influenced by the YN-data, and by the constraints for the YY-interactions
following from G-matrix analyses of hypernuclei and hyperonic matter. Like in the ESC04-model, the ESC16
octet and singlet coupling constants and F/(F+D) ratios of the model are conform to the predictions of the
quark-antiquark pair-creation (QPC) model with dominance of the 3P0-mechanism. This is not only for the
OBE-couplings but also for the MPE-couplings and F/(F+D) ratios. In a simultaneous fit of all the selected NN
and YN data the obtained result is χ2/NNdata = 1.10 and χ2/YNdata = 1.04. In particular, it was possible to fit
the precise experimental datum rR = 0.468 ± 0.010 for the inelastic Σ−p capture ratio at rest very well.
2. YN,YY(S=-2): Various properties of the S=-2 potentials are illustrated by giving results for scattering
lengths, bound states, phase parameters, and total cross sections. The well-depth UΞ is calculated and ΞN
G-matrix interactions are derived and applied to Ξ−-capture reactions. Combined with three-body forces de-
rived from the ESC meson-pair vertices and the Fujita-Miyazawa interaction, yields good baryon well-depths.
The ESC16 S=-2 potentials, with kinematical broken SU(3)-symmetry, i.e. couplings are SU(3)-symmetric and
physical masses for mesons and baryons, provide a basis for realistic calculations in nuclear and hypernuclear
physics. For a successful description of the well-depths UN ,UΛ,UΣ, and UΞ and hypernuclear S=-2 reactions
phenomenological additions are needed.
3. YY( S=-3,-4): For these channels, no experimental scattering data exist, apart from the BB-correlations mea-
sured at CERN. Also, there is no information from hypernuclei or hyperonic matter. The predictions of the
ESC16 model for low-energy parameters and phase shifts for the S = −3,−4 BB channels are calculated. No
ΞΞ,ΞΛ,ΞΣ bound states are predicted by the ESC16 model.
4. Neutron-star: The extension of the ESC-interactions to nucleon-quark and quark-quark channels has been
used to study mixed nuclear-quark matter and gives a satisfactory description of the mass MNS and radius RNS

of the heavy neutron stars.

Conclusions The ESC approach leads to an excellent description of the NN- and YN-data, and for the scarce YY-
data. The added innovations, as well as the treatment of kinematically broken SU(3) make it possible to keep
the meson coupling parameters and the F/(F + D)-ratios of the model in accordance with the predictions of
the 3P0-dominated quark-antiquark pair creation (QPC) model. Therefore, the obtained OBE-couplings and the
F/(F + D)-ratio’s can be well understood in the context of the QPC-model.
The information about estimates of (i) the Λ- and Σ-nuclear well-depth, and (ii) the ΛΛ hypernuclei played an
important role in the form of using constraints. in particular, the experimental indications for the ΛΛ-attraction
and the Σ-nuclear well-depth were directive.
Besides the good results for the fit to the NN and YN scattering data, which to a large extent defines the model,
the information of hypernuclear systems, using the G-matrix method, is also rather important in establishing
the complete ESC-model. Different versions of the model give somewhat different results for hypernuclei.
The reported G-matrix calculations are performed for YN (ΛN and ΣN) in nuclear matter and also for some
hypernuclei. The obtained well depths (UΛ, UΣ, UΞ) reveal distinct features of the ESC-model. The inclusion
of a quark core Pauli-repulsion can make the Σ-nucleus interaction less attractive, as seems to be required
by the available experimental evidence. Furthermore, the ESC16 model gives a small spin-orbit splittings in
Λ-hypernuclei, which is also indicated by experiment.

For a detailed description of the hypernuclear S=-2 reactions and the well-depths UN ,UΛ,UΣ, and UΞ phe-
nomenological ”corrections” have been added. These are (i) SU(3)-symmetric short-range Gaussian contact
interactions, and (ii) extra three-body forces from meson-pairs (PS-SC, PS-VC, SC-SC, SC-VC, VC-VC, etc.).
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1. Introduction

This review of the Extended-soft-core (ESC) baryon-baryon (BB) model [1, 2, 3, 4, 5, 6, 7, 8] on the low and
intermediate energy interaction presents the comparison of the theory and scattering data, and its applications to
nuclei and hyper-nuclei. Recently, the ESC model has been extended to baryon-quark (BQ) and quark-quark (QQ)
interactions, utilizing the connection with the BB-interactions in the constituent quark model (CQM) [9]. The BB-,
BQ-, and QQ-interactions have been applied in the Bruckner-Hartree-Fock (BHF) framework to mixed quark-baryon
matter calculations for (heavy) neutron stars [10, 11, 12].
The baryons (B) are the ground-state JP = 1

2
+ SU(3)-octet members: p,n,Λ,Σ0,±,Ξ0,−, characterized by the isospin (I)

and strangeness (S). The focus is on the ESC16 model, which is the most recent and complete model published. For
the earlier models ESC04 and ESC08, see the review [13].
In the first part a new and complete relativistic derivation of the ESC-model potentials is given within the context
of the Kadyshevsky RQFT [14, 15, 16, 17], henceforth denoted as KFT. In the Kadyshevsky formulation of field
theory, in contrast to the Feynman formulation, the particles stay on the mass-shell in the intermediate states. The
consequence of this is that there is no four-momentum conservation at the vertices. Besides non-conservation of
energy, as happens in the Lippmann-Schwinger equation for the intermediate states, there is also non-conservation of
the three-momentum, in general. Formally, four-momentum conservation is restored by introducing quasi-particles
carrying only four-momentum. The motive for taking the KFT formulation of RQFT as the starting point is that for
nucleon-nucleon one has composite particles and not elementary ones. Therefore, a relativistic formulation of a theory
using phenomenological (Gaussian) form factors, and the possibility to suppress the transition between positive and
negative energy states is feasible in this approach, by introducing phenomenological factors at the vertices, without
conflicting relativistic invariance [18].
The derivation of two-meson-exchange (TME) starts from the relativistic two-body equation [19, 20, 21], where the
interaction kernel is given by the two-nucleon-irreducible Kadyshevsky graphs. In this paper, the KFT alternative in
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the RQFT formulation is used. The relativistic Kadyshevsky two-body equation is analogous to the Bethe-Salpeter
equation (BSE) [21], and leads in the center-of-mass system to the Kadyshevsky quasi-potential equation. This
is a three-dimensional integral equation similar to the ”relativistic” Lippmann-Schwinger [22] and Thompson [23]
equation.
In this review, the TPS-exchange potentials are derived using the KFT formulation of RQFT. In momentum space, the
connection is established with OBE-exchange, TME-, and MPE-exchange of the ESC-model as derived and applied
in [2, 3, 5, 6, 7, 8]. These are originally derived using the Klein-Macke formalism [24, 25, 26]. It is shown that
the ”adiabatic” and ”non-adiabatic” potentials [26], used in the ESC-models, correspond to the interactions from the
Kadyshevsky theory.
The Kadyshevsky graphs calculated are the parallel and crossed fourth-order TPS-graphs, as well as the meson pair-
exchange (MPE) graphs. In carrying through the analytic derivation of the formulas, a generalization is given of
the techniques used in Refs. [26, 29, 30], deriving formulas for the amplitudes where the three-momenta of the two
mesons are separated using integral representations. The procedures, indicated above, are first carried out for point-
like vertices. Then, the results are generalized for the presence of the Gaussian form factors.
It has to be noted that, in particular the TME and MPE potentials are represented in ESC16 by the (long range) PS-
PS potentials only, leaving out contributions with vector, scalar, axial-vector mesons and resonances ∆33(1236), etc.
Adding e.g. the complete two-meson exchange potentials would make the fitting much more time-consuming and did
not improve the NN- and YN-fit really. The extra TME potentials with vector, scalar, and axial-vector mesons are
of a much shorter range than the PS-PS potentials. However, to describe the Ξ correlations in the baryon production
experiments at CERN [31] and at RHIC [32], next to the ESC16-model an ESC16(⋆)-model has been introduced.
Here, a phenomenological short-range SU(3)-symmetric attractive contact interaction is added, as a substitute for
the missing potentials mentioned above. The fit to the data with ESC16(⋆) is qualitatively the same as for ESC16,
improving the Ξ correlations and also the Ξ-well depth.

This review consists of two parts:
In part A, the derivation of the ESC-model is reviewed, and the results for the fit to the NN- and YN-data, , the cou-
pling constants, nucleon-nucleon (NN) phase shifts, hyperon-nucleon (YN) and hyperon-hyperon (YY) low-energy
parameters, and cross sections. This applies to NN-channels, as well as to YN- and YY-channels with S=-1, -2, -3,
and -4.
In part B, the application to mixed nuclear-quark and neutron-star matter is reviewed. Here, the most recent model and
results are presented, which show a satisfactory description of the MNS = 2.1M⊙ recently observed heavy neutron
star. Due to the repulsive multi-pomeron three-, four-body-, and diquark-exchange repulsion, there is no ”hyperon-
puzzle”.
The content of the sections and appendices is as follows: In section 2 the BB-channels and the first elastic and inelastic
thresholds are given. In section 3 and 4 BB-scattering, interactions, and potentials are described using the flavor
SU(3)-symmetry formalism. Moreover, the meson-baryon interaction Hamiltonians are given. In section 5 the two-
body relativistic Kadyshevsky quasi-equation is derived and its connection with the three-dimensional Thompson and
Lippmann-Schwinger equations. In section 6 the partial wave expansion (PWA) for the Kadyshevsky and Lippmann-
Schwinger amplitudes are given. In section 7 the Kadyshevsky formulation of the One-Boson-Exchange (OBE) is
worked out, and in section 8 this is done for the fourth-order Kadyshevsky graphs. In section 9 two-pseudo-scalar
potentials are reviewed in detail for positive-energy intermediate states, and in section 10 similarly for one- and two-
pair exchange.
In sections 11 and 12 the nucleon-nucleon (NN) fit of the data and coupling parameters are described. In sections 13
the hyperon-nucleon (YN) results are shown. In section 14 the G-matrix analysis results are described for ΛN,ΣN
and Λ-hypernuclei. In section 15 the hyperon-nucleon (YN) and hyperon-hyperon (YY) channels with strangeness
S = −2 are reviewed. In particular, the extension of ESC16 to the ESC16(⋆) model is described in some detail. In
section 16 the hyperon-hyperon (YY) results are given for channels with strangeness S = −3,−4.
In section 17 and section 18 the topics neutron-stars (NS), hadronic matter, and mixed nuclear-quark matter are
reviewed. Also, a report of the most recent calculations for the heavy neutron-star MNS ≈ 2.1M⊙.
In section 19 the general physics background for the ESC-model as embedded in the standard model (SM). Finally, in
section 20 the paper is closed with a summary of the important topics, a short overview of the baryon-baryon models
in the literature, and future prospects.
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In Appendix A the Kadyshevsky rules in momentum-space are given. In Appendix B are shown the 24 orientations
of the fermion momenta in the Kadyshevsky graphs for the planar and crossed box graphs. In Appendix C the
fourth-order Kadyshevsky graphs with positive energy intermediate fermions in the intermediate states are given.
In Appendix D for the fourth-order graphs, the relations between the Kadyshevsky and Klein-Macke potentials,
and the adiabatic approximations are given explicitly. The Klein-Macke formalism has been used originally in the
ESC-models.) In Appendix E similarly for the one- and two-pair graphs. In Appendix F for completeness, the
reduction of the vertices with Dirac-spinors to those for Pauli-spinors is given. In Appendix G ESC16 configuration-
space OBE-potentials are given in detail. In Appendix H results from the quark-pair-creation (QPC) model for the
coupling constants are given. In Appendix K the topic is a general detailed treatment of the exchange-forces. In
particular, attention is given to the treatment of identical particles. In Appendix L the diquark-exchange quark-
nucleon interaction is reported, which plays an important role in the mixed nuclear-quark matter model for heavy
neutron stars. Finally, in Appendix M a table of acronyms and abbreviations is given.

2. BB-channels and Thresholds

The baryon-baryon channels, with baryons having spin and parity JP = 1
2
+, and strangeness S = 0,−1,−2, are

described as
Ba(pa, sa) + Bb(pb, sb)→ B′a(p′a, s

′
a) + B′b(p′b, s

′
b), (2.1)

where B and B′ denote the baryons, px, sx(x = a, b) denote the momenta and helicities in the initial state. Similarly,
B′a and B′b, and p′y, s

′
y(y = a, b) for the final state.

Like in Refs. [5, 6] and Refs. [33, 34, 35], for the BB-channels Ba and B′a are referred to as particles 1 and 3, and to
Bb and B′b as particles 2 and 4. For the kinematics and the definition of the amplitudes, see [3] of this series. Similar
material can be found in Refs. [34, 36].

Table 1: Two-baryon channels on the particle basis.

S= 0 : I= 1, 0
q= +2,+1,0 : (pp→ pp), (pn→ pn), (nn→ nn).
S=–1 : I= 3/2, 1/2
q=+2 : Σ+p→ Σ+p,
q=+1 : (Λp,Σ0 p,Σ+n)→ (Λp,Σ0 p,Σ+n),
q= 0 : (Λn,Σ−p,Σ0n)→ (Λn,Σ−p,Σ0n),
q=–1 : (Σ−n→ Σ−n.
S=–2 : I= 2,1,0
q=+2 : Σ+Σ+ → Σ+Σ+,
q=+1 : (Ξ0 p,Σ+Λ,Σ0Σ+)→ (Ξ0 p,Σ+Λ,Σ0Σ+),
q= 0 : (ΛΛ,Ξ0n,Ξ−p,Σ0Λ,Σ0Σ0,Σ−Σ+)→ (ΛΛ,Ξ0n,Ξ−p,Σ0Λ,Σ0Σ0,Σ−Σ+),
q=–1 : (Ξ−n,Σ−Λ,Σ−Σ0)→ (Ξ−n,Σ−Λ,Σ−Σ0),
q=–2 : Σ−Σ− → Σ−Σ−.
S=–3 : I= 3/2, 1/2
q=+1 : Σ+Ξ0 → Σ+Ξ0,
q= 0 : (ΛΞ0,Σ0Ξ0)→ (ΛΞ0,Σ0Ξ0),
q=–1 : (ΛΞ−,Σ0Ξ−,Σ−Ξ0)→ (ΛΞ−,Σ0Ξ−,Σ−Ξ0),
q=–2 : (Σ−Ξ− → Σ−Ξ−).
S=–4 : I= 1, 0
q= 0, –1, –2 : (Ξ0Ξ0 → Ξ0Ξ0), (Ξ0Ξ− → Ξ0Ξ−), (Ξ−Ξ− → Ξ−Ξ−).
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In Table 1 the BB-channels are listed according to the strangeness S, electric charge q, and isospin I 4 For further
orientation, the thresholds of the (S=0,1,2) BB-channels are drawn in Fig. 1. The low and intermediate interactions
can be defined roughly as the interactions in the energy region below the threshold for resonance production and
somewhat above the pion production threshold. The following can be noted:

(i) In NN-scattering the first inelastic two-particle are the N∆(1236) channel for I = 1 with a threshold energy
of about 300 MeV in the center-of-mass (CM) system, and the NN’(1470) channel for I = 0 with a threshold
energy of about 530 MeV in the CM-system. These inelastic two-particle channels in NN scattering have a
rather high threshold. The NNπ-threshold is 140 MeV, but the coupling to NNπ is rather weak.

(ii) The first inelastic two-particle threshold in the ΛN-channel is the ΣN-threshold, which appears at 80 MeV in
the CM-system. Therefore, a realistic description of the low-energy ΛN interaction must take into account
these coupled ΛN and ΣN channels. The next BB-thresholds occur at the opening of the NY∗1 (1385), Λ∆(1236),
NY∗0 (1405), and Σ∆(1236) channels. These are all high up and therefore are not taken into account in the
Nijmegen BB-models.

(iii) For the Y=0 channels the thresholds of the different B(1/2+)B(1/2+) and B(1/2+)B(3/2+) channels are rather
spread out in energy. The choice of channels to take into account is less clear.

In Fig. 1 for the S=-2 YN,YY channels the beam momenta pLab at the thresholds are shown in MeV/c. Here, the
beam particles are Λ,Ξ,Σ. Similarly, in Fig. 2 and Fig. 3 the threshold momenta for the YY-channels with S=-2 and
S=-3,-4, respectively.

1.8 2.0 2.2 2.4 2.6

Baryon-Baryon Thresholds S = 0,−1,−2

−→ √
s (GeV)

NN

ΛN

ΛΛ

ΞN

ΣΣ

N ′N ∆∆

∆N

ΣN

Ξ∗N

ΣΛ

∆Ξ

π

π

π

I = 0

I = 1

I = 1/2

I = 3/2

I = 0

I = 1

I = 2

S = 0

S = −1

S = −2

Figure 1: Thresholds in NN- and YN-channels for strangeness S=0,-1,-2.
√

s is the total energy in the CM-system.

4The isospin is denoted by I. In some sections the nuclear physics notation T is used for the isospin.
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−→ √
s (MeV)

S = −2 Baryon-Baryon Thresholds

ΛΛ

ΞN I = 0

ΣΣ

ΞN

ΣΛ I = 1

ΣΣ

ΣΣ I = 2

ΛΛ
↓

ΞN
↓

ΣΛ
↓

ΣΣ
↓

344.4

0

0 588.7

0

904.4

972.3

0

972.3

645.0

0

0

Figure 2: Thresholds in YN- and YY-channels for S=-2.
√

s is the total energy in the CM-system. pΛ, pΣ, and pΞ are the CM-momenta in MeV/c.
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Figure 3: Thresholds in YY-channels for S=-3,-4
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s is the total energy in the CM-system
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3. Baryon-Baryon Scattering and SU(3) symmetry

3.1. Baryon-Baryon states and SU(3)-irreps

The baryons considered in this review are the members of the JP = 1
2
+ baryon octet {8}. Then, BB-scattering

occurs in the SU(3)-basis in the {8} ⊗ {8} channels. Expanding in the irreducible SU(3) representations (irreps), see
[37], one has

{8} ⊗ {8} = {27} ⊕ {10} ⊕ {10}∗ ⊕ {8s} ⊕ {8a} ⊕ {1}. (3.1)

The irreps on the r.h.s. in (3.1) are called the SU(3) eigenchannels, since in the case of exact SU(3) symmetry there
will be no transitions between these channels. The inelastic two-particle channels to which these could be coupled
with the lowest thresholds are the [8} ⊗ {10} and {8} ⊗ {1} channels. In terms of eigenchannels, one has [37]

{8} ⊗ {10} = {35} ⊕ {27} ⊕ {10} ⊕ {8}, {8} ⊗ {1} = {8}, (3.2)

which means that resonances in the channels {27}, {10}, or {8} could be produced by strong forces in these inelastic
channels.

Table 2: SU(3) content of the different BB-channels. S is the total strangeness and I is the isospin. The upper half refers to the space-spin symmetric
states 3S 1, 1P1, 3D, . . . , while the lower half refers to the space-spin anti-symmetric states 1S 0, 3P, 1D2, . . .

Space-spin symmetric Space-spin anti-symmetric
S I Channels SU(3)-irreps S I Channels SU(3)-irreps
0 0 NN {10∗} 0 1 NN {27}
–1 1/2 ΛN, ΣN {10∗}, {8}a –1 1/2 ΛN, ΣN {27}, {8}s

3/2 ΣN {10} 3/2 ΣN {27}
–2 0 ΞN {8}a –2 0 ΛΛ, ΞN, ΣΣ

1 ΞN, ΣΣ {10}, {10∗}, {8}a 1 ΞN, ΣΛ {27}, {8}s
ΣΛ {10}, {10∗} 2 ΣΣ {27}

–3 1/2 ΞΛ, ΞΣ {10}, {8}a –3 1/2 ΞΛ, ΞΣ {27}, {8}s
3/2 ΞΣ {10∗} 3/2 ΞΣ {27}

–4 0 ΞΞ {10} –4 1 ΞΞ {27}

The baryons are fermions and the total wave functions of the {8} ⊗ {8}-states are anti-symmetric. In Table 2 the
SU(3) content of the BB-states is listed both for the space-spin symmetric and anti-symmetric partial waves.
As is well known SU(3) is not an exact symmetry. Sources of SU(3)-breaking are (i) kinematic breaking by using the
physical masses of the baryons, (ii) dynamically breaking by using physical masses and mixing [37] in the meson-
exchange potentials, and (iii) taking into account the Coulomb interactions between charged baryons.

In the Nijmegen work on baryon-baryon interactions, flavor SU(3)-symmetry of the interactions is the most im-
portant working hypothesis. The other important dynamical symmetry is chiral-symmetry (CS). In the ESC model
the non-linear realization has been chosen [38, 39]. In the non-linear realization of chiral-symmetry, for the cou-
plings of the scalar-, vector-, axial-vector mesons, and pair-interactions SU(3) symmetry is sufficient [39, 40]. As the
peudoscalar mesons are concerned, one-pion and two-pion exchange has been included in ESC.

3.2. Interaction Hamiltonian, Baryon-octet presentation and SU(2)-isospin States

The SU(3)-invariant interaction Hamiltonian for the baryon-baryon (BB) pseudoscalar (P) meson interaction reads
[37]

HI = gP,8
√

2
{
αP

[
B̄BP

]
F
+ (1 − αP)

[
B̄BP

]
D

}
+ gP,1

[
B̄BP

]
S
. (3.3)
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Here, the baryons are the members of the JP = 1
2
+ baryon octet, which are represented by the traceless Gell-Mann

matrices B(8) =
∑8

i=1 Biλi/
√

2. Explicitly,

B(8) =



Σ0

√
2
+
Λ
√

6
Σ+ p

Σ− −
Σ0

√
2
+
Λ
√

6
n

−Ξ− Ξ0 −
2Λ
√

6


. (3.4)

Similar to (3.4) the nonets M(9) for the pseudoscalar, vector, scalar, and axial-vector mesons can be represented by (i)
the traceless matrices M(8) =

∑8
i=1 Miλi/

√
2, and (ii) the unitary singlet mesons M(0) are included via the definition

Mα
β (9) = Mα

β (8) + δαβM(0)/
√

3. (3.5)

For the assignment of the meson fields Mi and the Gell-Mann matrices λi see [37]. Taking the pseudoscalar mesons
with JP = 0− as a specific example, the nonet is written as P(9) = P(8) + P(0) where the singlet matrix P(0) has
η0/
√

3 on the diagonal, and the octet matrix P(8) is given explicitly by

P(8) =



π0

√
2
+
η8
√

6
π+ K+

π− −
π0

√
2
+
η8
√

6
K0

K− K0 −
2η8
√

6


. (3.6)

Here, η8 and η0 are the ’bare’ SU(3) octet and singlet states, respectively, and the physical η(448), η′(958) are mixtures
of the bare ones.
Similarly the interaction with the vector JPC = 1−−, scalar JPC = 0++, axial-vectors JPC = 1++ and JPC = 1+− mesons.
The S U(3) octet and singlet mesons, denoted by the subscript 8 respectively 1 are, in terms of the physical ones and
the mixing angles θ, defined as follows:

JPC = 0−+ : η1 = cos θPS η
′ − sin θPS η, η8 = sin θPS η

′ + cos θPS η, (3.7a)
JPC = 1−− : ϕ1 = cos θVω − sin θVϕ, ϕ8 = sin θVω + cos θVϕ, (3.7b)
JPC = 0++ : ϵ1 = cos θS f0 − sin θS f ′0 , ϵ8 = sin θS f0 + cos θS f ′0 , (3.7c)
JPC = 1++ : A1 = cos θA f1 − sin θA f ′1 , A8 = sin θA f1 + cos θA f ′1 , (3.7d)
JPC = 1+− : B1 = cos θBh1 − sin θBh′1, B8 = sin θBh1 + cos θBh′1. (3.7e)

Here, η′, η are the physical pseudo-scalar mesons η(957), η(548), ϕ, ω are the physical vector mesons ϕ(1019), ω(783),
and f0, f ′0 are the physical scalar mesons ϵ(620), S ∗(993). For the axial mesons the physical mesons are f1(1420), f ′1(1285),
and h1(1380), h′1(1170). For the actually used masses in the ESC16 models, see Table 9.

Using the isodoublets,

N =

(
p
n

)
, Ξ =

(
Ξ0

Ξ−

)
, K =

(
K+

K0

)
, Kc =

(
K0

−K−

)
, (3.8)

the SU(3) invariant interaction Hamiltonian for pseudoscalar mesons, omitting the Lorentz structure, reads given by
the interaction Hamiltonian [37]

Hoct
I = gNNπ(NτN)·π − igΣΣπ(Σ×Σ)·π + gΛΣπ(ΛΣ + ΣΛ)·π + gΞΞπ(ΞτΞ)·π +

gΛNK

[
(NK)Λ + Λ(KN)

]
+ gΞΛK

[
(ΞKc)Λ + Λ(KcΞ)

]
+

gΣNK

[
Σ·(KτN) + (NτK)·Σ

]
+ gΞΣK

[
Σ·(KcτΞ) + (ΞτKc)·Σ

]
+

gNNη8 (NN)η8 + gΛΛη8 (ΛΛ)η8 + gΣΣη8 (Σ·Σ)η8 + gΞΞη8 (ΞΞ)η8 +

gNNη0 (NN)η0 + gΛΛη0 (ΛΛ)η0 + gΣΣη0 (Σ·Σ)η0 + gΞΞη0 (ΞΞ)η0. (3.9)
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For the other mesons the octet matrix is obtained by the following substitutions: (i) vector mesons π→ ρ, η8 → ϕ8,
K → K∗, (ii) scalar π → a0, η8 → ε8, K → κ, (iii) axial(A) (π → a1, η8 → A8, K → K1A, (iv) axial(B) π → b1,
η8 → B8, K → K1B. SimilarlyH singlet

I for the SU(3)-singlet mesons.
All coupling constants for the physical mesons can be expressed in terms of three SU(3) parameters: (i) singlet

and octet couplings ( f1, f8) respectively, and (ii) the F/(F+D)-ratio αP. For details, in particular the explicit formula
for the couplings as a function of the F/(F+D)-ratio, see e.g. Refs. [35, 37]. The same applies to the nonets of the
vector, scalar, and axial-vector mesons. Meson-mixing [41] is an important ingredient to describe the meson spectra
and is included in the models. The pomeron and odderon are treated as SU(3)-singlets.

3.3. MPE-interactions and SU(3)-symmetry

In the ESC work, only the one-pair graphs are included, i.e. only pair-exchange potentials linear in the pair-
coupling constants. The argument for neglecting the two-pair graph is to avoid some ’double-counting’. For example,
the ππ-pair exchange is (partly) taken into account by the broad ρ- and ϵ-exchange. Viewing the pair-vertex as con-
taining heavy-meson exchange means that the contributions from ρ(750) and ϵ = f0(620) to the two-pair graphs is
already accounted for by our treatment of the broad ρ and ϵ OBE-potential. For a more complete discussion of the
physics behind MPE, see Refs. [1, 29, 30]. The MPE-potentials for nucleon-nucleon have been given in Refs. [29, 30].
The generalization to baryon-baryon is similar to that for the TPS-potentials. This means that threshold differences
between the initial, intermediate, and final states are neglected. This because, although in principle possible, it com-
plicates the computation of the potentials considerably. For a proper appreciation of the physics, it is useful to scale
the phenomenological meson-pair baryon-baryon interaction Hamiltonian’s different from the originally used scalings
[29, 30]. Below, σ, a0,A1, . . . are short-hands for respectively the nucleon densities ψ̄ψ, ψ̄τψ, ψ̄γ5γµτψ, . . ..

The S U(3)-invariant pair-interaction Hamiltonian’s is [3]: 1. S U(3)-singlet couplings S α
β = δ

α
βσ/
√

3:

HS 1PP =
gS 1PP
√

3

{
π · π + 2K†K + η8η8

}
· σ (3.10)

2. S U(3)-octet symmetric couplings I, S α
β = (S 8)αβ ⇒ (1/4)Tr{S [P, P]+}:

HS 8PP =
gS 8PP
√

6

[
(a0 · π)η8 +

√
3

2
a0 · (K†τK) +

√
3

2

{
(K†0τK) · π + h.c.

}
−

1
2

{
(K†0 K)η8 + h.c.

}
+

1
2

f0
(
π · π − K†K − η8η8

)]
. (3.11)

3. S U(3)-octet symmetric couplings II, S α
β = (B8)αβ ⇒ (1/4)Tr{Bµ[Vµ, P]+}:

HB8VP =
gB8VP
√

6

{1
2

[(
Bµ

1 · ρµ
)
η8 +

(
Bµ

1 · πµ
)
ϕ8

]
+

√
3

4

[
B1 · (K∗†τK) + h.c.

]
+

√
3

4

[
(K†1τK

∗) · π + (K†1τK) · ρ + h.c.
]
−

1
4

[
(K†1 · K

∗)η8 + (K†1 · K)ϕ8 + h.c.
]

+
1
2

H0
[
ρ · π −

1
2

(
K∗† · K + h.c.

)
− ϕ8η8

] }
. (3.12)

4. S U(3)-octet a-symmetric couplings III, Aα
β = (V8)αβ ⇒ (−i/

√
2)Tr{Vµ[P, ∂µP]−}:

HV8PP = gA8PP

{1
2
ρµ · π×

↔

∂µπ +
i
2
ρµ · (K

†τ
↔

∂µK) +
i
2

(
K∗†µ τ(K

↔

∂µπ) − h.c.
)

+ i

√
3

2

(
K∗†µ · (K·

↔

∂µη8) − h.c.
)
+

i
2

√
3ϕµ(K†

↔

∂µK)
}
. (3.13)
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5. S U(3)-octet a-symmetric couplings IV, Aα
β = (A8)αβ ⇒ (−i/

√
2)Tr{Aµ[P,Vµ]−}:

HA8VP = gA8VP

{
A1 · π × ρ +

i
2

A1 ·
[
(K†τK∗) − (K∗†τK)

]
−

i
2

([
(K†τKA) · ρ + (K†AτK

∗) · π
]
− h.c.

)
− i

√
3

2

([
(K† · KA)ϕ8 + (K†A · K

∗)η8

]
− h.c.

)
+

i
2

√
3 f1

[
K† · K∗ − K∗† · K

] }
. (3.14)

The relation with the pair-couplings of [2, 3] is gS 1PP/
√

3 = g(ππ)0/mπ, gA8VP = g(πρ)1/mπ etc.

3.4. Potentials on the Isospin-basis

1. Y=2, S=0 channels: the NN-channels are pp, np, and nn, with the isospins I=0,1.
2. Y=1, S=-1 channels: On the physical particle basis, there are four charge channels:

q = +2 : Σ+p→ Σ+p,

q = +1 : (Λp,Σ+n,Σ0 p)→ (Λp,Σ+n,Σ0 p),
q = 0 : (Λn,Σ0n,Σ−p)→ (Λn,Σ0n,Σ−p),
q = −1 : Σ−n→ Σ−n. (3.15)

Like in Refs. [34, 35], the potentials are calculated on the isospin basis. For S = −1 hyperon-nucleon systems
there are only two isospin channels: (i) I = 1

2 : (ΛN,ΣN → ΛN,ΣN), and (ii) I = 3
2 : ΣN → ΣN. Obviously,

the potential on the particle basis for the q = 2 and q = −1 channels are given by the I = 3
2 ΣN potential on the

isospin basis. For q = 1 and q = 0, the potentials are related to the potentials on the isospin basis by an isospin
rotation. Using a notationlisting only the hyperons [VΛΣ+ = (Λp|V |Σ+n), etc.], for q = 1

V(q = 1) =


VΛΛ

√
2
3 VΛΣ −

√
1
3 VΛΣ√

2
3 VΣΛ 2

3 VΣΣ( 1
2 ) + 1

3 VΣΣ( 3
2 )

√
2

3

[
VΣΣ( 3

2 ) − VΣΣ( 1
2 )

]
−

√
1
3 VΣΛ

√
2

3

[
VΣΣ( 3

2 ) − VΣΣ( 1
2 )

]
1
3 VΣΣ( 1

2 ) + 2
3 VΣΣ( 3

2 )


, (3.16)

while for q = 0

V(q = 0) =


VΛΛ

√
1
3 VΛΣ −

√
2
3 VΛΣ√

1
3 VΣΛ 1

3 VΣΣ( 1
2 ) + 2

3 VΣΣ( 3
2 )

√
2

3

[
VΣΣ( 3

2 ) − VΣΣ( 1
2 )

]
−

√
2
3 VΣΛ

√
2

3

[
VΣΣ( 3

2 ) − VΣΣ( 1
2 )

]
2
3 VΣΣ( 1

2 ) + 1
3 VΣΣ( 3

2 )


. (3.17)

3. Y=0, S=-2 channels: The I=2 state is |ΣΣ⟩, and the three I=1 states are |ΛΣ⟩, |ΣΣ⟩, and |NΞ(0)⟩. The four I=0
states are |ΛΛ⟩, |ΣΣ⟩, |ΞN(0)⟩, and |NΞ(0)⟩. Choosing the same ordering, the potential written as a 3 × 3-matrix
reads

V(q = 0) =

 (ΛΛ|V |ΛΛ) (ΛΛ|V |ΞN) (ΛΛ|V |NΞ)
(ΞN |V |ΛΛ) (ΞN |V |ΞN) (ΞN |V |NΞ)
(NΞ|V |ΛΛ) (NΞ|V |ΞN) (NΞ|V |NΞ)

 . (3.18)

With a similar notation for the T-matrix, the Lippmann-Schwinger equation can be written compactly as a
3 × 3-matrix equation:

T = V + V G T , with Gi j = Gi δi j . (3.19)
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Next, a transformation to states is made, which are either symmetric or anti-symmetric for particle interchange.
Then, see Appendix K Eqn. (K.7), one can separate them in the Lippmann-Schwinger equation. This is
achieved by the transformation of the T-matrix and the V-matrix to the new base states ΛΛΞN

NΞ

⇒


ΛΛ

(ΞN + NΞ)/
√

2
(ΞN − NΞ)/

√
2

 . (3.20)

The details are worked out in Appendix K. This in particular for the case of a mixture of non-identical and
identical YN-states. The results for the isospin factors for the S=-2 channels are given in Table 3.

Table 3: Meson-exchange isospin factors for the YN and YY elastic and inelastic channels with strangeness S=-2 and isospin I. P f is the flavor-
exchange operator. The I = 2 occurs only in the S = −2 ΣΣ channels, where the isospin factors are given by (ΣΣ|η, η′, π|ΣΣ) = 1

2 (1 + P f ).

S = −2 I = 0 I = 1
(ΛΛ|η, η′|ΛΛ) 1

2 (1 + P f ) —
(ΞN |η, η′|ΞN) 1

2 (1 + P f ) 1
(ΣΣ|η, η′|ΣΣ) 1

2 (1 + P f ) 1
2 (1 − P f )

(ΣΛ|η, η′|ΣΛ) — 1
(ΞN |π|ΞN) −3 1
(ΣΣ|π|ΣΣ) −(1 + P f ) − 1

2 (1 − P f )
(ΛΛ|π|ΣΣ) − 1

2

√
3(1 + P f ) —

(ΣΛ|π|ΛΣ) — P f

(ΣΣ|π|ΣΛ) — (1 − P f )
(ΛΛ|K|ΞN) 1 + P f —
(ΣΣ|K|ΞN)

√
3(1 + P f )

√
2(1 − P f )

(ΞN |K|ΣΛ) —
√

2;−P f
√

2

4. Y=-1,-2, S=-3,-4 channels: In Table 4 the relation between the potentials on the isospin-basis is given, see
(3.16)-(3.17), and the SU(3)-irreps. Here VΞΞ = VΞΞ,ΞΞ,VΛΛ = VΛΞ,ΛΞ etc.
Obviously, the potentials on the particle basis for the Y = −2 channels are given by the I = 0, 1 ΞΞ-potential

Table 4: SU(3)-contents of the various potentials on the isospin basis.

Space-spin anti-symmetric states 1S 0,
3P, 1D2, ...

ΞΞ→ ΞΞ Y = −2, I = 1 VΞΞ(I = 1) = V27

ΛΞ→ ΛΞ VΛΛ
(
I = 1

2

)
=

(
9V27 + V8s

)
/10

ΛΞ→ ΣΞ Y = −1, I = 1
2 VΣΛ

(
I = 1

2

)
=

(
−3V27 + 3V8s

)
/10

ΣΞ→ ΣΞ VΣΣ
(
I = 1

2

)
=

(
V27 + 9V8s

)
/10

ΣΞ→ ΣΞ Y = −1, I = 3
2 VΣΣ

(
I = 3

2

)
= V27

Space-spin symmetric states 3S 1,
1P1,

3D, ...
ΞΞ→ ΞΞ Y = −2, I = 0 VΞΞ(I = 0) = V10

ΛΞ→ ΛΞ VΛΛ
(
I = 1

2

)
=

(
V10 + V8a

)
/2

ΛΞ→ ΣΞ Y = −1, I = 1
2 VΣΛ

(
I = 1

2

)
=

(
V10 − V8a

)
/2

ΣΞ→ ΣΞ VΣΣ
(
I = 1

2

)
=

(
V10 + V8a

)
/2

ΣΞ→ ΣΞ Y = −1, I = 3
2 VΣΣ

(
I = 3

2

)
= V10⋆

on the isospin basis. For Y = −1 channels the potentials are related to the potentials on the isospin basis by an
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isospin rotation. Ordering the channels in the q = 0 sector according to increasing rest mass (ΛΞ0,Σ0Ξ0,Σ+Ξ−)
one obtains in channel space the potential matrix , Vab(I) ≡ Va,Ξ;b,Ξ(I), with a, b ≡ Λ,Σ,

V(q = 0,Y = −1) =


VΛΛ( 1

2 ) −

√
1
3 VΛΣ

√
2
3 VΛΣ

−

√
1
3 VΛΣ 1

3

[
VΣΣ( 1

2 ) + 2VΣΣ( 3
2 )

] √
2

3

[
−VΣΣ( 1

2 ) + VΣΣ( 3
2 )

]
√

2
3 VΛΣ

√
2

3

[
−VΣΣ( 1

2 ) + VΣΣ( 3
2 )

]
1
3

[
2VΣΣ( 1

2 ) + VΣΣ( 3
2 )

]

, (3.21)

and for q = −1 the ordering is (ΛΞ−,Σ−Ξ0,Σ0Ξ−), and the potential matrix reads

V(q = −1,Y = −1) =


VΛΛ( 1

2 ) −

√
2
3 VΛΣ

√
1
3 VΛΣ

−

√
2
3 VΛΣ 1

3

[
2VΣΣ( 1

2 ) + VΣΣ( 3
2 )

] √
2

3

[
−VΣΣ( 1

2 ) + VΣΣ( 3
2 )

]
√

1
3 VΛΣ

√
2

3

[
−VΣΣ( 1

2 ) + VΣΣ( 3
2 )

]
1
3

[
VΣΣ( 1

2 ) + 2VΣΣ( 3
2 )

]

. (3.22)

In Appendix C, Table 2 and Table 4 the relation between the potentials on the isospin-basis is given, see
Eqn’s (3.16)-(3.17), and the SU(3)-irreps.

Given the interaction Hamiltonian (3.9) and a theoretical scheme for deriving the potential representing a particular
Feynman graph, it is now straightforward to derive the one-meson-exchange baryon-baryon potentials. Following the
approach in Refs. [23, 26, 29, 30], expressions for the potentials in momentum space, as well as configuration space
potentials can be derived. Since the nucleons have strangeness S = 0, the hyperons S = −1, and the cascades S = −2,
the possible baryon-baryon interaction channels can be classified according to their total strangeness, ranging from
S = 0 for NN to S = −4 for ΞΞ. Apart from the wealth of accurate NN scattering data for the total strangeness S = 0
sector, there are only a few, and not very accurate, YN scattering data for the S = −1 sector, while there are no data at
all for the S < −1 sectors 5.

Therefore, at this stage it is not worthwhile yet to explicitly account for the small mass differences between the
specific charge states of the baryons and mesons; i.e., average masses are used, isospin is a good quantum number,
and the potentials are calculated on the isospin basis. The possible channels on the isospin basis are given in (3.16).

However, the Lippmann-Schwinger or Schrödinger equation is solved for the physical particle channels, and so
scattering observables are calculated using the proper physical baryon masses. The possible channels on the physical
particle basis can be classified according to the total charge Q; these are given in (3.15). The corresponding potentials
are obtained from the potential on the isospin basis by making the appropriate isospin rotations. The matrix elements
of the isospin rotation matrices are nothing else but the Clebsch-Gordan coefficients for the two baryon isospins
making up the total isospin. (Note that this is the reason why the potential on the particle basis, obtained from
applying an isospin rotation to the potential on the isospin basis, will have the correct sign for any coupling constant
on a vertex which involves a Σ+.)

In order to construct the potentials on the isospin basis, the matrix elements of the various OBE exchanges between
particular isospin states are needed. Using the iso-multiplets (3.6) and the Hamiltonian (3.9) the isospin-factors can
be calculated. For the NN and YN(S=-1) the isospin factors are standard, and well known. For YY(S=-2) these
factors are more subtle, which is due to the occurrence of coupled channels with a mix of identical and non-identical
two-hyperon states. This is treated in Appendix K. The results are given in Table 3, with the pseudoscalar mesons
as a specific example. The entries in this table contain the flavor-exchange operator P f , which is +1 for a flavor
symmetric and −1 for a flavor anti-symmetric two-baryon state. Since two-baryon states are totally antisymmetric,
one has P f = −PxPσ. Therefore, the exchange operator P f has the value P f = +1 for even-L singlet and odd-L
triplet partial waves, and P f = −1 for odd-L singlet and even-L triplet partial waves. To understand Table 3 fully, in
Appendix K a general treatment of exchange forces is given, which also shows how to deal with the case where the
initial/final state involves identical particles and the final/initial state does not.

Secondly, the TME and the MPE exchanges have to be evaluated. The method used is the same as for hyperon-
nucleon, and is described in Ref. [3], Sec. IID.

5Recent data on the S ≤ −1 channels are mentioned in the Summary, section 20.
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Figure 4: Composition two baryon-system: quark-cores and meson-clouds. Distance d=0.8 fm.

4. Interactions and Potentials ESC-model

In Fig. 4 an intuitive picture of the two-baryon system is drawn, with the quark cores at the centers and the (virtual)
meson clouds. Virtual quark-antiquark pair creation (QPC) in the cores, leads to meson coupling and exchange. This
picture suggests pionic exchanges dominating at long distances and vector-, scalar-, axial-, etc. meson-exchanges at
shorter distances, corresponding to the interactions employed in the ESC-model.
The potentials of the ESC-model are generated by (i) One-Boson-Exchange (OBE), (ii) uncorrelated Two-Meson-
Exchange (TME), (iii) Meson-Pair-Exchange (MPE), (iv) Diffractive/Multi-gluon Exchange, (v) Quark-Core Effects
(QCE).

The OBE part of the dynamical contents of the ESC16 model is determined by the following meson-exchanges:

1. JPC = 0−−: The pseudoscalar-meson nonet π, η, η′, K with the η − η′ mixing angle θP = −11.40 [42], close to
the Gell-Mann-Okubo (GMO) quadratic mass formula [41].

2. JPC = 1−−: The vector-meson nonet ρ, ϕ, K⋆, ω with the ϕ − ω mixing angle θV = 39.10 [42] This follows
from the quadratic GMO mass-formula, and is close to ideal mixing.

3. JPC = 1++: The axial-vector-meson nonet a1, f1, K1A, f ′1 with the f1 − f ′1 mixing angle θA = 50.00 [43].
4. JPC = 0++: The scalar-meson nonet a0(962) = δ, f0(993) = S ⋆, κ(861), f0(620) = ε [44]. The scalar S ⋆ − ε

mixing angle θS = 44.00 is fitted and deviates from the ideal mixing angle θS = 35.260. The κ(861) mass is
determined via GMO.

5. JPC = 1+−: The axial-vector-meson nonet b1, h1, K1B, h′1 with the h1 − h′1 ideal mixing angle θB = 35.260.
(Furthermore K1,A and K1,B are completely mixed.)

The soft-core approach of the OBE was originally given for NN in [33], and for YN in [34]. With respect to these
OBE-interactions, the ESC-models contain the modification of the form factor by introducing a zero for the mesons
being P-wave quark-antiquark states in the CQM: the scalar- and axial-vector-mesons. Such a zero is natural in
the 3P0-quark-pair-creation (QPC) [45, 46] model for the coupling of the mesonic quark-antiquark (QQ̄) system to
baryons. A consequence of such a zero is that a bound state in Λp-scattering is less likely to occur.

(ii) The configuration space soft-core uncorrelated two-meson exchange for NN has been derived in [26, 29]. Sim-
ilarly to ESC04, also in ESC16 these potentials are used for PS-PS exchange with a complete SU(3)-symmetric
treatment in NN, YN, and YY. For example, included is double K-exchange in NN-scattering. Since this in-
cludes two-pion exchange (TPE), the long-range part of the potentials is represented. Here it is tacitly assumed
that other TME potentials, like PS-VC, PS-SC, etc., are either small due to cancellations, or can be described
adequately by using effective couplings in the OBE-potentials. When these effective couplings do not devi-
ate from experimentally determined couplings, it may be assumed that the corrections from these other SU(3)
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meson-nonets in the TME potentials are small. This is our working hypothesis for the TME-potentials. From
the point of view of SU(3), since OBE contains only {8}- and {1}-exchange, TME can not be represented com-
pletely in terms of OBE. This, because there also occur the {27}, {10}, and {10∗} irreps of SU(3). Therefore, the
predictions made by the ESC-models could be sensitive to this incompleteness of TME in the ESC-models. At
present, the BB-data and the hypernuclear-data do not give information at this point.

(iii) Meson-pair exchanges (MPE) have been introduced in [1] for NN and described in detail in [30]. The two-
meson-baryon-baryon vertices are the low-energy approximations of (a) the heavy-meson and their two-meson
decays, and (b) baryon-resonance contributions ∆33(1236), etc [30, 43].

(iv) Diffractive contributions to the soft-core potential have been introduced from the beginning, cf. [33]. The
pomeron is thought of being related to an even number of gluon-exchanges. In ESC16 also the odderon-
potential is introduced, which is related to an odd number of gluon exchanges.

(a) JPC = 0++: The ‘diffractive’ contribution from the pomeron (P), which is a unitary singlet. These interac-
tions give a repulsive contribution to the potentials in all channels of a Gaussian type.

(b) JPC = 1−−: The ‘diffractive’ contribution from the odderon (O). The origin of the odderon is assumed to
be purely the exchange of the color-singlets with an odd number of gluons. Similarly to the pomeron, the
odderon-potential is taken to be an SU(3) singlet and of the Gaussian form.

As an explanation of the repulsive character of the pomeron-potential, the following: The JPC is identical to
that for the scalar mesons. Naively, one would expect an attractive central potential. However, considering
the two-gluon model for the pomeron [47, 48], the two-gluon parallel and crossed graph contributions to the
BB-interaction can be shown to cancel adiabatically. The remaining non-adiabatic contribution is repulsive
[49].

(v) Quark-Core-Effects in the soft-core model can supply extra repulsion, which may be required in some BB-
channels. Baryon-baryon studies with the soft-core OBE and ESC models thus far show that it is difficult to
achieve a strong enough repulsive short-range interactions in (i) the Σ+p(I = 3/2,3 S 1)- and (ii) the ΣN(I =
1/2,1 S 0)-channel. The short-range repulsion in baryon-baryon may in principle come from: (a) meson- and
multi-gluon-exchange [2, 3], and/or (b) the occurrence of forbidden six-quark SU(6)-states by the Pauli-principle
[50, 51, 52]. In view of the mentioned difficulties, a phenomenological method has been developed for the ESC
models, which enables us to incorporate this quark-structural effect. This is an important new ingredient of
the here presented ESC16 model. This structural effect is described phenomenologicallyl by Gaussian repul-
sions, similar to the pomeron. In the ESC16 model, the strength of this repulsion is taken proportional to the
weights of the SU(6)-forbidden [51]-configuration in the various BB-channels. This is in contrast to ESC08a,b
[53, 13] where the quark-core effect is only included in the BB-channels with a dominant occurrence of the
[51]-configuration.

4.1. The meson-baryon interaction Hamiltonian densities

The local interaction Hamiltonian densities for the baryon-meson couplings are

a) Pseudo-vector-meson exchange (JPC = 0−+):

HPV =
fpv

mπ+
[ψ̄γµγ5ψ]∂µϕP. (4.1)

The pseudoscalar coupling coupling constant is gps = (2M/mπ+ ) fp, where M is the baryon mass.

The relation between the PV interaction Lagrangian and the Hamiltonian involves a non-covariant ”contact”
term

HI = ( f /mπ)ψ̄γ5γµψ · ∂
µϕ + ( f /mπ)2(ψ∗γ5ψ)2.

This contact term gives no contribution to the Green functions or the potentials, since in the Wick-expansion it
is compensated by the non-covariant piece in the contraction ⟨0|T (∂µϕ(x)∂νϕ(y))|0⟩, see [26, 27, 28]. Similarly
for derivatives in other meson-exchange interactions.
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b) Vector-meson exchange (JPC = 1−−):

HV = gV [ψ̄γµψ]∂µϕµV +
fV

4M
[ψ̄σµνψ]

(
∂µϕνV − ∂

νϕ
µ
V

)
, (4.2)

where σµν = i[γµ, γν]/2, and the scaling (proton) massM.
c) Axial-vector-meson exchange (JPC = 1++), 1st kind):

HA = gA[ψ̄γµγ5ψ]∂µϕµA +
i fA

M
[ψ̄γ5ψ]∂µϕµA. (4.3)

For the treatment of this density in momentum-space, see Ref. [4].
d) Axial-vector-meson exchange ((JPC = 1+−), 2nd kind):

HB =
i fB

M
[ψ̄σµνψ]∂νϕµB. (4.4)

e) Scalar-meson exchange (JPC = 0++):
HS = gS [ψ̄ψϕS ]. (4.5)

f) Pomeron exchange (JPC = 0++): The vertices for this ”diffractive”-exchange have the same Lorentz structure
as those for scalar-exchange. The origin of this coupling can be related to an even-number of gluon-exchange.

g) Odderon-meson exchange (JPC = 1−−):

HO = gO[ψ̄γµψ]∂µϕµO +
fO

4M
[ψ̄σµνψ]

(
∂µϕνO − ∂

νϕ
µ
O

)
, (4.6)

which can be related to an odd-number of gluon-exchange. Since the gluons are flavorless, the Pomeron- and
Odderon-exchange are treated as SU(3) singlets. For further details, see Ref. [4].

With the form factors F(x′ − x), the interaction density becomes modified

HI(x) =
∫

d3x′ F(x′ − x)HI(x′). (4.7)

The form of the potentials in momentum space is the same as for point interactions, except that the coupling constants
are multiplied by the Fourier transform F(k2) of the form factor, where k is the momentum transfer at the MBB-
vertex. For space-like momentum transfers a Gaussian parameterization of the form factors is used in all mesonic
vertices, i.e. F(k2) ≈ exp(−k2/Λ2). In the description of the ESC-model in this paper, the Gaussian form factors are
always understood, but omitted from the formulas. An exception are the basic configuration space functions ϕ0

C etc.
in Appendix G.3.

4.2. Non-local Potentials, SU(3)-breaking, and Coulomb
As is well known, the non-local potentials are inherent to a relativistic theory, and occur in the central, spin-spin,

tensor, spin-orbit, etc. potentials. In the ESC-models, included are the non-local contributions to the central/spin-spin
potentials for scalar, vector, axial, and diffractive exchanges, as in the soft-core OBE-models [33, 34]. In addition,
for all BB-channels, included are the pseudoscalar-type of potentials, which occur from pseudoscalar-, axial A- and
B-mesons, the non-local spin-spin and tensor contributions [54]. This, because it turned out that the non-local pion-
exchange spin-spin and tensor force are rather important for achieving a very good fit to the NN-data. The different
sources of SU(3)-breaking are discussed in [6].

As in all Nijmegen models, the Coulomb interaction is included exactly, for which the multichannel Schrödinger
equation is solved on the physical particle basis. The nuclear potentials are calculated on the isospin basis. This means
that only the so-called ’medium strong’ SU(3)-breaking and the charge symmetry breaking (CSB) are included in the
potentials.
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5. Two-Body Integral Equations in Momentum Space

Consider the baryon-baryon reaction

Ba(pa, sa) + Bb(pb, sb)→ B′a(p′a, s
′
a) + B′b(p′b, s

′
b), (5.1)

with on the energy-shell pa + pb = pa′ + pb′ , and in the center-of-mass system (CM-system) the momenta p and p′
for the initial and final state, respectively. On the mass-shell, one has p0

a = Ea(p) =
√

p2 + M2
a and p0

b = Eb(p) =√
p2 + M2

b and similarly for b and b’ The transition M-matrix is related to the S-matrix via 6

⟨ f |S |i⟩ = ⟨ f |i⟩ − i(2π)4δ4(P f − Pi)⟨ f |M|i⟩. (5.2)

The two-particle states are normalized in the following way

⟨p′1,p
′
2|p1,p2⟩ = (2π)32E(p1)δ3(p′1 − p1) (2π)32E(p2)δ3(p′2 − p2). (5.3)

Below, a three-dimensional equation is derived in the context of the Kadyshevsky field theory (KFT).

5.1. Relativistic Kadyshevsky Two-Body Equation
Introducing, as usual, the total and relative four-momentum for the initial and final state

P = pa + pb , P′ = p′a + p′b ,
p = 1

2 (pa − pb) , p′ = 1
2 (p′a − p′b) , (5.4)

with the following notations P0 ≡ W and P′0 ≡ W ′. In the Kadyshevsky approach to relativistic scattering, four-
momenta spurions are introduced, making formally four-momentum conservation at the vertices. These are described
by quasi-particle states |κ⟩, normalized by ⟨κ′|κ⟩ = δ(κ′ − κ). Then the four-momentum of such a spurion state is κnµ,
where nµ is time-like with n0 > 0 and n2 = 1. So, considered is the process in (3.4) with non-conservation of the
four-momentum, i.e. off-momentum-shell. This off-shellness is given by

pa + pb + κn = p′a + p′b + κ
′n (5.5)

Therefore, in the Kadyshevsky formalism generalized amplitudes Mκ′,κ and interaction kernels Iκ′,κ are introduced,
see Fig. 5 In the Kadyshevsky formulation, the particles are on-mass-shell in the Green-functions. The on-mass-shell
propagator S (±)(p) of a spin-0 particle can be written as

S (±)(p) = δ±(p2 − M2) =
1

2E(p)
δ (p0 ∓ E(p)) , (5.6)

with δ±(p2 − M2) ≡ θ(±p0)δ(p2 − M2). The propagator G0(κ) for the quasi-particles is given by [15]

G0(κ) = (1/2π) [1/(κ − iϵ)] . (5.7)

In the Kadyshevsky-formalism the rules for the computation of the off-shell S-matrix, denoted by R, corresponding to
the analogs of the Feynman graphs are given [15, 16]. The usual M-matrix is introduced as

Rκ′,κ(p′a, p′b; pa, pb) = δ(κ′ − κ)δ(p′a − pa)δ(p′b − pb) − (2π)4iδ4(κ′n + p′a + p′b − pa − pb − κn) ·
×Mκ′,κ(p′a, p′b; pa, pb) . (5.8)

Notice that the S -matrix is given by R0,0 [15]. One has

δ(κ′ − κ)δ(p′a − pa)δ(p′b − pb) = δ(P′ + κ′n − P − κn)δ(p′a − pa)δ(p′b − pb) , (5.9)

6The conventions of Ref. [55] for the metric etc., are used in this paper. This, except for the sign of the M-matrix.
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Figure 5: M- and I-matrix.

showing the overall 4-momentum conservation for the R-matrix, including the momentum spurions.
The Mκ′,κ-amplitude and the Iκ′,κ-interaction, depicted in Fig. 5, satisfy the integral equation

Mκ′,κ(p′a, p′b; pa, pb) = Iκ′,κ(p′a, p′b; pa, pb) +
∫

d4 p′′a

∫
d4 p′′b

∫
dκ′′Iκ′κ′′ (p′a, p′b; p′′a , p′′b ) ·

×Gκ′′ (p′′a , p′′b )Mκ′′,κ(p′′a , p′′b ; pa, pb) · δ(p′′a + p′′b + κ
′′n − pa − pb − κn), (5.10)

which is shown graphically in Fig. 6 Here, the propagation of the two nucleons and of the quasi-particle is described
by

Gκ(pa, pb)α′,β′;α,β = −(2π)−2δ(p2
a − M2

a)δ(p2
b − M2

b) ·G0(κ) . (5.11)

pa,Ma

pb,Mb

p′
a,M

′
a

p′
b,M

′
b

nκ nκ′
=

pa,Ma

pb,Mb

p′
a,M

′
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p′
b,M

′
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nκ nκ′
+

4 p′′
a,M

′′
a

p′′
b ,M

′′
b

nκ′′

pa,Ma
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nκ

p′
a,M

′
a

p′
b,M

′
b

nκ′

Figure 6: Kadyshevsky Integral Equation
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5.2. Kadyshevsky Quasi-Potential Equation
The Kadyshevsky analog (5.10) of the Bethe-Salpeter equation, is written in the form

Mκ′,κ(p′a, p′b; pa, pb) = Iκ′,κ(p′a, p′b; pa, pb) +
∫

d4 p′′a

∫
d4 p′′b

∫
dκ′′ ·

×Iκ′,κ′′ (p′a, p′b; p′′a , p′′b )Gκ′′ (p′′a , p′′b )Mκ′′,κ(p′′a , p′′b ; pa, pb) ·
×δ(p′′a + p′′b + κ

′′n − pa − pb − κn) . (5.12)

In the CM-frame, one has
P = (W, 0) , p = (0,p) ; P′ = (W ′, 0) , p′ = (0,p′) . (5.13)

Following [15, 17], it is assumed that the unit vector nµ, which defines the time axis, is collinear to P = pa + pb and
hence also to P′ = p′a + p′b. Then 7

nµ =
pµa + pµb√
(pa + pb)2

=
p′µa + p′µb√
(p′a + p′b)2

CM
−→ (1, 0). (5.14)

In the CM-variables, equation (5.12), for the (+,+)-components only, reads

Mκ′,κ(p′,W ′; p,W) = Iκ′,κ(p′,W ′; p,W) +
∫

dW ′′
∫

d4 p′′
∫

dκ′′ ·

×Iκ′,κ′′ (p′,W ′; p′′,W ′′)Gκ′′ (p′′,W ′′)Mκ′′ (p′′,W ′′; p,W) ·
×δ

[
W ′′ −W + (κ′′ − κ)n0

]
. (5.15)

In the CM-frame, the two-nucleon propagator (5.11) becomes

Gκ(W ′′, p′′) = −(2π)−2δ

(
1
2

W ′′ + p′′0 − E′′a

)
δ

(
1
2

W ′′ − p′′0 − E′′b

)
G0(κ′′) . (5.16)

Now, the integrations over W ′′, p′′0 , and κ′′ can be carried through in (5.15) giving

Mκ′,κ(p′,W ′; p,W) = Iκ′,κ(p′,W ′; p,W) +
∫

d3 p′′

(2π)3 ·

×Iκ′,κ′′ (p′,W ′; p′′,W ′′)
(

MaMb

E′′a E′′b

)
1

√
s′′ −

(√
s + κ

)
− iϵ

Mκ′′,κ(p′′,W ′′; p,W) , (5.17)

with the constraints

W =
√

s , W ′ =
√

s′ =
√

s + κ − κ′ , W ′′ =
√

s′′ = E′′a + E′′b . (5.18)

Notice that the left-half-off-shell M-matrix satisfies an integral equation of the type

Mκ′,0 = Iκ′,0 +
∫

Iκ′,κ′′ Gκ′′ Mκ′′,0

where the κ’s are all fixed in terms of the momenta of the particles, since

κ′ =
√

s −
√

s′ , κ′′ =
√

s −
√

s′′.

Defining the T -matrix etc. in terms of the left-half-off-shell M-matrix , and the quasi-potential K in terms of the
left and right off-shell interaction kernel I, by

T (p′,p) = Mκ′,κ=0(p′,W ′; p,W) , K(p′,p) = Iκ′,κ=0(p′,W ′; p,W) , (5.19)

7Notice that with this choice for nµ, the four-velocity of the system is conserved even off the energy-shell.
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one has, instead of (5.17),

T (p′,p) = K(p′,p) +
∫

d3 p′′

(2π)3 K(p′,p′′)
(

MaMb

E′′a E′′b

)
1

√
s′′ −

√
s

T (p′′,p) , (5.20)

which is the so-called ”quasi-potential equation”, see e.g. equations (II.26) and (II.27) in Ref. [56]. Notice, that for
κ = 0, one has κ′ =

√
s −
√

s′, and so κ′ is fixed by p = |p| and p′ = |p′|.

For equal masses, i.e. Ma = Mb = M, one has

E′′a = E′′b = E(p′′), s = 4E2(p) = 4(p2 + M2), s′′ = 4E2(p′′) = 4(p′′2 + M2). (5.21)

Then, (5.20) goes over into the equation

T (p′,p) = K(p′,p) +
1

(2π)3

∫
d3 p′′

2E(p′′)
K(p′,p′′)

M2

E(p′′)
[
E(p′′) − E(p) − iϵ

] T (p′′,p), (5.22)

which is the quasi-potential Kadyshevsky equation, see [16] equation (6.33).

5.3. Thompson and Lippmann-Schwinger Equations
The Thompson equation is obtained from (5.22) by the transformation

T (p′,p) = N(p′) T (p′,p) N(p) , V(p′,p) = N(p′) K(p′,p) N(p), (5.23)

with N(p) = M/(
√

2E(p)). The non-relativistic Lippmann-Schwinger equation is obtained by using in the Green
function and the potential, the non-relativistic approximation E(p) ≈ M + p2/2M, giving

T (p′,p) = V(p′,p) +
1

(2π)3

∫
d3 p′′

2E(p′′)
V(p′,p′′)

M(
p′′2 − p2 − iϵ

) T (p′′,p). (5.24)

For the details of the formalism of spin 1/2-1/2 scattering, using the expansion in Pauli-invariants, see the papers on
the ESC-model, e.g. [2, 3].

6. Partial Wave Expansion Kadyshevsky Equation

The partial wave expansion for spin-1/2 spin-1/2 has been discussed in e.g. [57, 58]. For the ’derivative’ Tβ,α
amplitudes [58], the partial wave expansion are as simple as for spinless particle scattering

Tβ,α(p′,p) =
∞∑

J=0

(2J + 1) T J
β,α(p′, p) PJ(cos θ). (6.1)

The partial wave expansion for the corresponding Kadyshevsky equation is

T J
β,α(p′, p) = KJ

β,α(p′, p) +
1

16π3

∫
p′′2dp′′

E(p′′)
KJ
β,α(p′, p′′)

M2

E(p′′) (E(p′′) − E(p) − iϵ)
T J
β,α(p′′, p). (6.2)

The connection with the helicity amplitudes is [58]

T J
++,++ =

1
2

[
T J

0,0 + T J
1,1

]
, T J

++,−− =
1
2

[
−T J

0,0 + T J
1,1

]
,

T J
+−,+− =

1
2 J(J + 1)

[
−T J

2,2 − T J
3,3

]
, T J

+−,−+ =
1
2 J(J + 1)

[
+T J

2,2 − T J
3,3

]
,

T J
++,+− =

1
2

√
J(J + 1)

[
+T J

0,2 − T J
1,3

]
, T J

++,−+ =
1
2

√
J(J + 1)

[
−T J

0,2 − T J
1,3

]
,

T J
+−,++ =

1
2

√
J(J + 1)

[
−T J

2,0 + T J
3,1

]
, T J

−+,++ =
1
2

√
J(J + 1)

[
T J

2,0 + T J
3,1

]
.
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For the helicity amplitudes, one has [58]

T J
λ′aλ

′
b;λaλb

(p′, p) = KJ
λ′aλ

′
b;λaλb

(p′, p) +
1

16π3

∫
p′′2dp′′

E(p′′)
KJ
λ′aλ

′
b;λ′′a λ′′b

(p′, p′′) ·

×
M2

E(p′′) (E(p′′) − E(p) − iϵ)
T J
λ′′a λ

′′
b ;λaλb

(p′′, p). (6.3)

The physical properties of the partial waves T J
β,α is exhibited by the relation with the parity-conserving partial wave

amplitudes
f J,η
λ′λ = T J

λc,λd ;λaλb
− η T J

λc,λd ;−λa−λb
, η = ± (6.4)

which is  f J−
00 f J−

01

f J−
10 f J−

11

 =

 T J
0,0 +

√
J(J + 1) T J

0,2

−
√

J(J + 1) T J
2,0 −J(J + 1) T J

2,2

 , (6.5a)

 f J+
00 f J+

01

f J+
10 f J+

11

 =

 T J
1,1 −

√
J(J + 1) T J

1,3

+
√

J(J + 1) T J
3,1 −J(J + 1) T J

3,3

 . (6.5b)

From (6.5a) one sees that T J
0,0,T

J
2,0,T

J
0,2 and T J

2,2 correspond to the spin singlet and triplet-uncoupled transitions 1JJ ⇔
1

JJ ,
1 JJ ⇔

3 JJ ,
3 JJ ⇔

1 JJ , and 3JJ ⇔
3 JJ . The partial waves T J

1,1,T
J
3,3,T

J
3,1 and T J

1,3 correspond to the spin triplet
coupled transitions. Denoting by f J+

L′L( f , i) the amplitudes for the 3JL′ ⇔
3 JL, the explicit connection is [57]

f J+
L′L( f , i) =

∑
k,k′

X†L′,k′ f J+
k′k ( f , i)Xk,L (6.6)

with (
X1,J−1 X1,J+1
X2,J−1 X2,J+1

)
=

1
√

2J + 1

( √
J −

√
J + 1

√
J + 1

√
J

)
(6.7)

On the energy shell one has, due to time-reversal invariance, that T J
2,0 = −T J

0,2 and T J
3,1 = −T J

1,3, and so f J
01 = f J

10. In
the equal mass case T J

0,2 = T J
2,0 = 0, and the coupling between the singlet and triplet-uncoupled states vanishes.

7. General One-Boson-Exchange

The two Kadyshevsky OBE graphs are shown in Fig. 7. The meson-nucleon-nucleon vertices are given by the
matrix elements of the interaction Hamiltonian densities. Defining the vertex functions Γi,α (i=S,PS,V,A), by[

ū(p′)Γi,α(p′, p) u(p)
]
· ϵαi = ⟨p′|HI(0)|p⟩, (7.1)

where ϵαi is the meson polarization vector, defined as ϵS = ϵP = ϵD = 1, ϵV = ρ
α
V , ϵA = ρ

α
A, and ϵB = ρ

α
B. The interaction

Hamiltonians are given in e.g. [2, 13], leading to the vertex functions

ΓS (p′, p) = gS , ΓD(p′, p) = gD, ΓPV (p′, p) =
i fpv

mπ+
γ · (p′ − p)γ5, (7.2a)

ΓV,µ(p′, p) = gVγµ −
i fV
2M

σµν(p′ − p)ν = GVγµ +
fV

2M
(p′ + p)µ, (7.2b)

ΓA,µ(p′, p) = gAγµγ5 −
fA

M
(p′ − p)µγ5, ΓB,µ(p′, p) = −

fB

M
(p′ − p)νσµν. (7.2c)

Here, GV = gV + fV . The Pomeron and Odderon vertices are similar to those for the scalar- and vector-mesons,
respectively.
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Figure 7: Kadyshevsky-graphs One-Boson-Exchange. On the left graph (a) and on the right graph (b). The dashed arrow meson lines leave at
vertex 2 and end at vertex 1.

7.1. OBE Kadyshevsky matrix elements
From the Kadyshevsky rules given in Appendix A one has for graph (a)

(2π)4δ4
(
p′a + p′b + κ

′n − pa − pb − κn
)

M(a)
κ′,κ = −

[
ūa′ (p′a)Γi,αua(pa)

]
Pα,β(ka) ·

×
[
ūb′ (p′b)Γi,βub(pb)

] 1
2π

∫ +∞

−∞

dκ1

κ1 − iϵ

∫
d4ka

(2π)3 · (2π)4δ4 (
ka + pa + κn − p′a − κ1n

)
·

× (2π)4δ4
(
ka + p′b + κ

′n − pb − κ1n
)
· ∆(+)(ka), (7.3)

where the meson momentum ka leaves vertex 2 and enters vertex 1, and ∆(+)(ka) = δ+(k2
a − m2

i ), with mi the mass of
the meson. The projection operator Pα,β(k) is defined as

Pα,β
i = 1 for i = S , P,D,

Pα,β
V,A = −gαβ + kαkβ/m2

V,A. (7.4)

The product of the two δ4(ka + . . . )-functions can be rewritten as

δ4(p′a + p′b + κ
′n − pa − pb − κn) · δ4(ka − ∆ +

1
2

(κ′ + κ)n − κ1n), (7.5)

with
∆ =

(
p′a − pa − p′b + pb

)
/2 , t = ∆2. (7.6)

Carrying out the d4ka-integration, one gets

M(a)
κ′,κ = −

[
ūa′ (p′a)Γi,αua(pa)

]
Pα,β(ka)

[
ūb′ (p′b)Γi,βub(pb)

]
·

∫ +∞

−∞

dκ1

κ1 − iϵ
·

× ∆(+)
(

1
2

(p′a − pa − p′b + pb) −
1
2

(κ′ + κ)n + κ1n
)
. (7.7)

Similarly, for graph (b), one defines kb as the meson momentum that leaves vertex 1 and enters into vertex 2. One
finds that kb = ka(−∆), and one obtains

M(b)
κ′,κ = −

[
ūa′ (p′a)Γi,αua(pa)

]
Pα,β(ka)

[
ūb′ (p′b)Γi,βub(pb)

]
·

∫ +∞

−∞

dκ1

κ1 − iϵ
·

× ∆(+)
(
−

1
2

(p′a − pa − p′b + pb) −
1
2

(κ′ + κ)n + κ1n
)
. (7.8)
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So, addition gives

Mκ′,κ = M(a)
κ′,κ + M(b)

κ′,κ = −
[
ūa′ (p′a)Γi,αua(pa)

]
Pα,β(ka)

[
ūb′ (p′b)Γi,βub(pb)

]
·

∫ +∞

−∞

dκ1

κ1 − iϵ
·

×

{
∆(+)

(
1
2

(p′a − pa − p′b + pb) −
1
2

(κ′ + κ)n + κ1n
)

+∆(+)
(
−

1
2

(p′a − pa − p′b + pb) −
1
2

(κ′ + κ)n + κ1n
)}
. (7.9)

The zero’s in the argument as function of κ1 for ∆(+) are given by

(a) : κ(±)
1 =

[
1
2

(κ′ + κ) − (∆ · n) ±
{
m2

i − ∆
2 + (∆ · n)2

}1/2
]
,

(b) : κ(±)
1 =

[
1
2

(κ′ + κ) + (∆ · n) ±
{
m2

i − ∆
2 + (∆ · n)2

}1/2
]
. (7.10)

Now, ∆(+)(k) = θ(k0)δ(k2 −m2
i ) = (1/2ω)δ(k0 −ω), where ω =

√
k2 + m2

i . Therefore, it is important to check the sign

of k0(κ(±)). One has

(a) : ka(±) = +∆ − (∆ · n) n ± At n ,

(b) : kb(±) = −∆ + (∆ · n) n ± At n, (7.11)

with
At =

√
m2

i − ∆
2 + (∆ · n)2. (7.12)

Then, the κ1-integration is simple, using for both (a) and (b) that

δ+
[
(κ1 − κ

(+)
1 )(κ1 − κ

(−)
1 )

]
=

∣∣∣∣[κ(+)
1 − κ

(−)
1

]∣∣∣∣−1
δ
(
κ1 − κ

(+)
1

)
, (7.13)

and one finds easily that

Mκ′,κ = M(a)
κ′,κ + M(b)

κ′,κ = −
[
ūa′ (p′a)Γi,αua(pa)

]
Pα,β(ka)

[
ūb′ (p′b)Γi,βub(pb)

]
·

×
1

2A

 1
1
2 (κ′ + κ) − ∆ · n + At − iϵ

+
1

1
2 (κ′ + κ) + ∆ · n + At − iϵ

 . (7.14)

Using now that

nµ =
pµa + pµb√
(pa + pb)2

=
p′µa + p′µb√
(p′a + p′b)2

CM
−→ (1, 0), (7.15)

it follows that

∆2 =
1
4

{[
(E′ − E) − (E′ − E)

]2
− 4k2

}
,

∆E ≡ ∆ · n =
1
2

[
(E′ − E) − (E′ − E)

]
, (7.16)

where k = p′ − p, and E′ = Ea′ , E = Ea and E′ = Eb′ ,E = Eb. Using (7.16) one gets for At the familiar and simple
expression

At =

√
k2 + m2

i ≡ ω(k). (7.17)
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The expression for M becomes

Mκ′,κ = −
[
ūa′ (p′a)Γi,αua(pa)

]
Pα,β(ka)

[
ūb′ (p′b)Γi,βub(pb)

]
·

×
1

2ω(k)

 1
1
2 (κ′ + κ) − ∆E + ω(k) − iϵ

+
1

1
2 (κ′ + κ) + ∆E + ω(k) − iϵ

 . (7.18)

Using the separation of variables formula for 1/(ω + a), given in Ref. [26], one obtains

Mκ′,κ = −
[
ūa′ (p′a)Γi,αua(pa)

]
Pα,β(ka)

[
ūb′ (p′b)Γi,βub(pb)

]
·

×
a
π

∫ ∞

0

dλ
(ω2 + λ2)

λ2 + a2 − b2

(λ2 + (a − b)2)(λ2 + (a + b)2)

≡ −
[
ūa′ (p′a)Γi,αua(pa)

]
Pα,β(ka)

[
ūb′ (p′b)Γi,βub(pb)

]
· ∆(ω; a, b), (7.19)

where a = 1
2 (κ′ + κ), b = ∆E , and

∆(ω; a, b) =
a
π

∫ ∞

0

dλ
(ω2 + λ2)

λ2 + a2 − b2

(λ2 + (a − b)2)(λ2 + (a + b)2)
(7.20)

This expression has the big advantage that the partial wave expansion can be made readily. The CM-angle dependence
z = cos θ is given by

ω2 + λ2 = 2p′p [x − z] , x =
1

2p′p

(
p′2 + p2 + µ2 + λ2

)
. (7.21)

7.2. Off-shell Interaction Kernel
In the integral equation for the left-half-shell Mκ′,0-amplitude the left- and right-off-shell matrix elements of the

interaction kernel Iκ′,κ′′ are needed. The lowest order contribution from scalar exchange is given by (7.17)

Iκ′,κ′′ = −
[
ūa′ (p′a)Γi,αua(pa)

]
Pα,β(ka)

[
ūb′ (p′b)Γi,βub(pb)

]
·

×
1

2ω(k)

 1
1
2 (κ′ + κ′′) − ∆E + ω(k) − iϵ

+
1

1
2 (κ′ + κ′′) + ∆E + ω(k) − iϵ

 . (7.22)

Because the energy, including the quasi-particle, in the initial state is
√

s, the energy in the intermediate state is√
s′′ + κ′′, and the energy in the final state is

√
s′ + κ′ The conditions on κ and κ′′ from energy conservation are

κ′′ =
√

s −
√

s′′ , κ′ =
√

s −
√

s′. (7.23)

which implies that all κ’s are fixed in terms of the particle external and intermediate energies. This gives that

a− ≡
1
2

(κ′ + κ′′) − ∆E = (E − E′) + (E − E′′) ,

a+ ≡
1
2

(κ′ + κ′′) + ∆E = (E − E′′) + (E − E′). (7.24)

Since there is, in principle, no upper-bound on the off-shell final and intermediate energies, the expression (7.19)
develops singularities, which should be taken care of by the iϵ-prescription.
In the CM-system p = −q and p′ = −q′, and

∆E ≈
M′ − M
4MM′

(p′2 − p2) =
M′ − M
2MM′

(q · k) ≈ 0. (7.25)

Hence, the simplest and very good approximation is to ignore the energy-differences (and mass-differences), i.e.
non-relativistic approximation. Then one gets

I(NR)
0,0 (P′; P) = −

[
ūa′ (p′a)Γi,αua(pa)

]
Pα,β(ka)

[
ūb′ (p′b)Γi,βub(pb)

]
/ω2(k). (7.26)

27



For baryon-baryon scattering, in the ESC models thus far, the mass differences at the vertices are neglected. Then,
∆E = 0 and

a ≡ a+ = a− =
√

s −
1
2

(√
s′ +
√

s′′
)
. (7.27)

Hence, from (7.19) one finds for the interaction kernel

K(
√

s; p′,p′′) ≡ Iκ′,κ′′ (P′; P) = −
[
ūa′ (p′a)Γi,αua(pa)

]
Pα,β(ka)

[
ūb′ (p′b)Γi,βub(pb)

] 1
ω(k) (ω(k) + a − iϵ)

. (7.28)

Notice that with our choice of nµ-vector, the spinor factors will lead to the same expression in terms of the three-
momenta as in the usual case. Furthermore, these OBE-potentials correspond to those from the so-called old-fashion-
perturbation (OPT) graphs in Fig. 8, see [29, 30], and which for a = 0 become the standard Yukawa potentials:
K(
√

s; p′,p′′)→ I(NR)
0,0 (P′; P). In the configuration space ESC model calculations the NR form is used. In momentum

space calculations, it is simple to use the full relativistic form.
For the diffractive exchanges, pomeron and odderon, being ”contact interactions”, there are no propagators and the
Kadyshevsky and Feynman matrix elements are identical.

p

−p

p′

−p′

k

(a)

p

−p

p′

−p′

k

(b)
Figure 8: One-boson-exchange CM momentum-space OPT graphs: The dashed lines with momentum k refer to the bosons: pseudo-scalar, vector,
axial-vector, or scalar mesons.

8. General Fourth-order Kadyshevky graphs

The fourth-order Kadyshevsky graphs, with positive energy intermediate state baryons, are shown in the figures
of Appendix C.1 for the parallel graphs, and in Appendix C.2 for the crossed graphs. In this work only graphs with
positive energy baryons in the intermediate states are included. M denotes the average (MB1 + MB2 )/2.
In the CM, choosing nµ as in (5.14) nµ = (1, 0), ı.e. the quasi-particles carry no three-momentum, and

pa = −pb = p , p′a = −p′b = p′. (8.1)

The integration over the zero-components can be done using the δ+-functions, which means that

pa,0 = Ea(p) , pb,0 = Eb(p)
p′a,0 = Ea(p′) , p′b,0 = Eb(p′) . (8.2)

Also, the three-momenta of the intermediate state are now fixed in terms of the external momenta and the two meson
momenta k1,2. For example, in graphs (a), (a’), (b), the relation is

q ≡ qa = −qb = p − k1 = p′ + k2, (8.3)
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and always qa = −qb ≡ q. For the other graphs (b’), (c), and (c’), it is a little different, because the direction of the
meson four-momenta is otherwise, see figures in Appendix C.1-Appendix C.2. The direction of the three-momenta
can always be chosen to be the same.

For the planar and crossed fourth-order Kadyshevsky graphs, the matrix elements can be written in the general
form 8

M(//,a)
σ;κ′,κ

(
p′a, p′b; pa, pb

)
= +(2π)3

∫
d3q

∫
d3k1

(2π)32ω1

∫
d3k2

(2π)32ω2
N(σ)
//

(p′,p; q) ·

×δ(3)(k1 − p + q) δ(3)(k2 + p′ − q) D(//,a)
σ;κ′,κ(ω1, ω2), (8.4a)

M(X,a)
σ;κ′,κ

(
p′a, p′b; pa, pb

)
= +(2π)3

∫
d3q

∫
d3k1

(2π)32ω1

∫
d3k2

(2π)32ω2
N(σ)

X (p′,p; q) ·

×δ(3)(k1 − pa + qa) δ(3)(k2 + p′a + qa) D(X,a)
σ;κ′,κ(ω1, ω2), (8.4b)

where the numerators N(σ)
//

(p′, p; q) and N(σ)
X (p′, p; q) contains the vertex factors and the fermion Dirac-operator. They

depend on σ = ++,+−,−+,−− referring to a nucleon (+) and antinucleon (-) in the intermediate state.
The expressions for the fourth-order Kadyshevsky graphs are given in Appendix C.1-Appendix C.2, where the
denominators D//,X

σ;κ′,κ are given for σ = [++,+−,−−].
Since the spinor-numerator factors for all parallel, respectively crossed, graphs can be made to be the same, the
fourth-order kernels K(p′,p) have the denominators

D(//)
σ;κ′,κ(ω1, ω2) =

∑
α=a,a′,b,b′,c,c′

D(//,α)
σ;κ′,κ(ω1, ω2), (8.5)

D(X)
σ;κ′,κ(ω1, ω2) =

∑
α=a,a′,b,b′,c,c′

D(X,α)
σ;κ′,κ(ω1, ω2), (8.6)

The application of two-meson-exchange K(
√

s; p′,p) kernel in the ESC models is in configuration space. Henceforth,
only the on-energy-shell matrix elements are considered, i.e. κ = κ′ = 0.
Furthermore, in the ESC- model application to low and intermediate energy NN the restriction σ = [++] has been
imposed, since the σ = [+−,−+,−−] are suppressed by factors 1/MN from the denominators. In Fig. 9, the three-
momenta of the Kadyshevsky graph for the evaluation of the integrals in Eqns (8.4) are shown.

9. Two-Pseudoscalar-Exchange Potentials

The formalism below is very similar to that used in [26, 29, 30]. This because for κ′ = κ = 0, i.e. on-energy-
shell potentials, the expressions of the energy denominators Dσ;0,0 are identical to those obtained in the Klein-Macke
formalism. In Appendix C.1-Appendix C.2 the two-meson exchange Kadyshevsky graphs are evaluated. On-energy-
shell, the results are identical to those obtained from the old-fashioned perturbation theory (OPT) BW-graphs [59] and
TMO-graphs [60], see e.g. Refs. [26, 29] Figures 1 and 2. 9

To be specific, here the ππ-exchange potential for nucleon-nucleon (NN) is derived. The results can readily be gen-
eralized to baryon-baryon channels. In ESC-models the potentials are evaluated up to order 1/M2. Although the
expansion of Eq. (8.4) takes care of the normalization factors Nσ

//,X of the nucleon Dirac-spinors of the initial and
final nucleons, one still has to include the expansion of the normalization factors of the nucleon Dirac-spinors in the

8In (8.4) the arguments in the δ(3)-functions can have a different sign for the meson momenta. Since the rest of the integrand via the ω-variables
depends on the squares of the three-momenta, by a simple sign change in the relevant meson momenta, the arguments can be made as in (8.4).
Then, the performance of the d3q-integral leads to identical expressions for the numerators NG(p′,p; q) for G = // and G = X, i.e. the parallel
and crossed graphs respectively.

9In Ref. [29], besides the potentials for PS-PS, also those for pseudoscalar-vector and pseudoscalar-scalar are given. These have not been used
in the ESC16-model calculations
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Figure 9: CM-three-momenta graphs σ = [++]. The solid lines denote baryons. The dashed lines refer to the pseudoscalar mesons, k1 and k2. The
intermediate state momenta are p′′ = p + k1 = p′ − k2 and p′′′ = p + k2 = p′ − k1.

intermediate two-nucleon state, which also contributes a factor of order 1/M2. Furthermore, there are non-adiabatic
terms from the expansion of the energy denominators in Dσ

//,X .
In the following, (k1, ω1) refers to the π meson 1 and (k2, ω2) refers to the π meson 2. Using the vertex operators as
given in table 5, the planar (BW+TMO) and crossed (BW) graphs Fig. 9 give 10

V (σ)
ππ (i) = C(i)

NN(I)
(

fNNπ

mπ

)4 ∫ ∫
d3k1d3k2

(2π)6 ei(k1+k2)·r Fπ(k2
1)Fπ(k2

2) Oi
PS (σ) D(σ)

i (ω1, ω2). (9.1a)

Here i = //, X for the planar and crossed graphs respectively. The isospin coefficients for ππ are C(//)
NN (I) = 3−τ1·τ2 and

C(X)
NN(I) = 3+ τ1 · τ2. For πη, the isospin coefficients are C(//)

NN (I) = C(X)
NN(I) = C(1,0)

NN (I) = τ1 · τ2, and f 4
NNπ → f 2

NNπ f 2
NNη.

The momentum operators O(//,X)
PS (σ) are displayed in Table 5.

Table 5: Momentum operators O(i)(k1,k2) for the planar (//) and crossed (X) π-meson-exchange graphs. The subscript PS refers to the π-
pseudoscalar operators.

σ O(i)(k1,k2)
(++) O(//)

PS +
[
2(k1 ·k2)2 − 2σ1 ·(k1×k2)σ2 ·(k1×k2)

]
(++) O(X)

PS +
[
2(k1 ·k2)2 + 2σ1 ·(k1×k2)σ2 ·(k1×k2)

]
(+-) O(//)

PS −
[
2(k1 ·k2) − i(σ1 + σ2)·(k1×k2)

]
(+-) O(X)

PS −
[
2(k1 ·k2) + i(σ1 + σ2)·(k1×k2)

]

9.1. Nucleon-nucleon in the intermediate states: σ = [++]
As shown in Appendix D, the adiabatic and non-adiabatic denominators from the relativistic Kadyshevsky de-

nominator expressions are identical to those derived in [26, 29]. Therefore, for completeness, listed here are the PS-PS
exchange potentials from these references. Graph (a) in Fig. 9 generates the parallel BW and TMO graphs described
in [26, 29], and graph (b) in Fig.9 generates the crossed BW graphs.

10For the sign compare with formulas in [26], and see footnote in Appendix A.
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The parallel BW graphs and their “mirror” graphs give

VBW
ππ (//) = +C(//)

NN (I)
(

fNNπ

mπ

)4 ∫ ∫
d3k1d3k2

(2π)6 ei(k1+k2)·r Fπ(k2
1)Fπ(k2

2) DBW
// (ω1, ω2) ·

×

[
(k1 · k2)2 − [σ1 · (k1 × k2)][σ2 · (k1 × k2)]

]
(9.2)

The crossed BW graphs and their “mirror” graphs give

VBW
ππ (X) = +C(//)

NN (I)
(

fNNπ

mπ

)4 ∫ ∫
d3k1d3k2

(2π)6 ei(k1+k2)·r Fπ(k2
1)Fπ(k2

2) DBW
// (ω1, ω2) ·

×

[
(k1 · k2)2 + [σ1 · (k1 × k2)][σ2 · (k1 × k2)]

]
(9.3)

The adiabatic energy denominators Di(ω1, ω2), and the non-adiabatic ones D(1)
i (ω1, ω2) are given in Table 6.

Table 6: Planar and crossed graph energy denominators: (i) adiabatic Di(ω1, ω2), and (ii) non-adiabatic D(1)
i .

D//(ω1, ω2) = +
1

2ω2
1ω

2
2

[
1
ω1
+

1
ω2
−

1
(ω1 + ω2)

]
, D(1)

//
(ω1, ω2) = +

1
2ω2

1ω
2
2

 1
ω2

1

+
1
ω2

2


DX(ω1, ω2) = -

1
2ω2

1ω
2
2

[
1
ω1
+

1
ω2
−

1
(ω1 + ω2)

]
, D(1)

X (ω1, ω2) = −
1

ω2
1ω

2
2

 1
ω2

1

+
1
ω2

2

.
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Figure 10: Planar-box time-ordered TMO two-meson-exchange graphs (a), (b), and OPE-iterated potential-graph (c). The double lines in (c) denote
the instantenuous exchanges To (a) and (b) the ”mirror” graphs have to be added. For non-identical mesons, the graphs with interchanged mesons
have to be added.

9.2. TMO and OPE-iterated Pion-exchange Potential
The fourth-order potential V (4) consists of two parts. The first part is given by the fourth-order planar and crossed

BW graphs, shown in Figs. 11(a) and 10, respectively, and their “mirror” counterparts. The second part occurs,
because the two different time orderings are not distinguished in the one-boson-exchange graphs. Hence, solving
the scattering equation does not generate the time-ordered TMO graphs of Figs. 10(a) and 10(b), nor their “mirror”
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Figure 11: BW two-meson-exchange OPT graphs: (a) planar and (b)–(d) crossed box. The dashed lines with momenta k and k′ refer to pions, for
example. To these one has to add the “mirror” graphs, and the graphs where the two meson lines are interchanged.

counterparts. These TMO graphs are included explicitly, by subtracting the once-iterated one-meson contribution,
see [26, 29], V (4)

Born = V (2)g++ V (2), with V (2) = K(2), and so the fourth-order TMO-potential reads V (4)
T MO = K(4)

T MO −

V (2)g++ V (2), where g++ is the Green function for the Lippmann-Schwinger equation, as given by [26],

g++(p; W) =
1

(2π)3 Λ
a
+(p)Λb

+(−p)
M

p2
i − p2 + iϵ

. (9.4)

This subtraction has already been accounted for the D// in Table 6.
The contribution from TMO-graphs (a) and (b) in Fig. (10)

V (T MO)
∥

= −
(3 − 2τ1 · τ2)

(2π)6

(
f

mπ

)4 ∫ ∫
d3k1d3k2 F(k2

1)F(k2
2)

ei(k1+k2)·r

ω(k1)ω(k2)
·

× (a − i b · σ1)(a − i b · σ2)[Ep + Ep−k1 −W + ω(k1)]−1 ·

× [2Ep−k1 −W]−1[Ep′ + Ep−k1 −W + ω(k2)]−1 , (9.5)

where the approximation W = 2Ep is made.
To avoid double counting when solving the Schrödinger equation, one subtracts from (9.5) the once iterated OPE
shown in panel (c) of Fig. 10

T (4)
Born = −

(3 − 2τ1 · τ2)
(2π)6

(
f

mπ

)4 ∫ ∫
d3k1d3k2 F(k2

1)F(k2
2)

ei(k1+k2)·r

ω2(k1)ω2(k2)
·

× (a − ib · σ1)(a − ib · σ2)[2Ep−k1 −W]−1. (9.6)

The remaining difference
VT MO ≡ V (T MO)

∥
− T (4)

Born (9.7)

is referred to as the TMO-potential. This contribution to the potential is neglected in the BW-potential, but is part of
the TMO-potential [60]. Since all corrections are taken up to order 1/M2 in the potentials into account, which come
from the recoil-corrections in the denominators from the intermediate states, it is clear that this contribution should be
included. Notice that the adiabatic contributions vanish. This is obvious for the contribution from the leading terms in
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all vertices. However, also for the 1/M-contributions from the vertices cancel [26]. The non-adiabatic contributions
give nonzero potentials in first order in 1/M, and are given below.
(i) Non-adiabatic contributions, 1/M-terms:
Expanding the energies in the intermediate states to order 1/M, one finds

V (1)
T MO(r) = (3 − 2τ1 · τ2)

(
f

mπ

)4

(2π)−6
∫ ∫

d3k1d3k2
ei(k1+k2)·r

ω3(k1)ω2(k2)
·

× F(k2
1)F(k2

2)
[
a2 − (b · σ1)(b · σ2)

]
. (9.8)

(ii) Non-adiabatic contributions, (1/M)2-terms:
Expanding the energies in the intermediate states to order (1/M)2, one finds

V (2)
T MO(r) =

(3 − 2τ1 · τ2)
(2π)6

(
1

4M

) (
f

mπ

)4 ∫ ∫
d3k1d3k2 ei(k1+k2)·r

× F(k2
1)F(k2

2)
[
a2 − (b · σ1)(b · σ2)

]
· (k1 · k2) ·

×

{
1

ω4(k1)ω2(k2)
+

1
ω2(k1)ω4(k2)

+
1

ω3(k1)ω3(k2)

}
. (9.9)

Notice here the well-known cancellation between the non-adiabatic contribution from the BW-graphs and the third
term in the curly brackets of (9.9), see [26]. For the explicit form of these potentials, see Refs. [26, 29].

10. One-pair and Two-pair Exchange Potentials

For the 1-pair and 2-pair momentum-space graphs in Fig. 12 the contribution to the matrix elements can be written
in the general form

M(1−pair)
σ;κ′,κ

(
p′a, p′b; pa, pb

)
= +(2π)3

∫
d3q

∫
d3k1

(2π)32ω1

∫
d3k2

(2π)32ω2
N(σ)

1−pair(p
′,p; q) ·

×δ(3)(p′ + k1 + k2 − p) δ(3)(p′′ − p′ + k1) δ(3)(p′′ − k2 − q) D(1−pair)
σ;κ′,κ (ω1, ω2), (10.1a)

M(2−pair)
κ′,κ

(
p′a, p′b; pa, pb

)
= +(2π)3

∫
d3k1

(2π)32ω1

∫
d3k2

(2π)32ω2
N2−pair(p′,p) ·

×δ(3)(p′ + k1 + k2 − p)D(2−pair)
κ′,κ (ω1, ω2), (10.1b)

where the numerators N(σ)
1−pair and N2−pair contain the vertex factors etc. The expressions for the 1-pair and 2-pair

Kadyshevsky graphs are given in section Appendix E, Eqns. E.4 and (E.8), together with the denominators.
The corresponding time-ordered (OPT) pair graphs are shown in Fig. 13, which have been evaluated with Gaussian
form factors in Ref. [30]. The adiabatic energy denominators corresponding to the graphs in Fig. 13 are are given in
Table 7. The non-adiabatic energy denominators corresponding to the graphs in Fig. 13 are are given in Table 8. As
shown in Appendix E, the adiabatic and non-adiabatic denominators from the relativistic Kadyshevsky denominator
expressions are identical to those derived in [30]. For a more complete explanation and derivation, see Ref. [30].

11. ESC16-model: Fitting NN⊕YN⊕YY-data

In the simultaneous χ2-fit of the NN-, YN-, and YY-data a single set of parameters was used, which means the
same parameters for all BB-channels. The input NN-data are the same as in Ref. [2], and the reader is refered to this
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Figure 13: One- and Two-pair exchange time-ordered (OPT) graphs. To these are added the ”mirror” graphs, and the graphs where the meson lines
are interchanged.

Table 7: Adiabatic energy denominators 1-pair and 2-pair graphs.

D(1)
a (ω1, ω2) =

1
2ω1ω2

1
ω2(ω1 + ω2)

, D(1)
b (ω1, ω2) =

1
2ω2

1ω
2
2

,

D(1)
c (ω1, ω2) =

1
2ω1ω2

1
ω1(ω1 + ω2)

, D(2)(ω1, ω2) = −
1

2ω1ω2

1
(ω1 + ω2)

.

Table 8: Adiabatic energy denominators 1-pair and 2-pair graphs.

D(na)
a (ω1, ω2) =

1
2ω1ω2

1
ω2

2(ω1 + ω2)
, D(na)

b (ω1, ω2) =
1

2ω1ω2

 1
ω2

1ω2
+

1
ω1ω

2
2

,
D(na)

c (ω1, ω2) =
1

2ω1ω2

1
ω2

1(ω1 + ω2)
.
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paper for a description of the employed phase shift analysis [61, 62, 63]. Note that in addition to the NN-phases,
including their correlations, in the ESC16-model also the NN-low energy parameters and the deuteron binding energy
is fitted. The YN-data are those used in Ref. [3] with the addition of higher energy data, see Ref. [6]. Of course, it is
to be expected that the accurate and very numerous NN-data essentially fix most of the parameters. Only some of the
parameters, for example, certain F/(F + D)-ratios, are quite influenced by the YN-data. In the fitting procedure, the
following constraints are applied: (i) A strong restriction imposed on YN-models is the absence of S=-1 bound states.
(ii) During the fitting process, sometimes constraints are imposed in the form of ’pseudo-data’ for some YN scattering
lengths. These constraints are based on experiences with Nijmegen YN-models in the past or on imposing constraints
from the G-matrix results. In some cases, it is necessary to add some extra weight of the YN-scattering data w.r.t. the
NN-data in the fitting process. (iii) After obtaining a solution for the scattering data, the corresponding model is tested
by checking the corresponding G-matrix results for the well-depths for UΣ > 0 and UΞ < 0, and sufficient s-wave
spin splitting in the UΛ. If not satisfactory, the scattering data, are refitted etc. This iterative process implements the
constraints from the G-matrix well-depths results, and plays a vital role in obtaining the final results of the combined
fit. (For the G-matrix approach to hyperon-nucleus systems, see e.g. Ref. [64].) The fitting process is discussed more
elaborately in Ref. [6].

The χ2 is a very shallow function of the quark-core parameter, which influences only the YN- and YY-channels.
Accordingly, solutions have been obtained using different assumptions about the quark-core-effects, all with a strength
of about 25% of the total diffractive contribution. In previous work [13], models ESC08a and ESC08a”, the solu-
tions were obtained by assuming quark-core effects only for the channels where the [51]-component is dominant:
Σ+p(3S 1, I = 3/2),ΣN(1S 0, I = 1/2), and ΞN(1S 0, I = 1). The solution ESC16 is obtained by application of the
quark-core effects according to equation (8.4) in [13], see Ref. [6] for a full description of the Pauli-blocking scheme.

Like in the NN-fit, described in Ref. [2], also in the simultaneous χ2-fit of the NN- and YN-data, it appeared
again that the OBE-couplings could be constrained successfully by the ’naive’ predictions of the QPC-model [45, 46].
Although these predictions, see section Appendix H, are ’bare’ ones; it is tried to keep during the searches many
OBE-couplings in the neighborhood of the QPC-values. Also, it appeared that one can either fix the F/(F + D) ratios
to those as suggested by the QPC-model, or apply the same restraining strategy as for the OBE-couplings.

11.1. Fitted BB-parameters
The treatment of the broad mesons ρ and ϵ is similar to that in the OBE-models [33, 34]. For the ρ-meson, the

same parameters are used as in these references. However, for the ϵ = f0(620) in this work the mass mϵ = 620 MeV
and width Γϵ = 464 MeV. Using the the Bryan-Gersten ”dipole” parameters [65] for the two-pole approximation one
gets: m1 = 455.15919 MeV, m2 = 1158.56219 MeV, and β1 = 0.28193, β2 = 0.71807. Other meson masses are given
in Table 9. The sensitivity for the values of the cut-off masses of the η and η′ is very weak. Therefore, the {1}-cut-off
mass for the pseudoscalar nonet is set equal to that for the {8}. Likewise, for the two nonets of the axial-vector mesons,
see table 9. Furthermore, a rather shallow dependence on the value of αP in the range 0.33-0.40 was found. Therefore,
it is fixed at the Cabibbo-theory value 0.365.

Summarizing, the parameters for baryon-baryon (BB) are (i) NN Meson-couplings: fNNπ, fNNη′ , gNNρ, gNNω,
fNNρ, fNNω, gNNa0 , gNNϵ , gNNa1 , fNNa1 , gNN f ′1 , fNN f ′1 , fNNb1 , fNNh′1 , (ii) F/(F + D)-ratios: αm

V , αA, (iii) NN Pair cou-
plings: gNN(ππ)1 , fNN(ππ)1 , gNN(πρ)1 , gNNπω, gNNπη, gNNπϵ , (iv) Diffractive couplings and mass parameters gNNP, gNNO,
fNNO, mP, mO, (v) Meson cut-off masses: ΛP

8 = Λ
P
1 = Λ

B
8 = Λ

B
1 , ΛV

8 , ΛV
1 , ΛS

8 , ΛS
1 , and ΛA

8 = Λ
A
1 .

The pair coupling gNN(ππ)0 was kept fixed at zero. Note that in the interaction Hamiltonians of the pair-couplings
(3.10)-(3.14) the partial derivatives are scaled by mπ, and there is a scaling mass MN .

The ESC-model described here is fully consistent with SU(3)-symmetry using a straightforward extension of the
NN-model to YN and YY. This is the case for the OBE- and TPS-potentials, as well as for the Pair-potentials. For
example g(πρ)1 = gA8VP, and besides (πρ)-pairs one sees also that KK∗(I = 1)- and KK∗(I = 0)-pairs contribute to the
NN potentials. All F/(F + D) ratios are taken as fixed with heavy-meson saturation in mind. The approximation was
made to neglect the baryon mass differences in the TPS-potentials. (This because, not yet worked out have been the
formulas for the inclusion of these mass differences, which is straightforward in principle.)

11.2. Coupling Constants, F/(F + D) Ratios, and Mixing Angles
In Table 9 the ESC16 meson masses are given, and the fitted couplings and cut-off parameters. Note that the

axial-vector couplings for the B-mesons are scaled with mB1 . The mixing for the pseudo-scalar, vector, and scalar
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mesons, as well as the handling of the diffractive potentials, has been described elsewhere, see e.g. Refs. [34, 35].
The mixing scheme of the axial-vector mesons is completely similar to that for the vector mesons, except for the
mixing angle. In [6] the SU(3) singlet and octet couplings are listed, and also the F/(F +D)-ratios and mixing angles.
Also, the Pauli-blocking effect parameter aPB, described in [13], section 8, for ESC16 is given. As mentioned above,
searched are for solutions where all OBE-couplings are compatible with the QPC-predictions. This time, the QPC-
model contains a mixture of the 3P0 and 3S 1 mechanism, whereas in Ref. [2] only the 3P0-mechanism was considered.
For the pair-couplings all F/(F + D)-ratios were fixed to the predictions of the QPC-model.

Table 9: Meson couplings and parameters employed in the ESC16-potentials. Coupling constants are at k2 = 0. An asterisk denotes that the
coupling constant is constrained via SU(3). The masses and Λ’s are given in MeV. Notation f0 = ε(620), f ′0 = S ∗(993).

meson mass g/
√

4π f /
√

4π Λ

π 138.04 0.2684 1030.96
η 547.45 0.1368∗ ,,
η′ 957.75 0.3181 ,,
ρ 768.10 0.5793 3.7791 680.79
ϕ 1019.41 –1.2384∗ 2.8878∗ ,,
ω 781.95 3.1149 –0.5710 734.21
a1 1270.00 –0.8172 –1.6521 1034.13
f1 1420.00 0.5147 4.4754 ,,
f ′1 1285.00 –0.7596 –4.4179 ,,
b1 1235.00 –2.2598 1030.96
h1 1380.00 –0.0830∗ ,,
h′1 1170.00 –1.2386 ,,
a0 962.00 0.5393 830.42
f ′0 993.00 –1.5766∗ ,,
f0 620.00 2.9773 1220.28

Pomeron 212.06 2.7191
Odderon 268.81 4.1637 –3.8859

One notices that all the BBM α’s have values rather close to those expected from the QPC-model. In the ESC16
solution αA ≈ 0.383, which is close to αA ∼ 0.4. As in previous works, e.g. Ref. [33, 34], αe

V = 1 is kept fixed. Above,
it is remarked that the axial-nonet parameters may be sensitive to whether or not the heavy pseudoscalar nonet with
the π(1300) are included.

Table 10: Pair-meson coupling constants employed in the ESC16 MPE-potentials. Coupling constants are at k2 = 0. The F/(F+D) ratios are
QPC-predictions, except that α(πω) = αP, which is very close to QPC.

JPC SU(3)-irrep (αβ) g/4π F/(F + D)

0++ {1} g(ππ)0 — —
0++ ,, g(σσ) — —
0++ {8}s g(πη) -0.6894 1.000
1−− {8}a g(ππ)1 0.2519 1.000

f (ππ)1 –1.7762 0.400
1++ ,, g(πρ)1 5.7017 0.400
1++ ,, g(πσ) –0.3899 0.400
1++ ,, g(πP) — —
1+− {8}s g(πω) –0.3287 0.365
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In Table 10 listed are the fitted Pair-couplings for the MPE-potentials. Only one-pair graphs are included, in order
to avoid double counting, see Ref. [2]. The F/(F + D)-ratios are all fixed, assuming heavy-boson domination of
the pair-vertices. The ratios are taken from the QPC-model for QQ̄-systems with the same quantum numbers as the
dominating boson. For example, the α-parameter for the axial (πρ)1-pair could be fixed at the quark-model prediction
0.40, see Table 10. The BB-Pair couplings are calculated, assuming unbroken SU(3)-symmetry, from the NN-Pair
coupling and the F/(F + D)-ratio using SU(3). Unlike in Refs. [29, 30], here, the pair couplings are not fixed using
a theoretical model, e.g. based on heavy-meson saturation and chiral-symmetry. So, in addition to the 14 parameters
used in Refs. [29, 30], one has 6 pair-coupling fit parameters. In Table 10 the fitted pair-couplings are given. Note
that the (ππ)0-coupling gets a non-zero contribution from the {8s}-pairs, giving g(ππ)0 = −0.688/2 ≈ −0.34, which
is opposite in sign compared to the result in [29, 30]. The f(ππ)1 -pair coupling has opposite sign as compared to
Refs. [29, 30]. In a model with a more complex and realistic meson-dynamics [43], this coupling is predicted as found
in the present ESC-fit. The (πρ)1-coupling is large as expected from A1-saturation, see Refs. [29, 30].

In Table 9 the NN OBE-coupling constants and the Gaussian cut-offsΛ are shown. The used α =: F/(F+D) ratios
for the OBE-couplings are: pseudoscalar mesons αP = 0.365, vector mesons αe

V = 1.0, αm
V = 0.4655, scalar-mesons

αS = 1.0, axial mesons αA = 0.3830 and αB = 0.4. In Table 11 the BBM-couplings are are displayed for the ESC16
model.

In Table 10 the MPE-coupling constants are shown. The used α =: F/(F + D) ratios for the MPE-couplings are:
(πη) pairs α({8s}) = 1.0, (ππ)1 pairs αe

V ({8}a) = 1.0, αm
V ({8}a) = 0.400, and the (πρ)1 pairs αA({8}a) = 0.400. The (πω)

pairs α({8s}) has been set equal to αP = 0.365.

Table 11: Coupling constants for model ESC16, divided by
√

4π. M refers to the meson. The coupling constants are listed in the order pseudoscalar,
vector (g and f ), axial vector A (g and f ), scalar, axial vector B, and diffractive.

M NNM ΣΣM ΣΛM ΞΞM M ΛNM ΛΞM ΣNM ΣΞM
f π 0.2684 0.1959 0.1968 –0.0725 K –0.2681 0.0713 0.0725 –0.2684
g ρ 0.5793 1.1586 0.0000 0.5793 K∗ –1.0034 1.0034 –0.5793 –0.5793
f 3.7791 3.5185 2.3323 –0.2606 –4.2132 1.8810 0.2606 –3.7791
g a1 –0.8172 –0.6260 –0.5822 0.1912 K1A 0.8333 –0.2511 –0.1912 0.8172
f –1.6521 –1.2656 –1.1770 0.3865 1.6846 –0.5076 –0.3865 1.6521
g a0 0.5393 1.0786 0.0000 0.5393 κ –0.9341 0.9341 –0.5393 –0.5393
f b1 –2.2598 –1.8078 –1.5656 0.4520 K1B 2.3484 –0.7828 –0.4520 2.2598

M NNM ΛΛM ΣΣM ΞΞM M NNM ΛΛM ΣΣM ΞΞM
f η 0.1368 –0.1259 0.2599 –0.1958 η′ 0.3181 0.3711 0.2933 0.3852
g ω 3.1148 2.4820 2.4820 1.8492 ϕ –1.2384 –2.0171 –2.0171 –2.7958
f –0.5710 –3.2282 –0.2863 –4.4144 2.8878 –0.3819 3.2380 –1.8416
g f ′1 –0.7596 –0.1213 –1.0133 0.0710 f1 0.5147 1.0503 0.3019 1.2117
f –4.4179 –3.1274 –4.9303 –2.7386 4.4754 5.5582 4.0450 5.8844
g ε 2.9773 2.3284 2.3284 1.6795 f0 –1.5766 –2.2485 –2.2485 –2.9205
f h′1 –1.2386 0.1171 –1.6905 0.5690 h1 –0.0830 1.8346 –0.7222 2.4738
g P 2.7191 2.7191 2.7191 2.7191
g O 4.1637 4.1637 4.1637 4.1637
f –3.8859 –3.8859 –3.8859 –3.8859

12. ESC16-model NN-Results

12.1. Nucleon-nucleon Fit, Low-energy and Phase Parameters

In this section the NN results of [5] are reviewed. For a more detailed discussion on the NN-fitting, see Ref. [2].
Here, the fit is to the 1993 Nijmegen representation of the χ2-hypersurface of the NN scattering data below Tlab = 350
MeV [61, 62], and also the low-energy parameters are fitted for pp, np and nn. In this simultaneous fit of NN and YNi
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Figure 14: Solid line: proton-proton I=1 phase shifts in degrees vs. Tlab in MeV for the ESC16-model. The dashed line: the m.e. phases of the
Nijmegen93 PW-analysis [61]. The black dots: the s.e. phases of the Nijmegen93 PW-analysis. The diamonds: Bugg s.e. [66].
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Figure 15: Solid line: proton-proton I=1 phase shifts in degrees vs. Tlab in MeV for the ESC16-model. The dashed line: the m.e. phases of the
Nijmegen93 PW-analysis [61]. The black dots: the s.e. phases of the Nijmegen93 PW-analysis. The diamonds: Bugg s.e. [66].
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data, with the ESC16 model for the NN phase shifts a χ2/Ndata = 1.10 was obtained. For a comparison with Ref. [2],
and for the use of this model for the description of NN, see Table 12 for the nuclear-bar phases for pp in case I = 1,
and for np in the case of 1S 0(I = 1) and the I = 0-phases. Here, ∆χ2 denotes the accrescence in χ2 of the ESC-model
w.r.t. the phase shift analysis [61, 62].

The deuteron has been included in the fitting procedure, as well as the low-energy parameters. The fitted binding
energy EB = 2.224636 MeV, which is very close to EB(experiment) = 2.224644 MeV. The charge-symmetry breaking
is described phenomenologically by having next to gρnn free couplings for gρnp, and gρpp. This phenomenological
treatment is successful for the various NN-channels, especially for the np(1S 0, I = 1)-phases, which were included in
the NN-fit.

Table 12: ESC16 nuclear-bar pp and np phases in degrees.

Tlab 0.38 1 5 10 25 50 100 150 215 320

1S 0(np) 54.57 62.02 63.47 59.72 50.48 39.82 25.45 15.11 4.65 –8.34
1S 0 14.62 32.62 54.75 55.16 48.67 38.97 25.06 14.85 4.44 –8.53
3S 1 159.39 147.77 118.25 102.72 80.81 63.03 43.62 31.27 19.58 5.83
ϵ1 0.03 0.11 0.68 1.17 1.82 2.15 2.50 2.94 3.64 4.93

3P0 0.02 0.14 1.61 3.81 8.81 11.80 9.68 4.83 –1.86 –11.73
3P1 –0.01 –0.08 –0.89 –2.04 –4.89 –8.29 –13.28 –17.35 –21.87 –27.90
1P1 –0.05 –0.19 –1.50 –3.07 –6.39 –9.81 –14.65 –18.75 –23.38 –29.44
3P2 0.00 0.02 0.22 0.67 2.51 5.80 10.90 14.04 16.24 17.07
ϵ2 –0.00 –0.00 –0.05 –0.20 –0.81 –1.71 –2.71 –2.99 –2.84 –2.18

3D1 –0.00 –0.01 –0.18 –0.68 –2.83 –6.51 –12.40 –16.69 –20.72 –25.04
3D2 0.00 0.01 0.22 0.85 3.70 8.93 17.22 22.15 24.99 25.05
1D2 0.00 0.00 0.04 0.17 0.69 1.70 3.78 5.70 7.64 9.20
3D3 0.00 0.00 0.00 0.00 0.03 0.24 1.17 2.31 3.61 4.86
ϵ3 0.00 0.00 0.01 0.08 0.55 1.59 3.46 4.81 5.97 6.99

3F2 0.00 0.00 0.00 0.01 0.11 0.34 0.80 1.10 1.14 0.39
3F3 –0.00 –0.00 –0.01 –0.03 –0.23 –0.67 –1.46 –2.06 –2.66 –3.50
1F3 –0.00 –0.00 –0.01 –0.06 –0.41 –1.10 –2.11 –2.77 –3.46 –4.69
3F4 0.00 0.00 0.00 0.00 0.02 0.12 0.51 1.04 1.80 3.00
ϵ4 –0.00 –0.00 –0.00 –0.00 –0.05 –0.19 –0.53 –0.83 –1.13 –1.46

3G3 –0.00 –0.00 –0.00 –0.00 –0.05 –0.26 –0.93 –1.73 –2.77 –4.17
3G4 0.00 0.00 0.00 0.01 0.17 0.71 2.11 3.52 5.17 7.28
1G4 0.00 0.00 0.00 0.00 0.04 0.15 0.41 0.69 1.06 1.70
3G5 –0.00 –0.00 –0.00 –0.00 –0.01 –0.05 –0.16 –0.25 –0.28 –0.19
ϵ5 0.00 0.00 0.00 0.00 0.04 0.20 0.70 1.22 1.83 2.62

In the fit of the NN-data, the single-energy (s.e.) phases and χ2-surface [62] has been used. The details of the χ2

distributions from the NN-fit are displayed in Table 14. The multi-energy (m.e.) phases of the PW-analysis [61]
in Fig. 14-Fig. 17 are the dashed lines in these figures. One notices that the central value of the s.e. phases does
not correspond to the m.e. phases in general, illustrating that there has been a certain amount of noise fitting in the
s.e. PW-analysis, see e.g. ϵ1 and 1P1 at Tlab = 100 MeV. The m.e. PW-analysis reaches χ2/Ndata = 0.99, using 39
phenomenological parameters plus normalization parameters. The related phenomenological PW-potentials NijmI,
NijmII, and Reid93 [63], with respectively 41, 47, and 50 parameters, turn out all with χ2/Ndata = 1.03. This should
be compared to the ESC-model, which has χ2/Ndata = 1.10 using for NN 32 meson-related parameters. These are
14 QPC-constrained meson-nucleon-nucleon couplings, 6 meson-pair-nucleon-nucleon couplings, 6 Gaussian cut-off
parameters, 3 diffractive couplings, and 2 diffractive mass parameters. The 3 remaining fitting parameters (2 F/(F+D)
ratios and the Pauli blocking fraction) are mainly or totally determined by the YN-fit. From the figures, it is obvious
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Table 13: ESC16 Low-energy parameters: S-wave scattering lengths and effective ranges, deuteron binding energy EB, and electric quadrupole Qe.
Experimental values and references, see [67, 68]. The asterisk denotes that the low-energy parameters were not searched.

experimental data ESC16

app(1S 0) –7.828 ± 0.008 –7.7718
rpp(1S 0) 2.800 ± 0.020 2.7612∗

anp(1S 0) –23.748 ± 0.010 –23.7346
rnp(1S 0) 2.750 ± 0.050 2.6992∗

ann(1S 0) –18.63 ± 0.48 –17.783
rnn(1S 0) 2.860 ± 0.15 2.8301∗

anp(3S 1) 5.424 ± 0.004 5.4396∗

rnp(3S 1) 1.760 ± 0.005 1.7488∗

EB –2.224644 ± 0.000046 –2.224636
Qe 0.286 ± 0.002 0.2727

Table 14: ESC16 χ2 and χ2 per datum at the ten energy bins for the Nijmegen93 Partial-Wave-Analysis. Ndata lists the number of data points
within each energy bin. The bottom line gives the results for the total 0 − 350 MeV interval. The χ2-accrescence for the ESC model is denoted by
∆χ2 and ∆χ̂2, respectively.

Tlab Ndata χ2
0 ∆χ2 χ̂2

0 ∆χ̂2
0

0.383 144 137.555 18.7 0.960 0.130
1 68 38.019 57.3 0.560 0.843
5 103 82.226 7.5 0.800 0.073
10 290 257.995 29.8 1.234 0.103
25 352 272.197 32.6 0.773 0.093
50 571 538.522 33.5 0.957 0.059

100 399 382.499 20.9 0.959 0.052
150 676 673.055 82.6 0.996 0.122
215 756 754.525 132.7 0.998 0.176
320 954 945.379 254.1 0.991 0.266

Total 4313 4081.971 669.8 0.948 0.153
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that the ESC-model deviates from the m.e. PW-analysis in particular at the highest energy.
In Table 13 the results for the low energy parameters are given. In order to discriminate between the 1S 0-wave for

pp, np, and nn, some charge independence breaking is introduced by taking gppρ , gnpρ , gnnρ. With this device the
difference between the 1S 0(pp) and 1S 0(np) phases has been fitted, and the different scattering lengths and effective
ranges as well. Obtained are gnpρ = 0.5427, gppρ = 0.5932, which are not far from gnnρ = 0.5793, see Table 9.
The NN low-energy parameters are described very well, see Table 13. Here, except for ann and rnn, the experimental
values are taken from the compilation given in Ref. [67]. For ann(1S 0), used in the fitting has been the value from
an investigation of the n-p and n-n final state interaction in the 2H(n, nnp) reaction at 13 MeV [68]. The value for
ann(1S 0) is still somewhat in discussion. Another recent determination [69] obtained e.g. ann(1S 0) = −16.27 ± 0.40
fm. The ESC16-model has the value −17.78 fm, which is between these values. Although the values from [67] are
not recent, here they still give an adequate presentation since this ESC-model is not a detailed study of the low-energy
parameters. For a discussion of the theoretical and experimental situation w.r.t. these low-energy parameters, see [70].
The binding energy of the deuteron is fitted excellently. The electric quadrupole moment result is typical for models
without meson-exchange current effects. Further properties of the deuteron in this model are: PD = 6.15%,D/S =
0.025698,N2

G = 0.771658, and ρ−ϵ,−ϵ = 1.725857.
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Figure 18: Pomeron(p) and Odderon(o) central- and spin-orbit potentials. The distance is denoted by x in fm.

12.2. Nucleon-Nucleon Potentials 11

The nucleon-nucleon OBE-, TPS-, and Pair-potentials are qualitatively rather similar in character to the hyperon-
nucleon potentials, which are shown in Ref. [3] for the ESC04 model. Therefore, the reader is refered to the cited
YN paper for pictures of the potentials. The odderon and the derivative axial-vector coupling, and the non-local
pseudoscalar type spin-spin and tensor potentials are added.

The odderon potential is a novel feature of the ESC16 model. In Fig. 18 the central and spin-orbit potentials are
shown. The spin-spin, tensor, and quadratic spin-orbit potentials are very small. One notices from this figure that the
pomeron potential is like an ’anti-scalar’ potential, whereas the odderon is a normal vector-exchange potential. Note
the strong cancellation in the spin-orbit, giving a negligible summed contribution. The upshot is a universal central
repulsion from the pomeron+odderon. In ESC models, the strength of the pomeron is related to that of the ε. The
pomeron curve in Fig. 18 corresponds to a fit with ε = f0(760), whereas in this paper ε = f0(620). This results in
weaker couplings of ε, ω, and pomeron, reducing the strength of the pomeron by ≈ 2/3.

13. ESC16-model YN(S = −1)-Results

In this section the YN results of [6] are reviewed.

11FORTRAN code ESC16/NNPOTESC16, Open-access website, NN-Online: http://nn-online.org.
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13.1. Hyperon-nucleon (S=-1) cross sections, phases, etc.
The used YN scattering data from Refs. [71]-[80] in the combined NN and YN fit are shown in Table 15. The NN

interactions put very strong constraints on most of the parameters, and so only a limited set of parameters are left,
which have some freedom to steer the YN-channels as compared to the NN-channels.

The present study aimed to construct a realistic potential model for baryon-baryon systems with parameters that
are optimal theoretically, but at the same time to describe the baryon-baryon scattering data very satisfactorily.

This model can then be used with a great deal of confidence in calculations of hypernuclei and in their predictions
for the S = −2, −3, and −4 sectors. Especially for the latter application, these models will be the first models for the
S = −2,−3,−4 sectors to have their foundation in the NN and YN sectors.
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Figure 19: Model fits total cross sections Λp, and Rehovoth-Heidelberg-, Maryland-, and Berkeley-data. (a): ESC16, (b,c): Effective range
approximation I without a shape parameter, and II with a shape parameter.

The χ2 on the 52 YN scattering data for the ESC16 model is given in Table 15. The ΛN total cross sections have
been calculated with L ≤ 2, and the ΣN total cross sections with L ≤ 1. For the definition of the capture ratio at rest,
given in the last row of the table, see e.g. [35]. This capture ratio turns out to be rather constant in the momentum
range from 100 to 170 MeV/c. Obviously, for very low momenta the cross sections are almost completely dominated
by s waves, and so the capture ratio in flight converges to the capture ratio at rest.

The Σ+p nuclear-bar phase shifts as a function of energy are given in Table 16. Notice that the 3S 1-phase shows
repulsion.

The ΛN nuclear-bar phase shifts as a function of energy are given in Table 17. In Fig. 19 the Λp total cross
sections are shown for ESC16 together with the data. At the ΣN-threshold, the cross section shows a sizeable cusp
with a large D-wave nuclear-bar phase-shift δ(3D1) = 69.10o. This signals the fact that in the ΣN(3S 1, I = 1/2)-state,
there is a strong attraction, with presumably a deuteron-like virtual bound-state on the non-physical sheet. Also, in
Fig. 19 are shown the cross sections in the effective range approximation, dashed lines I and II. Line II is including the
shape parameter in the effective range expansion. The two-term effective range expansion with the a and r parameters
describes the s-wave phases well up to pΛ ≈ 400 MeV/c.
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Table 15: Comparison of the calculated ESC16 and experimental values for the 52 YN-data that were included in the fit. The superscript RH
and M denote, respectively, the Rehovoth-Heidelberg Ref. [71] and Maryland data Ref. [72]. Also included are (i) 3 Σ+p cross sections at
plab = 400, 500, 650 MeV from Ref. [77], (ii) Λp cross sections from Ref. [78]: 7 elastic between 350 ≤ plab ≤ 950, and 4 inelastic with
plab = 667, 750, 850, 950 MeV, and (iii) 3 elastic Σ−p cross sections at plab = 450, 550, 650 MeV from Ref. [79]. The laboratory momenta are in
MeV/c, and the total cross sections in mb. The total χ2 = 54.2

Λp→ Λp χ2 = 3.7 Λp→ Λp χ2 = 4.3
pΛ σRH

exp σth pΛ σM
exp σth

145 180±22 192.7 135 209.0±58 209.7
185 130±17 134.0 165 177.0±38 160.8
210 118±16 106.4 195 153.0±27 122.3
230 101±12 88.3 225 111.0±18 92.6
250 83± 9 73.3 255 87.0±13 69.9
290 57± 9 50.3 300 46.0±11 45.8

Λp→ Λp χ2 = 3.7

350 23.9±5.0 28.6 750 10.7±3.0 8.2
450 8.9±3.0 11.6 850 10.2±3.0 9.4
550 9.1±3.0 7.3 950 8.9±3.0 10.9
650 16.7±4.0 14.3

Λp→ Σ0 p χ2 = 8.0

667 2.8 ±2.0 3.3 850 10.7±3.0 3.8
750 7.5±2.5 3.8 950 5.0±2.0 3.6

Σ+p→ Σ+p χ2 = 17.3 Σ−p→ Σ−p χ2 = 6.3
pΣ+ σexp σth pΣ− σexp σth

145 123.0±62 147.3 142.5 152±38 148.8
155 104.0±30 134.3 147.5 146±30 142.4
165 92.0±18 123.0 152.5 142±25 136.2
175 81.0±12 112.8 157.5 164±32 130.5

162.5 138±19 125.0
167.5 113±16 119.8

400 93.5±28.1 32.7 450.0 31.7±8.3 25.9
500 32.5±30.4 28.1 550.0 48.3±16.7 17.9
650 64.6±33.0 25.4 650.0 25.0±13.3 13.7

Σ−p→ Σ0n χ2 = 6.0 Σ−p→ Λn χ2 = 4.9
pΣ− σexp σth pΣ− σexp σth

110 396±91 205.6 110 174±47 242.3
120 159±43 179.9 120 178±39 207.1
130 157±34 159.3 130 140±28 179.2
140 125±25 142.5 140 164±25 156.6
150 111±19 128.6 150 147±19 138.2
160 115±16 116.9 160 124±14 123.0

rexp
R = 0.468 ± 0.010 rth

R = 0.467 χ2 = 0.01
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Figure 20: Model fits total elastic cross sections Σ±p and Rehovoth-Heidelberg-, KEK-data. Left panels (a): ESC16, (b): ESC04d, (c): NSC89,
Right panels the same.
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Figure 21: Model fits total inelastic cross sections Σ−p→ Σ0n,Λn and Rehovoth-Heidelberg-data. (a): ESC16, (b): ESC04d, (c): NSC89.
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Table 16: ESC16 nuclear-bar Σ+p phases in degrees.

pΣ+ 100 200 300 400 500 600 700 800 900 1000

Tlab 4.2 16.7 37.3 65.5 100.8 142.8 190.7 244.0 302.1 364.5

1S 0 35.10 41.06 35.49 27.54 19.12 10.81 2.80 –4.80 –11.99 –18.76
3S 1 -5.11 –11.11 -16.94 –22.62 -27.89 –32.55 -36.55 –39.99 -43.04 –45.84
ϵ1 -0.37 –1.81 -3.33 –4.43 –5.04 –5.24 –5.14 –4.86 –4.48 –4.07

3P0 0.96 4.90 8.42 9.12 7.19 3.59 –0.92 –5.81 –10.81 –15.73
1P1 0.43 2.33 4.84 7.05 8.33 8.45 7.46 5.55 2.94 –0.17
3P1 –0.59 –3.00 –6.13 –9.53 –13.15 –16.93 –20.79 –24.64 –28.41 –32.05
3P2 0.10 0.90 2.58 4.70 6.76 8.50 9.82 10.65 10.95 10.71
ϵ2 –0.03 –0.37 –1.05 –1.81 –2.44 –2.85 –3.02 –2.98 –2.78 –2.49

3D1 0.02 0.30 0.84 1.32 1.35 0.69 –0.70 –2.75 –5.29 –8.21
1D2 0.02 0.31 0.97 2.00 3.38 4.99 6.61 8.01 8.97 9.33
3D2 –0.03 –0.45 –1.30 –2.35 –3.53 –4.87 –6.42 –8.15 –10.04 –12.04
3D3 0.00 0.05 0.26 0.66 1.14 1.59 1.93 2.20 2.45 2.70
ϵ3 -0.00 –0.07 -0.29 –0.63 –1.00 –1.35 –1.64 –1.86 –1.99 –2.04

3G3 0.00 0.00 0.04 0.12 0.25 0.41 0.57 0.70 0.75 0.67

Table 17: ESC16 nuclear-bar Λp phases in degrees.

pΛ 100 200 300 400 500 600 633.0

Tlab 4.5 17.8 39.6 69.5 106.9 151.1 167.3

1S 0 20.21 25.86 23.13 17.24 10.34 3.40 1.43
3S 1 20.25 26.62 24.84 19.99 14.17 8.51 7.46
ϵ1 0.04 0.16 0.23 0.21 0.29 2.01 9.16

3P0 0.02 0.08 –0.19 –1.34 –3.54 –6.51 –7.52
1P1 –0.07 –0.55 –1.78 –3.88 –6.67 –9.80 –10.82
3P1 0.00 –0.10 –0.60 –1.70 –3.25 –4.67 –4.71
3P2 0.11 0.70 1.74 2.86 3.73 4.25 4.34
ϵ2 0.00 –0.00 –0.04 –0.15 –0.31 –0.50 –0.57

3D1 0.00 0.07 0.48 1.82 5.42 18.93 59.97
1D2 0.00 0.06 0.37 1.12 2.36 3.96 4.53
3D2 0.00 0.08 0.42 1.17 2.31 3.68 4.16
3D3 0.00 0.05 0.27 0.76 1.52 2.41 2.71
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Table 18: Comparison Λp and Λn scattering lengths and effective ranges in fm for different Nijmegen models.

Λp Λn
Model as at as at

ESC16 -1.88 -1.86 -1.96 -1.84
NSC97e -2.10 -1.86 -2.24 -1.83
NSC97f -2.51 -1.75 -2.68 -1.67
NSC89 -2.73 -1.48 -2.86 -1.24
HC-D -1.77 -2.06 -2.03 -1.84
Model rs rt rs rt

ESC16 3.58 3.37 3.65 3.33
NSC97e 3.19 3.19 3.24 3.14
NSC97f 3.03 3.32 3.07 3.34
NSC89 2.87 3.04 2.91 3.33
HC-D 3.78 3.18 3.66 3.32

In Table 18 the low-energy parameters for Λp and Λn are shown. The singlet and triplet parameters are displayed
with the ΛΣ0-mixing turned on for pseudoscalar-, vector-, scalar-, meson-pairs-, and ps-ps- exchanges. Notice that
the effect for the scalar mesons of the ΛΣ0-mixing is zero because αs = 1.0. It is clear from these tables that the
total effect of the ΛΣ0-mixing is largely given by pseudoscalar and vector exchanges. The differences in the scattering
lengths are

∆as = as(Λp) − as(Λn) = +0.08 f m, (13.1a)
∆at = at(Λp) − at(Λn) = −0.04 f m. (13.1b)

These differences are comparable to those for the soft-core OBE models [34, 35], and therefore predict a too small
binding energy difference in the A=4 hypernuclei, which is ∆BΛ(exp) = BΛ(4

Λ
He) − BΛ(4

Λ
H) = (0.29 ± 0.06) MeV.

This is in contrast to the HC-model D, which has a much larger ∆at [81]. It appeared that CSB via meson-mixing, like
π0 − η, ρ0 − ω etc., is small and does not improve the CSB for ESC16, which is understandable in view of the large
cancellations. In Ref. [82] it has been shown that by introducing CSB interaction in the contact terms for Λp → Λp
and Λn → Λn, this problem can be solved. Similarly, in the ESC models one could introduce extra CSB in e.g. the
MPE potentials.

In Table 19 are listed the Σ+p scattering lengths and effective ranges. Here, (as, rs) are these quantities for Σ+p(1S 0)
and (at, rt) for Σ+p(3S 1).

Notice that the difference between as in ESC08a′′ and ESC16. This is mainly a consequence of the inclusion of
the non-local tensor force in Σ+p, like in pp. This means that there is still less room for variations in the 3S 1-wave
because of the cross section fit. Because with SU(3) symmetry for the couplings the 1S 0-wave is strongly constrained
by pp, since the 1S 0-states in NN and Σ+p are both in the {27}-irrep. Therefore, much extra repulsion in the triplet
wave is impossible.

Table 19: Σ+p scattering lengths and effective ranges in fm.

Model as at rs rt

ESC16 -4.30 +0.57 3.25 -3.11
ESC08a′′ -3.85 +0.62 3.40 -2.13
ESC04d -3.43 +0.217 3.98 -28.94

In Fig. 20 and Fig. 21 the elastic and inelastic cross sections are shown respectively.
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13.2. Flavor SU(3)-irrep potentials

In Fig. 22 and 23 the potentials in the SU(3)-irrep base states are displayed. In the upper and lower panels
the diagonal and the non-diagonal potentials are shown respectively. Notice that the non-diagonal potentials are
considerably smaller than the diagonal ones, which shows the approximate SU(3)-symmetry. The red/solid lines
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Figure 22: Potentials in the symmetric SU(3)-irrep base. The red and green lines denote potentials with and without SU(3)-symmetry breaking
respectively. The units of the vertical axes are [GeV].

show averages of the SU(3)-irrep potentials using the potentials on the particle basis. The green/dashed lines are the
irrep potentials in an SU(3) limit, where MN = MΛ = MΣ = MΞ = 1115.6 MeV, mπ = mK = mη = mη′ = 400 MeV,
mρ = mK∗ = mω = mϕ = 800 MeV, and ma0 = mκ = mσ = m f ′0 = 880 MeV. These values for the masses are close to
the GMO [41] octet and singlet masses 410 and 885 MeV for the pseudoscalar and vector mesons respectively. The
cut-off masses for pseudoscalar, vector, and axial-vector have been set equal to the octet ones, i.e. ΛP

1 = Λ
P
8 etc. But,
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Figure 23: Potentials in the anti-symmetric SU(3)-irrep base. The red and green lines denote potentials with and without SU(3)-symmetry breaking
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for the scalar nonet ΛS
8 = Λ

S
1 .

Comparison with the results from LQCD [83] shows qualitatively very similar results. The exception is the SU(3)-
singlet {1}-irrep. Here LQCD potential is attractive for 0 < r < ∞, whereas in ESC16 there is an attractive pocket
for r ≤ 0.5 fm and is repulsive for r > 0.5 fm. This shape is due to the behavior of the spin-spin potentials from
pseudoscalar and vector exchange, which have zero volume integrals.

14. Analyses with G-matrix interactions

The G-matrix theory gives a good starting point for studies of hyperonic many-body systems on the basis of free-
space YN interaction models [84, 85] and [64]. Here, the correlations induced by hyperonic coupling interactions
such as ΛN-ΣN ones are renormalized into single-channel G-matrices. These G-matrix interactions are considered
as effective interactions used in models of hypernuclei. Thus, the hypernuclear phenomena and the underlying YN
interaction models are linked through the YN G-matrix interactions, and the hypernuclear information gives a feedback
to the interaction models. Here, the properties of ΛN and ΣN sectors of ESC16 in nuclear medium are studied on the
basis of the G-matrix theory.

In Refs. [86, 87, 88, 89] the three-body interaction is added on ESC16, being composed of the multi-pomeron
exchange repulsive potential (MPP) and the phenomenological three-baryon attraction (TBA). The effective two-body
potential derived from MPP is given as

VMPP(r; ρ) = g(3)
P (gP)3 ρN

M5 ·
1

4π
4
√
π

(
mP
√

2

)3

exp
(
−

1
2

m2
Pr2

)
, (14.1)

where g(3)
P is the triple-pomeron coupling, and the pomeron mass mP and the two-body pomeron coupling gP are fitted

to the NN-data etc. In a similar way, one can obtain an effective two-body potential with a quartic pomeron coupling
g(4)

P . TBA also is given by a density-dependent two-body potential

VT BA(r; ρ) = V0
T BA exp(−(r/2.0)2) ρ exp(−ηρ) (1 + Pr)/2, (14.2)

where ρ = ρN and Px being a space-exchange operator. The values of g(3)
P , g(4)

P , V0
T BA and η in NN channels are adjusted

to reproduce the angular distribution of 16O+16O elastic scattering at E/A = 70 MeV with use of the G-matrix folding
potential, and values of the saturation density and the energy per nucleon there in nuclear matter [86, 87, 88]. Here,
the set (g(3)

P = 5.25, g(4)
P = 87.0) is adopted, that gives rise to the stiff EoS of neutron matter with a maximum mass

2M⊙ for a neutron star [86, 87]. Other sets, like MPa and MPa+ in [88], lead to similar results in the normal density
region, differences appear only in the high density region.

MPP works universally in all baryon-baryon channels according to its definition. Assuming here that TBA works
also in ΛN channels, the parameters are adjusted to reproduce well energy spectra of Λ hypernuclei. For simplicity,
taken is V0

T BA = −16.0 MeV, being more attractive than V0
T BA = −8.0 MeV in NN channels, and the same value of

η = 4.0 fm3. Hereafter, the interaction ESC16+MPP+TBA is denoted as ESC16+.
The channel-coupled G-matrix equation for the baryon pair B1B2 in nuclear matter [84], where B1B2 = ΛN and

ΣN reads

Gcc0 = vcc0 +
∑

c′
vcc′

Qy′

ω − ϵB′1 − ϵB′2 + ∆yy′
Gc′c0 , (14.3)

where c denotes a YN relative state (y,T, L, S , J) with y = (B1, B2). S and T are spin and isospin quantum numbers,
respectively. Then, a two-particle state is represented as 2S+1LJ . In Eq. (14.3), ω gives the starting energy in the
starting channel c0. ∆yy′ = MB1 + MB2 − MB′1 − MB′2 denotes the mass difference between two-baryon channels.
The Pauli operator Qy acts on intermediate nucleon states in a channel y = (B1, B2) = (ΛN,ΣN). Here, adopted
is the continuous (CON) choice for intermediate single particle potentials in the G-matrix equation, where an off-
shell potential is taken continuously frpm an on-shell one [90]. The G-matrix equation (14.3) is represented in the
coordinate space, whose solutions give G-matrix interactions. The hyperon single particle (s.p.) energy ϵY in nuclear
matter is given by

ϵY (kY ) =
ℏ2k2

Y

2MY
+ UY (kY ) , (14.4)
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where kY is the hyperon momentum. The potential energy UY is obtained self-consistently in terms of the G-matrix as

UY (kY ) =
∑
|kN |

⟨kYkN | GYN(ω = ϵY (kY ) + ϵN(kN)) | kYkN⟩ (14.5)

14.1. ΛN G-matrix

Table 20: Values of UΛ(ρ0) and partial wave contributions in 2S+1LJ states from the G-matrix calculations (in MeV). The value specified by D
gives the sum of 2S+1DJ contributions. Contributions from S -state spin-spin interactions are given by Uσσ = (UΛ(3S 1) − 3UΛ(1S 0))/12.

1S 0
3S 1

1P1
3P0

3P1
3P2 D UΛ Uσσ

ESC16 −13.3 −30.0 2.3 0.1 1.1 −2.3 −1.6 −43.7 0.83
ESC16+ −12.3 −27.4 2.9 0.3 1.7 −1.2 −1.9 −37.9 0.79

Let us calculate Λ binding energies in nuclear matter. In Table 20 shown are the potential energies UΛ(ρ0) for
a zero-momentum Λ and their partial-wave contributions in 2S+1LJ states at normal density ρ0 (kF=1.35 fm−1) in
the CON choice, where a statistical factor (2J + 1) is included in each contribution in 2S+1LJ state. The value of
UΛ for ESC16+ is rather less attractive than that for ESC16, because repulsive contributions of MPP are canceled
partially by attractive TBA contribution. Here, the value of V0

T BA is chosen so as to reproduce BΛ values of observed
Λ hypernuclei, as shown in next subsection. The contributions to UΛ from S -state spin-spin components can be seen
qualitatively in values of Uσσ = (UΛ(3S 1) − 3UΛ(1S 0))/12. These values of Uσσ also are given in Table 20. In
the same treatment, obtained were Uσσ=1.54 and 0.92 MeV for NSC97f and NSC97e, respectively. Various analyses
suggest that the reasonable value of Uσσ is between these values [64]. The Uσσ values for ESC16+ seem to be slightly
too small compared to this value.

Table 21: Parameters of YNG-ESC16. Continuous choice : G(kF ; r) =
∑3

i=1(ai + bikF + cik2
F ) exp[−(r/βi)2]

βi 0.50 0.90 2.00
a −3548 413.2 −1.787

1E b 7135 −1087 0.0
c −2723 428.5 0.0
a −2820 325.1 −1.372

3E b 5888 −909.3 0.0
c −2434 397.6 0.0
a 1635 88.84 −.9019

1O b −338.7 45.01 0.0
c 138.2 −2.532 0.0
a 2283 −223.6 −1.070

3O b −2359 204.7 0.0
c 823.6 −45.50 0.0

Table 22: Parameters of the additional interaction in YNG-ESC16+: ∆G(kF ; r) = (a + bkF + ck2
F ) exp[−(r/0.9)2]

1E 3E 1O 3O
a 18.23 16.54 27.78 26.20
b −45.62 −42.85 −78.02 −75.33
c 27.46 25.80 69.16 70.44
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For applications to various hypernuclear problems, it is convenient to construct kF-dependent effective local po-
tentials G(kF ; r) simulating the G-matrices in coordinate space, called YNG. Here, the G-matrices are parameterized
in a three-range Gaussian form

G(kF , r) =
3∑

i=1

(ai + bikF + cik2
F) exp[(−r2/β2

i )]. (14.6)

The parameters (ai, bi, ci) are determined so as to simulate the calculated G-matrix for each 2S+1LJ state. The pro-
cedures to fit the parameters are given in Ref. [64]. The obtained parameters for ESC16 are shown in Table 21. For
ESC16+, contributions from MPP+TBA are represented by modifying the second-range parts of G(kF , r) for ESC16
by ∆G(kF , r) = (a+bkF+ck2

F) exp[−(r/0.9)2]. The parameters for ∆G(kF , r) are given in Table 22. Then, the G-matrix
interaction for ESC16+ is given by G(kF , r) + ∆G(kF , r).

Here, it is worthwhile to comment about a qualitative feature of ∆G(kF , r). The MPP contributions increase rapidly
with matter density: In high (low) density region, they are very large (small), and canceled considerably by TBA at
normal-density region. Then, net contributions of MPP+TBA given by ∆G(kF , r) are attractive for smaller values of
kF than 1.35 fm−1.

Table 23: Central coupling parts of G-matrix interactions for ESC16, represented in a Gaussian form
∑3

i=1(ai + bikF + cik2
F ) exp(−(r/βi)2).

βi 0.50 0.90 2.00
a 5254 −796.7 8.509

ΛN-ΣN 1S 0 b –8049 1302 0.0
c 3126 –497.9 0.0
a –365.9 167.5 8.606

ΣN-ΣN 1S 0 b 881.7 –72.20 0.0
c –354.3 60.39 0.0
a –2868 393.9 –2.740

ΛN-ΣN 3S 1 b 4683 –729.1 0.0
c –1978 320.5 0.0
a 773.5 –156.2 –4.313

ΣN-ΣN 3S 1 b 159.0 –10.37 0.0
c –172.2 31.04 0.0

Table 24: Tensor coupling parts of G-matrix interactions for ESC16, represented in a r2-Gaussian form
∑3

i=1(ai + bikF + cik2
F )r2 exp(−(r/βi)2).

βi 0.50 0.90 2.00
a −44610 547.5 −.7435

ΛN-ΣN 3S 1 b 69890 −1018 0.0
c −26870 389.0 0.0
a −2476 25.46 −.0220

ΛN-ΛN 3S 1 b 3179 −28.42 0.0
c −677.6 −.5974 0.0

The solved G-matrices include not only ΛN-ΛN diagonal parts but also ΛN-ΣN coupling parts, and it is possible to
extract such coupling parts to treat ΛN-ΣN mixing problems. The ΛN-ΣN coupling interaction is determined so that
its matrix elements in k space simulate the corresponding G-matrix elements and its radial form tend to that of the bare
interaction in the outermost region. In Table 23 (Table 24), the parameters of the central (tensor) parts of ΛN-ΣN and
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ΣN-ΣN interactions in S states are given in a three-range Gaussian (r2-Gaussian) form. Here, the kF dependencies are
represented in the same form as the above diagonal parts. These coupling interactions can be used for ΛN-ΣN mixing
problems together with the ΛN-ΛN diagonal interactions in the Table 21.

Table 25: Parameters of SLS and ALS G-matrix interactions represented by three-range Gaussian forms G(r; kF ) =
∑

i(ai+bikF+cik2
F ) exp−(r/βi)2

in the cases of ESC16.

βi 0.40 0.80 1.20
a −11820 355.7 −1.541

SLS b 23600 −810.3 0.0
c −9796 325.2 0.0
a 1809 1.423 .7805

ALS b −1547 37.07 0.0
c 578.0 −15.73 0.0

In terms of the G-matrices GJS
LL′ (r) with S=1, the SLS interactions are given by the linear combination GS LS (r) =(

−2G01
11 − 3G11

11 + 5G21
11

)
(r)/12. The ALS G-matrix interaction GALS between 3P1 and 1P1 states is given so that its

matrix elements in k space simulate the corresponding G matrix elements ⟨3P1 |G | 1P1⟩. Because ⟨3P1 |G | 1P1⟩ and
⟨1P1 |G | 3P1⟩ are different from each other, GALS is derived from their averaged values. The SLS and ALS G-matrix
interactions obtained as a function of kF are represented in three-range Gaussian forms, the parameters of which are
given for ESC16 in Table 25.

In order to compare clearly the S LS and ALS components, it is convenient to derive the strengths of the Λ l-s
potentials in hypernuclei. In the same way as in Refs. [35, 3], the expression can be derived with the Scheerbaum
approximation [91] as U ls

Λ
(r) = KΛ 1

r
dρ
dr l · s. The values of KΛ can be calculated with use of GS LS (r) and GALS (r):

The obtained value at kF = 1.0 fm−1 is 3.8 MeV fm5. This value is smaller than those for not only NSC97e/f but also
ESC08a/b [64].

14.2. Λ hypernuclei by G-matrix folding potentials
The YNG ΛN G-matrix interaction given by Table 21 is expressed as GS

(±)(r), S and (±) denoting spin and party
quantum numbers, respectively. A Λ-nucleus potential in a finite system is derived from this ΛN interaction by the
expression

UΛ(r, r′) = Udr + Uex ,

Udr = δ(r − r′)
∫

dr′′ρ(r′′) Vdr(|r − r′′|; kF)

Uex = ρ(r, r′)Vex(|r − r′|; kF) , (14.7)

(
Vdr

Vex

)
=

1
4

∑
S=0,1

(2S + 1)[GS
(±) ± G

S
(∓)] . (14.8)

Here, densities ρ(r) and mixed densities ρ(r, r′) are obtained from spherical Skyrme-HF wave functions.
An important problem is how to treat kF values included in G-matrix interactions. Here, the following Averaged-

Density Approximation (ADA) is used, where an averaged value ⟨ρ⟩ is calculated by ⟨ϕΛ(r)|ρ(r)|ϕΛ(r)⟩ for each Λ
state ϕΛ(r), and ⟨kF⟩ is obtained by (1.5π2⟨ρ⟩)1/3.

Let us calculate the energy spectra of Λ hypernuclei systematically (13
Λ

C, 16
Λ

O, 28
Λ

Si, 51
Λ

V, 89
Λ

Y, 139
Λ

La, 208
Λ

Pb). In
Fig. 24, the calculated values are compared with the experimental values marked by open circles, the horizontal axis
being given as A−2/3, where solid and dashed curves are for YNG-ESC16+ and YNG-ESC16, respectively. Here,
the experimental data are shifted by 0.5 MeV from the values given in Ref. [92], which has been recently proposed
according to the improved calibration [93]. The G-matrix interaction for ESC16 is found to give, compared to the
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Figure 24: Energy spectra of 13
Λ

C, 28
Λ

Si, 51
Λ

V, 89
Λ

Y, 139
Λ

La and 208
Λ

Pb are given as a function of A−2/3, A being mass numbers of core nuclei. Solid
(dashed) lines show calculated values by the G-matrix folding model derived from ESC16+ (ESC16). Open circles and error bars denote the
experimental values taken from Ref. [92].

experimental values, an over-binding for BΛ. In ESC16+ values of V0
T BA = −16.0 MeV with η = 4.0 fm3 are chosen

so that the value of BΛ(89
Λ

Y) is reproduced well and the global fitting of BΛ values is nicely improved in comparison
with that for ESC16.

The difference between ESC16+ and ESC16 is due to the extra terms ∆G(kF , r) originated from MPP+TBA.
Especially, MPP plays an essential role to reproduce the nuclear saturation property and the stiffness of the EoS of
neutron-star matter [86, 87, 88]. Then, it is very important that ESC16+ gives a better fitting than ESC16: The density-
dependent attraction ∆G(kF , r) in low-density region works to reproduce better the energy spectra of heavy systems
and BΛ values of light systems. In high-density region, this extra term is dominated by MPP and leads to the stiff EoS
of the hyperon-mixed neutron-star matter [87, 88]. The present result suggests that such an effect of MPP+TBA is
based on terrestrial data of BΛ values.

Finally, note that the Λ s.p. energies in finite systems are not related simply to the UΛ(ρ0) values given in Table 20.
The UΛ(ρ0) values of −43.7 MeV (−37.9 MeV) for ESC16 (ESC16+) are very attractive compared to the value of −30
MeV, which is the depth UWS of the Λ Woods-Saxon (WS) potential suitable to the data of Λ hypernuclei [94].
However, it is misleading to compare the UΛ(ρ0) value directly to the UWS one. The Λ-nucleus folding potential
depends not only on the strengths of ΛN G-matrices but also on their kF dependencies.

Table 26: Values of UΣ(ρ0) at normal density and partial wave contributions in (2S+1LJ ,T ) states for ESC16+ (in MeV).

model T 1S 0
3S 1

1P1
3P0

3P1
3P2 D UΣ

ESC16 1/2 10.2 −24.7 1.9 2.1 −5.3 −0.2 −0.6
3/2 −13.1 29.5 −3.5 −2.1 5.3 −2.6 −0.2 −3.3

ESC16+ 1/2 10.8 −20.7 2.1 2.2 −5.0 0.2 −0.5
3/2 −11.4 33.3 −3.0 −2.0 5.6 −1.8 −0.0 +9.9
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14.3. ΣN G-matrix

Here, studied are the Σ binding energies in nuclear matter by solving the ΣN starting channel G-matrix equation.
The universal repulsion MPP has to work also in ΣN channels. Then, the problem is how to choose the phenomeno-
logical TBA part on the basis of experimental information. The positive values of UΣ(ρ0) can be compared roughly
with the repulsive component of the Σ nuclear potential obtained from analyzing strong-interaction shifts and widths
in Σ− atoms [95]. The size of repulsion is model dependent, giving rise to the estimation of 30± 20 MeV. Another ex-
perimental information for the repulsive Σ-nucleus potentials are given by the observed (π−,K−) spectra [96, 97, 98].
In Ref. [97], they performed the DWIA analysis for the data of 28Si(π−,K−) reaction, where some ΣN interaction
models were studied. The experimental spectrum was reproduced nicely by the Σ-nucleus potential obtained from
G-matrices for the Nijmegen OBE-model F [99] with the local density approximation, where the value of UΣ(ρ0) was
24 MeV. Considering that the experimentally suggested values of UΣ(ρ0) are strongly repulsive, taken is V0

T BA = 0.0
MeV. ESC16+ in ΣN channels is given by ESC16+MPP without TBA.

In Table 26 are shown the potential energies UΣ(ρ0) for a zero-momentum Σ and their partial-wave contributions
in (2S+1LJ ,T ) states for ESC16 and ESC16+. It should be noted here that the strongly repulsive contributions in 3S 1
T = 3/2 and 1S 0 T = 1/2 states are due to the Pauli-forbidden effects in these states, being taken into account by
strengthening the pomeron coupling in the ESC16 modeling.

In the left (right) panel of Fig. 25, UΣ values (their S -state contributions) are drawn as a function of kF for ESC16
and ESC16+ by dashed and solid curves, respectively. It is demonstrated that the repulsive UΣ values are due to
T = 3/2 3S 1 and T = 1/2 1S 0 contributions, and the repulsions are enhanced by the MPP contributions.

The value of UΣ is sensitive to the Pauli-repulsion parameter aPB. Though aPB = 0.39 is taken in ESC16, a larger
value of aPB gives rise to a more repulsive value of UΣ. Taking aPB = 0.59, UΣ(ρ0)=7.4 MeV and 20.3 MeV for
ESC16 and ESC16+ are obtained, respectively. Such a high value for the Pauli-blocking repulsion gives too high Σ+p
cross sections. In order to obtain strongly repulsive values of UΣ without over-estimating Σ+p cross sections, it might
be necessary to introduce further many-body repulsions.
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Figure 25: In the left (right) panel, the values of UΣ (partial-wave contributions) are drawn as a function of kF by dashed and solid curves for
ESC16 and ESC16+, respectively.
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15. ESC16-model YN(S = −2)-Results

In this section the results for the S=-2 calculations in [7] are reviewed: the effective-range parameters, the
’deuteron’ channel, and the G-matrix calculations. Because of the difficulty for the ESC16-model to give a sufficient
attraction for the well-depth UΞ, in [7] the extended models ESC16(⋆)(A, B) , see subsection 15.3, for BB-scattering
have been developed. Furthermore, a model with an effective ΞN-interaction for the description of the Ξ-nucleus
interaction has been studied. These are reviewed in 15.3 and 15.4, respectively. For the phase shifts, cross sections,
and potential figures, see [7].

15.1. Effective-range parameters
The effective-range parameters are given here and elsewhere in this review, because they contain some information

on the strength of the interaction since the scattering lengths are roughly proportional to the volume integral of the
potentials, see [57]. This is useful for the comparison with other BB-channels. For ESC16 the I = 0 ΛΛ(1S 0) and
ΞN(3S 1) low-energy parameters are

aΛΛ(1S 0) = −0.439 [ f m] , rΛΛ(1S 0) = 9.533 [ f m]
aΞN(3S 1) = −0.269 [ f m] , rΞN(3S 1) = −10.250 [ f m].

For I = 1 and ESC16:

aΞN(1S 0) = 0.556 [ f m] , rΞN(1S 0) = −3.043 [ f m],
aΞN(3S 1) = 0.144 [ f m] , rΞN(3S 1) = 41.005 [ f m],

For the ΣΣ channels:

aΣ0Σ0 = +0.495 [ f m] , rΣ0Σ0 = +11.943 [ f m],
aΣ±Σ± = −0.432 [ f m] , rΣ±Σ± = −594.51 [ f m],
aΣ±Σ∓ = +9.983 [ f m] , rΣ±Σ∓ = −44.578 [ f m].

We note that the ΣΣ(I = 2) channels are purely {27}-irrep, like the pp and Σ+p(1S 0, I = 3/2). This implies that the
nuclear interaction is rather attractive and rather close to a bound-state. In contrast to pp and Σ+p in the channels
Σ±Σ∓ the Coulomb is attractive. Indeed, there is a Coulomb-assisted bound-state for Σ±Σ∓, which by the effective-
range formula has a binding energy EB = 0.076 MeV. This does not happen for pp and Σ+p, where the Coulomb is
repulsive.

For the results at the ΞN threshold, and at the ΛΣ threshold, see [7]. The ΛΛ(1S 0) scattering lengths are found to
be larger in absolute value than in the NSC97 models [36], indicating a more attractive ΛΛ interaction.

The old experimental information 6
ΛΛ

He seemed to indicate a separation energy of ∆BΛΛ = 4 − 5 MeV, corre-
sponding to a rather strong attractive ΛΛ interaction. As a matter of fact, an estimate for the ΛΛ 1S 0 scattering length,
based on such a value for ∆BΛΛ, gives aΛΛ(1S 0) ≈ −2.0 fm [100, 101]. However, in recent years the experimental
information and interpretation of the ground state levels of 6

ΛΛ
He, 10

ΛΛ
Be, and 13

ΛΛ
B [102], has been changed drasti-

cally. This because the Nagara-event, identified uniquely as 6
ΛΛ

He [80], established that the ΛΛ-interaction is weaker
(∆BΛΛ ≈ 0.7 MeV). Furthermore, in ΛΛ-correlation studies of Heavy-Ion collisions [103] a small inegative aΛΛ(1S 0)
is favored.

In NSC97 [35] it was only possible to increase the attraction in the ΛΛ channel by modifying the scalar-exchange
potential. If the scalar mesons are viewed as being mainly qq̄ states, one finds that the (attractive) scalar-exchange
part of the interaction in the various channels satisfies

|VΛΛ| < |VΛN | < |VNN |, (15.1)

suggesting indeed a rather weak ΛΛ-potential. The NSC97 fits to the YN scattering data [35] give values for the
scalar-meson mixing angle which seem to point to almost ideal mixing for the scalars as qq̄ states. In NSC97 an
increased attraction in the ΛΛ channel would give rise to (experimentally unobserved) deeply bound states in the ΛN
channel. On the other hand, in the ESC-models there are in principle more possibilities because of the presence of
meson-pair potentials and this problem does not occur.
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15.2. No deuteron-like state in ΞN(3S 1 −
3 D1, I = 1)

The possible bound-states, using the SU(3) content of the different S = 0,−1,−2 channels are discussed in [36].
In ESC16 there is no bound-state with isospin I=1 or I=0 and strangeness S=-2. Apparently, the tensor contribution
in the spin triplet-coupled states is not large enough to give a bound state. In ESC08c a deuteron-like bound-state
was produced, belonging to the {10∗} SU(3)-irrep, which is a ΞN bound state in the 3S 1-3D1 coupled partial wave.
In model ESC04d [104], there occurs in the {8a}-state a ΞN bound state in the ΞN(3S 1-3D1, (I = 0) partial wave. In
the ESC04 models, this occurrence was ascribed to the inclusion of the potentials of the axial-vector-mesons, and the
meson pairs. Since the ESC04a-c versions did not show such a bound state it is considered to be accidental.

15.3. ESC16(⋆): ESC16 ⊕ SU(3)-symmetric Gaussians
The observation of the twin Λ hypernuclei [105, 106] and the KISO event [107] are strong indications that the

Ξ-nucleus interaction is not repulsive, but (moderately) attractive. Two events with ”twin” Λ hypernuclei (I) [105]
and (II) [106] were observed in the KEK E-176 experiment, and an event (III) [107] in the KEK E373 experiment.
This is in line with the result of the BNL-E885 experiment [108] giving UΞ ≈ −14 MeV. It appeared that this could
not be accomodated by the ESC16-model, which is strongly constrained by the NN and YN(S = −1) data. Moreover,
ESC16 fails to describe the Ξ−p-correlations found in the ALICE-experiment at CERN [31]. Therefore, there are
indications that the potentials of the ESC-models, although very successful for the NN and YN(S=-1) interactions,
are inadequate for the ΞN interaction, showing some ”incompleteness”. Possible sources of ”incompleteness” are e.g.:
(i) In the two-meson exchange potentials only the PS-PS are included, but not PS-VC, PS-SC, VC-VC, VC-SC etc.
(Inclusion of these exchanges was tested for NN and YN(S=-1) giving no improvements.), (ii) The SU(3)-structure of
the 33-resonances, like the Fujita-Miyazawa interaction, is not covered completely by the meson-pair exchanges, (iii)
Two-pair exchanges are not fully taken into account.

In [7] a new version ESC16(⋆) has been introduced by adding to the ESC16 model SU3-symmetric (s-wave)
phenomenological two-body forces: gaussian central-, spin-spin-, and tensor-potentials. This in the t- and u-channel
[109] SU(3)-irreps {µ′}: {27}, {8s}, {8a}, {10∗}, {10}. These new potentials, indicated by the subscript X, in the t- and
u-channel are denoted as W̃c, W̃σ, and W̃t for respectively the central-, spin-spin-, and tensor-potential, and taken of
the form

W̃µ′,c(r) = C{µ′} fW (r), W̃µ′,σ(r) = S {µ′} fW (r),

W̃µ′,t(r) = −(4/3)T{µ′} (mWr)2 fW (r), (15.2)

where C, S ,T are the t- and u-channel coefficients for the central (C), spin-spin (S) and tensor (T) potentials, and
fW (r) = exp(−m2

Wr2), mW = 300 MeV. For simplicity a universal profile has been assumed, which is similar to that of
the pomeron. No specific space-time structure is imposed leaving the central, spin-spin and tensor unrelated.
In general, the potentials in the s-channel irreps are related to those in the t- and u-channel by the crossing matrices
Xst, Xsu. For the so-called signatured potentials V (±) = [V(t) ± V(u)]/2 these can be combined. In Table 27 the SU(3)
crossing matrices X(±), derived from Ref. [110], for the signatured potentials are given. The SU(3)-singlet exchange
gives no distinction for the s-channel irreps and therefore is not included in the new S U(3)-symmetric potentials.
Then, the s-channel potentials in the {µ}-irrep corresponding to (15.2) are

W (±)
µ,c (r) =

∑
µ′

X(±)(µ, µ′) C{µ′} fW (r), (15.3)

and similarly for the spin-spin and tensor potentials. At present, experimentally it is not clear from which states the
major attractive contribution to UΞ comes. Therefore, in [7] the results for two choices of the C,S,T parameters were
worked out: ESC16(⋆)(A) and ESC16(⋆)(B). In these applications only central and spin-spin extra gaussian potentials
are included. In both cases, the fitted meson coupling constants are about equal to those obtained with ESC16, which
is also the case for the MPE couplings. Also, it appeared that the QPC-pattern of the baryon-baryon-meson gBBM-
couplings is preserved. The results are:
ESC16(⋆)(A): In this case it is assumed that S {10} = 0. The central and spin-spin parameters of the new potentials in
ESC16(⋆) from the fit are listed in Table 28. No new tensor potentials were included. As can be seen in Table 29, the
well-depths for ESC16(⋆+) are much improved qualitatively compared to ESC16. In this table the ”exp” values are
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Table 27: The st- and su-crossing matrix X(±) = [Xst ± Xsu]/2. Here (±) refers to the symmetric (27, 8s, 1) and the asymmetric (8s, 10, 10∗) irreps
respectively.

µ′β′γ′ (t, u)
27 8s 1 8a 10∗ 10

27 7/40 1/5 1/8 — — —
µβγ(s) 8s 27/40 –3/10 1/8 — — —

1 27/8 1 1/8 — — —
8a — — — 1/2 0 0

µβγ(s) 10 — — — 0 1/4 1/4
10∗ — — — 0 1/4 1/4

Table 28: ESC16(⋆)(A): Coupling constants SU(3)-symmetric gaussian potentials.

{µ} {27} {8s} {8a} {10∗} {10}
C{µ} –0.41 –0.19 –6.64 +0.12 –2.66
S{µ} –0.13 +0.90 +7.19 +0.49 0.0
T{µ} —- —- —- —- —-

the experimental nuclear saturation point EN , the UΛ and UΣ well-depth’s from Ref. [6], and for UΞ the [108] datum.
The ESC16(⋆+) model includes, in distinction to ESC16(⋆), three-body-forces (TBF’s) calculated from the meson-pair
interactions. The partial wave contributions to the UΞ-well-depth are displayed in Table 30. The attraction for UΞ
comes from the T=0 states, in particular the ΞN(1S 0,T = 0)- and the ΞN(3S 1,T = 0)-state. The T=1 states give
repulsion which comes mainly from the ΞN(1S 0,T = 1)-state. Note that the TBF contribution in Table 29 is repulsive
for all well-depth’s. Hence, the TBF used here would not lead to the desired attractive ΞN well-depth in the ESC16
model.
In the ESC16(⋆+) model there is enough flexibility to tune UΞ to a smaller value by refitting, eventually with an
extended combined fit including next to the NN⊕YN data, also the well depth’s treated as pseudo-data.

Table 29: ESC16(⋆)(A): The nuclear saturation energy EN = B/A, the well-depths UΛ,UΣ, and UΞ with SU(3)-symmetric interactions and three-
body forces (TBF) at kF = 1.35 fm, and ΛFM = 2500 MeV. EN = TN + UN , with TN = 22.626 MeV.

EN UΛ UΣ UΞ
”exp” -16.3 -37.9 +9.9 -14.0

ESC16(⋆) -19.9 -48.9 -26.1 -36.5
ESC16(⋆+) -16.4 -36.7 +8.0 -17.8

ESC16(⋆)(B): In this case R-conjugation symmetry [111] is assumed, which implies that C10 = C10∗ , S 10 = S 10∗ , and
T10 = T10∗ . (R-conjugation is not an SU(3)-symmetry, but an approximate symmetry of the ESC-model. It forbids
e.g. the 3P1 ↔

1 P1 transition, which is allowed under SU(3).) The results for this model are presented in Tables 31,
32, and 33. Comparison of Table 30 and Table 33 shows that the major attractive contribution comes from the
(1S 0,T = 0)- and (3S 1,T = 0)- partial wave for ESC16(⋆)(A) and ESC16(⋆)(B) respectively. These results show
that the extra freedom generated by the introduction of the SU(3)-symmetric Gaussian potentials W (±)

µ,v (r), (v = c, s, t)
leads to BB-interactions, which provide a good basis for calculations in S ≤ −2 hypernuclear physics, and the ALICE
correlation data.

61



Table 30: ESC16(⋆)(A): Partial wave contributions to UΞ(ρ0) at normal density.

model 1S 0
3S 1

1P1
3P0

3P1
3P2 UΞ Γc

Ξ

ESC16 T = 0 2.1 –0.4 –0.2 -5.3 1.5 –1.2
T = 1 9.2 7.6 1.0 0.8 –2.0 –0.5 +13.7 5.1

ESC16(⋆) T = 0 –23.5 –5.7 0.9 -2.6 1.3 –1.6
T = 1 7.0 –9.0 1.3 0.3 –3.2 –1.6 -36.5 9.0

ESC16(⋆+) T = 0 –16.0 –4.7 0.8 -3.2 2.1 –1.5
T = 1 10.3 –6.4 2.0 1.4 –3.2 0.7 -17.8 4.7

Table 31: ESC16(⋆)(B): Coupling constants SU(3)-symmetric gaussian potentials.

{µ} {27} {8s} {8a} {10∗} {10}
C{µ} –0.11 –0.49 –6.01 –3.27 –3.27
S{µ} –0.49 +1.74 +6.54 –0.60 –0.60
T{µ} —- —- —- —- —-

Table 32: ESC16(⋆)(B): The nuclear saturation energy EN = B/A, the well-depths UΛ,UΣ, and UΞ with SU(3)-symmetric interactions and three-
body forces (TBF) at kF = 1.35 fm, and ΛFM = 1750 MeV. EN = TN + UN , with TN = 22.626 MeV.

EN UΛ UΣ UΞ
”exp” -16.3 -37.9 +9.9 -14.0

ESC16(⋆) -20.2 -51.5 -27.3 -25.2
& TBF -14.4 -32.8 +17.6 -9.1

Table 33: ESC16(⋆)(B): Partial wave contributions to UΞ(ρ0) at normal density.

model 1S 0
3S 1

1P1
3P0

3P1
3P2 UΞ Γc

Ξ

ESC16 T = 0 2.1 –0.4 –0.2 -5.3 1.5 –1.2
T = 1 9.2 7.6 1.0 0.8 –2.0 –0.5 +13.7 5.1

ESC16(⋆) T = 0 –1.0 –8.6 0.7 -3.0 1.1 –1.8
T = 1 4.0 –11.7 0.9 0.2 –3.6 –2.3 -25.2 2.5

ESC16(⋆+) T = 0 0.4 –9.6 0.4 -4.9 2.9 –2.2
T = 1 7.9 –4.3 1.9 1.8 –3.9 0.6 -9.1 3.1
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15.4. ΞN G-matrix interaction and Ξ-nucleus states.
In Ref. [7] the G-matrix calculations have been performed with the continuous (CON) choice, where off-shell

potentials are taken into account continuously from on-shell ones in intermediate propagations of correlated pairs. A
two-body (2T+1)(2S+1)LJ-state is specified by spin S , isospin T , orbital and total angular momenta L and J, respectively.
Imaginary parts of G-matrices appear due to energy-conserving transitions from ΞN to ΛΛ channels in 11S 0 and 13PJ

states. A conversion width Γc
Ξ

is obtained from an imaginary part of UΞ by multiplying −2. The result UΞ(ρ0) for
ESC16 is shown in Table 34. The BNL-E885 experiment [108] suggests that a Ξ− s.p. potential in 12

Ξ−
Be is given

by the attractive Wood-Saxon (WS) potential with the depth ∼ −14 MeV. Furthermore, the emulsion events of Ξ
hypernuclei give clear evidence for attractive Ξ-nucleus potentials. The depth of the above WS potential is related
to the potential energy UΞ(ρ0) in normal-density matter, when a Ξ-nucleus potential is modeled as a local-density
potential UΞ(ρ(r)). Though their relation is only indirect, it is clear that the repulsive value of UΞ(ρ0) for ESC16 in
Table 34 is in contradiction with the above-mentioned experimental indications of attractive Ξ-nucleus interactions.

In order to realize an attractive Ξ-nucleus interaction, next to the ESC16(⋆)(A,B) solution to this problem, in
[7] also a phenomenological effective ΞN interaction Ve f f composed of two terms, a (πω)-pair exchange interaction
Vπω and a S U(3)-singlet interaction Vsinglet, has been added to the ESC16 interaction. The Vπω spin-spin and tensor
potential functions are given in Ref. [112], equation (C17). The effective interaction is given as

Ve f f (r; ρ) = (X2 + X3 f (ρ̃)) Vπω(r) + Xs Vsinglet(r),
f (ρ̃) = ρ̃ exp(−ηρ̃) (15.4)

with ρ̃ = ρ/ρ0. Here, the first term is assumed to have density-dependent strength, where f (ρ̃) is modeled so that it
dominates at low density and is negligible at higher densities. X2 and X3 are strengths of density-independent two-
body part and density-dependent one. This term brings about a large attraction especially in (TS P) = (11+) state, P
denoting parity. Xs is the strength of the S U(3)-singlet interaction, which works in (TS P) = (00+) and (01−) states.
The form of the singlet potential is chosen as Vsinglet = −ms exp(−m2

sr2/4), ms = 760 MeV and for the different
BB-channels the weights are the coefficients of V1 in Table 2.

Parameters X2, X3, η and Xs are determined so that the derived G-matrix interaction derived from ESC16+Ve f f

reproduces the experimental value of Ξ− binding energies BΞ− in Ξ−+14N system [113, 107]. For the analysis, studied
have been the four parameter sets A1, A2, B1 and B2, specified by (X2, X3, Xs)= (2.85, 0.0, 0.0), (2.55, 1.60, 0.0),
(1.65, 0.0, 10.0) and (1.07, 3.00, 10.0), respectively, η being taken as 1.6. In the case of B1 and B2, the Pauli-
blocking effect for [51]-configuration is not taken into account in the ESC16 construction. These four sets for Ve f f

give reasonable values of BΞ− (1S ) and BΞ− (2P) in the Ξ−+14N system.
Table 34 shows the potential energies UΞ and their partial-wave contributions in (2T+1)(2S+1)LJ states at normal

density ρ0 for ESC16, A1, A2, B1 and B2. The UΞ value for ESC16 turns out to be repulsive. Comparing the
partial-wave contributions for ESC16 with those for A1 or A2, one finds that the main difference is in 33S 1-state
contributions, being repulsive in the former and strongly attractive in the latter. The negative value of UΞ in the case
of A1 or A2 is due to the large 33S 1 attractive contribution of the ΞN-ΛΣ-ΣΣ tensor-coupling term in the (πω)-pair
exchange interaction in Eqn.(15.4). In the case of B1 or B2, the 33S 1 contributions are not so attractive, but instead
the S U(3)-singlet interaction in 11S 0 state contributes attractively to give the negative value of UΞ. The calculated
values of Γc

Ξ
(ρ0) are given in the Table 34, the dominant contributions of which come from the ΛΛ-ΞN-ΣΣ coupling

interaction in the 11S 0 state. Here, it should be noted that the Γc
Ξ

values for B1 and B2 are far smaller than those for
A1 and A2.

The calculated values for the HAL-QCD potential (t13) are also given in the Table 34. Here P-state values are
lacking because only the S -state potentials are given in Ref.[114]. There appear the two distinct features in the HAL-
QCD result: One is the strongly attractive value of partial-wave contribution in 11S 0 state. It should be noted that the
value in this state is given genuinely by the interaction because of the statistical weight factor (2T + 1)(2J + 1) = 1.
The other is the small value of Γc

Ξ
. Concerning these features, B1/B2 are more similar to HAL-QCD than A1/A2

owing to the S U(3)-singlet interactions. For reference, let us show the calulated values of UΞ(ρ0) for the t12 and t11
versions of the HAL-QCD potential, being −14.1 MeV and −16.2 MeV, respectively. Thus, these versions lead to
overbinding values of BΞ in comparison with the experimental data.

It is interesting to compare these results with those by the chiral NLO interactions. Their G-matrix results are
given in Ref.[115], where their calculated values of UΞ(ρ0) and their partial-wave contributions can be found in Fig.3
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Table 34: UΞ(ρ0) and partial wave contributions in (2T+1)(2S+1)LJ states for ESC16 and ESC16+Ve f f (A1, A2, B1, B2) calculated with the CON
choice. Γc

Ξ
denotes ΞN-ΛΛ conversion width. Also the calculated values are given for the HAL-QCD potential [114]. All entries are in MeV.

ESC16 A1 A2 B1 B2 HAL-QCD
X2 0.0 2.85 2.55 1.65 1.07
X3 0.0 0.0 1.6 0.0 3.0
Xs 0.0 0.0 0.0 10. 10.

11S 0 2.1 1.4 1.4 −4.0 −4.0 −4.9
13S 1 −0.4 −2.2 −2.2 −2.8 −2.8 −2.2
11P1 −0.2 −0.3 −0.3 −0.3 −0.3
13P0 −5.3 −3.5 −3.5 −2.0 −2.0
13P1 1.5 1.3 1.3 1.7 1.7
13P2 −1.2 −1.2 −1.2 −2.3 −2.3
31S 0 9.2 9.9 9.9 6.8 6.8 1.8
33S 1 7.6 −13.5 −13.9 −4.7 −4.9 −5.4
31P1 1.0 1.3 1.3 1.0 1.0
33P0 0.8 1.0 1.0 0.8 0.7
33P1 −2.0 −2.8 −2.8 −3.0 −3.0
33P2 0.5 0.1 0.1 −1.0 −1.0
UΞ +13.7 −8.5 −9.0 −10.1 −10.4 −10.6
Γc
Ξ

5.1 5.7 5.7 0.5 0.5 0.2

and Fig.2 (the values at k = 0 fm−1 in the figues), respectively. Then, their UΞ(ρ0) value is rather close to those for
A1/A2 and B1/B2. The 11S 0 and 13S 1 (31S 0 and 33S 1) contributions are similar to those for B1/B2 (A1/A2).

For the results on the finite Ξ−-nuclear systems: see Ref. [7], section VIIC. Here, the same method as for the Λ-
nuclei has been used. A Ξ-nucleus folding potential UΞ(r, r′) for each particular system is obtained from GTS

(±)(r; k f ),
similarly as for UΛ(r, r′) in Eqn.’s (14.7) and (14.8). It is assumed that a core nucleus is spherical, having zero spin and
isospin. The densities ρ(r) and mixed densities ρ(r, r′) have been obtained using Skyrme-HF wave functions. Using a
local approximation for Uex gives a local Ξ-nucleus potential UΞ(r; k f ) for a spherical core. The isospin dependence
of GTS

(±)(r; kF) leads to a Lane term. Only diagonal parts of the tΞ · Tc term have been taken into account. Results for

binding energies BΞ− , conversion widths Γc
Ξ−

, and radii
√
⟨r2⟩, have been worked out for Ξ− +12 C,Ξ− +14 N,Ξ− +16 O

and Ξ−+27Al, which have been shown in [7], Table XVII. These calculation also have been done for HAL-QCD.

16. ESC16-model YY(S = −3,−4)-Results

In this section the properties and results in [8] of the ESC16, and ESC16(⋆) potentials for the S=-3,-4 sectors are
presented. It appeared that the results for S=-3,-4 for the different models are not significantly different. Showed are
the detailed results for ESC16, which are sufficient to represent the possible kinds of results. In the following, the
model predictions for scattering lengths, bound states, and cross sections are shown.

16.1. Effective-range parameters
The (multi-channel) effective-range expansion, see [116], reads

pL+1/2(K̄J)−1 pL+1/2 − A−1 +
1
2

(p2 − p2
0)1/2 R (p2 − p2

0)1/2,

where K̄J is the mutilated KJ matrix with the 3D1 channels being cut out, A−1 is the inverse scattering-length matrix,
R the effective-range matrix, pL+1/2 and (p2 − p2

0)1/2 are the diagonal CM momentum matrices with elements pL+1/2
i

and (p2
i − p2

0i)
1/2. The low-energy parameters, i.e. scattering-lengths and effective-ranges, are shown for the S=-4

channels. For the low-energy parameters of the S=-3 channels ΛΞ,ΣΞ having I = 1/2, 3/2, see Ref. [8]. Here A and
R are matrices, which makes a thorough analysis complicated.
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16.2. S=-4 Results

The following S=-4 low-energy parameters of ESC16 are obtained, where the C denotes Coulomb included

aC
ΞΞ(1S 0) = −1.81 [ f m], rC

ΞΞ(1S 0) = 3.89 [ f m],
aΞΞ(1S 0) = −1.90 [ f m], rΞΞ(1S 0) = 4.28 [ f m],
aΞΞ(3S 1) = +0.52 [ f m], rΞΞ(3S 1) = 2.74 [ f m].

For ESC16(⋆)(A):

aΞΞ(1S 0) = −1.69 [ f m], rΞΞ(1S 0) = 4.71 [ f m],
aΞΞ(3S 1) = +0.48 [ f m], rΞΞ(3S 1) = 3.41 [ f m].

For ESC16(⋆)(B):

aΞΞ(1S 0) = −1.86 [ f m], rΞΞ(1S 0) = 4.45 [ f m],
aΞΞ(3S 1) = +0.49 [ f m], rΞΞ(3S 1) = 3.16 [ f m].

Comparison with the NN low-energy parameters in Table 13, shows that the interactions in the ΞΞ-channels is weaker,
and there is no S=-4 analogon of the deuteron.

16.3. Bound states in S waves

The effective range formula for the pole position of a possible bound state in momentum space is

κ± =
(
1 ±

√
1 − 2r/a

)
/r, B± = −κ2

±/(2mred),

where the momentum is p± = iκ±. The pole closest to the lowest threshold is given by κ−, and (usually) κ+ is outside
the region of the approximate validity of the effective-range formula. which for ΞΞ(1S 0) gives κ− < 0, meaning an
anti-bound state, and κ+ is too large for the effective range expansion to be valid. In the case of ΞΞ(3S 1) the root
is imaginary, and so no bound state. (Apparently, there is enough SU(3)- and R-symmetry breaking to prevent a
deuteron-like bound state in this channel.) Similar analysis shows that also in the other channels, there do not occur
bound states.
A discussion of the possible bound-states, using the SU(3) content of the different S = 0,−1,−2 channels is given in
[35]. In contrast to the NSC97 models, no S<0 bound states are found in the ESC16 models.

16.4. Partial Wave Phase Parameters

For the BB-channels below the inelastic threshold, for the parametrization of the amplitudes the standard nuclear-
bar phase shifts of [117] are used. The information on the elastic amplitudes above thresholds is most conveniently
given using the BKS-phases [118, 119, 120, 121]. For uncoupled partial waves, the elastic BB S -matrix element is
parametrized as

S = ηe2iδ , η = cos(2ρ) . (16.1)

For coupled partial waves the elastic BB-amplitudes are 2 × 2-matrices. The BKS S -matrix parametrization reads

S = eiδeiϵN eiϵeiδ , (16.2)

where

δ =

(
δα 0
0 δβ

)
, ϵ =

(
0 ϵ
ϵ 0

)
, (16.3)

and N is a real, symmetric matrix parameterized as

N =
(
η11 η12
η12 η22

)
. (16.4)
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Figure 26: ESC16 Ξ0Ξ0(1S 0, I = 1)- and Ξ0Ξ−(3S 1, I = 0) phases.
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Figure 27: ESC16 ΛΞ I = 1/2 phases.
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Figure 28: ESC16 I = 1/2 1S 0(Σ0Ξ0) phases and η-inelasticities.
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Figure 29: ESC16 I = 1/2 3C1(Σ0Ξ0)-phases and η-inelasticities.
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Figure 30: ESC16 I = 3/2 Σ+Ξ0-phases.

In Fig. 26 the S=-4 ESC16 nuclear-bar phases for Ξ0Ξ0(1S 0, I = 1) and Ξ0Ξ−(3S 1, I = 0) are shown. Fig. 27 shows
the ΛΞ0(1S 0) and ΛΞ−(3S 1 −

3 D1) phase parameters. Fig. 28 and Fig. 29 show for ESC16 the Σ0Ξ0(I = 1/2) BKS
phase shift and inelasticity parameters for 1S 0 and 3S 1 respectively. Similarly, Fig. 30 shows the Σ+Ξ0(I = 3/2) phase
shifts.

The Ξ−Ξ−,Ξ0Ξ−,Ξ0Ξ0 nuclear-bar phase shifts for I=1 and I=0 as a function of the momentum and energy are
given in the tables in [8], Appendix D for ESC16. Similarly, for the BKS-parametersΛΞ0,ΛΞ(I = 1/2),ΣΞ0(I = 1/2),
and Σ+Ξ0(I = 3/2). the inelasticity parameters ρ and η11, η12, η22, which contains the information to construct the δ−,
ϵ−, N- and S-matrix. The ΞΞ(1S 0, I = 1) phase shift is in agreement with LQCD, see Ref. [122] Fig.2. For example
at plab = 200 MeV/c, which means Tcm = 3.8 MeV, ESC16 has δ(1S 0, I = 1) = 23.71 deg, and ESC16(⋆)(A) has
δ(1S 0, I = 1) = 21.45 deg, which both match with the LQCD result.
Notice that the ΞΞ(3S 1, I = 0)-phase shows repulsion, which qualitatively agrees with the LQCD result.
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17. Neutron-stars, Hadronic Matter, QHT, BQM

17.1. ESC-model and 2.1M⊙ Neutron-star’s

1. Neutron stars (NS’s) appear at the evolutionary endpoint of heavy stars as remnants of the collapsed core after
the ”supernova explosion”. The result of the collapse is dominated by a degenerate neutron system, where
equilibrium is achieved at a minimum of the total energy. Landau (1932) estimated that the maximum number
of baryons for equilibrium is, see e.g. [123], Nmax ∼ (ℏc/GNm2

B)3/2 ∼ 2 × 1057 giving a mass Mmax ∼ 1.5M⊙.
The discovery of many pulsars, after the first one in 1967, with a mass close to 1.44M⊙, which are identified
being neutron stars.

2. In studies of neutron stars, a key role is played by the equation of state (EoS) for dense nuclear matter. The
calculation of the EoS, using the Bruckner-Hartree-Fock G-matrix approach, with only ESC meson-exchange
interactions, gives MNS ≈ 1.35M⊙ [124]. With hyperon-mixing, e.g. Λ etc., in neutron-matter softens the EoS
and the maximum mass is reduced considerably, which makes the discrepancy between the meson-exchange
model and the NS observations even more severe. This problem, called ”hyperon-puzzle”, is addressed in this
review.

3. Recently, massive neutron stars with masses over 2M⊙ have been reliably established by the observations of
J1614−2230 [125], J0348+0432 [126], J0740+6620 [127] and J0952-0607 [128]. Also for these massive neu-
tron stars over 2M⊙, the softening of the EoS by hyperon mixing in neutron-star matter is an even more
real problem. The EoS softening is caused by the conversion of high-momentum neutrons at Fermi surfaces
to low-momentum hyperons via strangeness non-conserving weak interactions, overcoming the mass differ-
ence between nucleons and hyperons utilizing the Fermi energy. Generally, such mechanisms can be due to
the possible appearance of other hadronic degrees of freedom, such as ∆ isobars [129], meson condensates
[130, 131, 132, 133, 134] or quark phases [135, 136, 137, 138, 139, 140, 141, 142, 143, 144] and [10, 11].
Since such mechanisms of EoS softening are inevitable in neutron-star matter, it has been one of the central
issues in this field to model EoSs, giving star masses over 2M⊙.

4. From the analyses of the X-ray data taken by the Neutron Star Interior Composition Explorer (NICER) and
the X-ray Multi-Mirror (XMM-Newton) observatory, the radius information of NS’s has been obtained for the
massive NS PSR J0740+6620 with 2.1M⊙ and 1.4M⊙ NSs, whose radii are denoted as R2.1M⊙ and R1.4M⊙ . The
radius information of massive NS’s gives important constraints for neutron-star EoSs, which are demonstrated
critically by reproducing the neutron-star radii [11].
A more precise measurement of the radius PSR J0740+6620 using updated NICER data yielded R = 12.49+1.28

−0.88
km with the determined mass M = 2.08 ± 0.07M⊙ [145]. Adopting their median values of M = 2.1M⊙ and
R2.1M⊙ = 12.5 km as data, they are compared with the calculated results. Then, these values are used as the
criteria for EoSs, which is far more severe than the one using only the mass values as 2M⊙. In mass and radius
(MR) relations of neutron stars , the criterion for MR curves is to reach the MR point of (M = 2.1M⊙,R2.1M⊙ =
12.5 km).

5. Several mechanisms have been proposed to reproduce masses over 2M⊙, solving the ”hyperon-puzzle”. Among
them, the baryonic approach is to introduce repulsive three-body forces at the baryonic level [146, 147, 148,
149, 150], and [87, 88, 89]. In [87, 88, 89], the multi-pomeron exchange potential (MPP) was introduced as
a model of universal repulsions among three and four baryons based on the extended soft core (ESC) baryon-
baryon interaction model [5, 6, 7, 8]. With the MPP modeling of hyperonic three-body repulsions, the EoS
softening by hyperon mixing is not satisfactorily recovered for heavy neutron stars (MNS ∼ 2M⊙): The max-
imum masses do not significantly exceed 2M⊙, even if MPP repulsions are taken strongly enough. It seems
difficult to reproduce both Mmax ∼ 2.1M⊙ and R2.1M⊙ ∼ 12.5 km by hadronic-matter EoSs with hyperon
mixing.

6. The challenging subject is to study quark deconfinement phase transitions from a hadronic-matter EoS to a
sufficiently stiff quark-matter EoS, giving Mmax ∼ 2.1M⊙ and R2.1M⊙ ∼ 12.5 km. It is known that quark-hadron
phase transitions should be ”crossover” or at most weak first-order to obtain EoSs stiff enough, because strong
first-order transitions soften EoSs remarkably [135, 136, 137, 138, 139, 140, 141, 142, 143, 144], and [10].
Then, it seems essential that repulsive effects in quark phases are present to result in massive stars over 2M⊙.
Without such repulsive effects, the quark mixing in neutron-star matter brings about a remarkable softening
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of the EoS and a maximum mass is reduced to a value far less than 2M⊙, where the EoS softening caused by
the conversion of high-momentum neutrons to low-momentum quarks. Our approach to this problem is given
by the quark-hadron transition (QHT) model [10, 11], including the quark-quark (QQ) repulsions composed of
meson-exchange and one-gluon-exchange potentials.

7. Another type of quark phase in neutron-star interiors is given by the so-called quarkyonic matter, see [151,
152, 153, 154, 155, 156, 157, 158], and [11], where the degrees of freedom inside the Fermi sea are treated
as free quarks and nucleons exist at the surface of the Fermi sea. In the quarkyonic matter, the existence of
free quarks inside the Fermi sphere gives nucleons extra kinetic energy by pushing them up to higher momenta,
leading to increasing pressure. In the typical quarkyonic matter formalism [153], the thickness parameter ∆
for the neutron Fermi layer plays a decisive role for neutron star MR curves, where no important conclusions
can be drawn regarding the underlying quark-quark (QQ) and quark-baryon (QB) interactions. In Ref. [12], the
nucleon-quark mixed (NQM) model composed of nucleons and u- and d-quarks in the Bruckner-Hartree-Fock
(BHF) framework has been proposed, which is suitable to clarify the effects of QN and QQ interactions. This
model can be easily extended to the baryon-quark mixed (BQM) model composed of nucleons, hyperons, u-,
d- and s-quarks. In these models, quark densities in mixed matter are determined by equilibrium conditions
between chemical potentials of baryons and free quarks without the use of ad hoc parameters such as the
Fermi-layer thickness ∆.

17.2. EoS in the BHF framework

Here, the expressions for the baryon-quark mixed matter are given, in which those for baryonic matter and quark
matter are included as limiting cases. The system of baryon-quark mixed matter is composed of baryons (n, p+,Λ),
free quarks (u, d, s) and electrons (e−), where a baryon number density ρB is given by a sum of n-, p- and Λ-densities,
ρB = ρn + ρp + ρΛ, and a quark number density ρQ by a sum of u-, d- and s-quark densities, ρQ = ρu + ρd + ρs. In
the BHF framework, bare two-body BB,QQ, and QB potentials are renormalized into G-matrix interactions, namely,
effective two-body interactions: G-matrix interactions GBB′ ,GQB, and GQQ′ , with B, B′ = n, p,Λ and Q,Q′ = u, d, s,
are derived from the bare BB, QB and QQ interactions. They are given for each (T, S , P) state, with T, S , and P being
isospin, spin, and parity in a two-body state, respectively.

Potential densities of B and Q are given by

UBB(k) =
∑

B′=n,p,Λ

U(B′)
B (k) =

∑
B′=n,p,Λ

∑
k′<k(B′)

F

⟨kk′|GBB′ |kk′⟩ (17.1)

UBQ(k) =
∑

Q′=u,d,s

U(Q′)
B (k) =

∑
Q′=u,d,s

∑
k′<k(Q′ )

F

⟨kk′|GBQ′ |kk′⟩ (17.2)

UQQ(k) =
∑

Q′=u,d,s

U(Q′)
Q (k) =

∑
Q′=u,d,s

∑
k′<k(Q′ )

F

⟨kk′|GQQ′ |kk′⟩ (17.3)

UQB(k) =
∑

B′=n,p,Λ

U(B′)
Q (k) =

∑
B′=n,p,Λ

∑
k′<k(B′)

F

⟨kk′|GQB′ |kk′⟩ (17.4)

where kB
F and kQ

F are Fermi momenta of baryon B and quark Q, respectively, and spin and isospin quantum numbers
are implicit.

The quark energy density for Q = u, d, s in baryon-quark mixed matter is given by

εQ = mQρQ + gsNc

∫ kQ
F

0

d3k
(2π)3

{√
ℏ2k2 + m2

Q +
1
2

UQQ(k) +
1
2

UQB(k)
}
, (17.5)

where Fermion spin and quark-color degeneracy give factors gs = 2 and Nc = 3.
The baryon energy density for B = n, p,Λ is given by

εB = mBρB + τB + vB = mBρB + gs

∫ kB
F

0

d3k
(2π)3

{√
ℏ2k2 + m2

B +
1
2

UBB(k) +
1
2

UBQ(k)
}
. (17.6)
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The expression of εQ (εB) in quark (baryonic) matter is obtained by omitting UQB (UBQ).

In baryon-quark mixed matter, the total energy density is given by ε = εn + εp + εΛ + εu + εd + εs + εe.
Chemical potential µi(i = n, p,Λ, u, d, s, e) and pressure P are expressed as

µi =
∂εi

∂ρi
, (17.7)

P =
∑

i=n,p,Λ,u,d,s,e

µiρi − ε . (17.8)

17.3. BB interactions and hadronic matter

The hadronic matter is defined as β-stable 12 baryonic matter. As a starting point for investigating the baryon-
quark mixed matter, recapitulated is a typical hadronic matter EoS composed of n, p+,Λ, e− in the BHF framework
with the use of ESC baryon-baryon (BB) interactions VBB and three-body parts VBBB [87, 88, 89]. VBBB is composed of
attractive and repulsive parts. The repulsive part contributes increasingly in high-density regions, being indispensable
for stiff EoSs. The BB G-matrix interactions GBB are derived from BB bare interactions VBB or VBB +VBBB [87]. They
are given for each (BB′,T, S , P) state, T, S , and P being the isospin, spin, and parity, respectively, and represented as
GTS P

BB′ . In β-stable hadronic matter composed of n, p+,Λ, e−, equilibrium conditions are given as

1. chemical equilibrium conditions,
µn = µp + µe , µn = µΛ. (17.9)

2. charge neutrality
ρp = ρe (17.10)

3. baryon number conservation
ρ = ρn + ρp + ρΛ. (17.11)

As is well known, the nuclear matter EoS is stiff enough to assure neutron-star masses over 2M⊙, if the strong
three-nucleon repulsion is taken into account. However, there appears a remarkable softening of the EoS when exotic
degrees of freedom, such as hyperon-mixingr, are included. As one of the ideas to avoid this “hyperon puzzle”, it
was proposed that the three-body repulsions worked universally for every kind of baryons [146]. In [87, 88, 89] the
multi-pomeron exchange potential (MPP) was introduced as a (physical) model of universal repulsions among three
and four baryons. The recent ESC works are mentioned in [5, 6, 7, 8].

In [89], they propose three versions of MPP (MPa, MPa+, MPb), where MPa and MPa+ (MPb) include the three
and four body (only three-body) repulsions. The obtained MR curves for nucleonic-matter EoSs are given in [89]
(Fig.3), where the curves move upwards with increasing MPP repulsions. The important criterion is the value of
R1.5M⊙ : There are given R1.5M⊙ = 12.5 km (MPb), 13.1 km (MPa), 13.4 km (MPa+) in [89] (Table IV). Considering
that the median values of the observed data of R1.4M⊙ are about 12.4 km, adopted is here the MPb version of MPP for
three-body repulsions. It should be noted that the value of R1.5M⊙ for the nucleonic-matter EoS does not change much
by mixings of hyperons or free quarks, as shown later, if their onset densities are larger than about 2ρ0. It is commented
that the three-nucleon repulsion included in MPb is stronger than the corresponding one (UIX) in the standard model
in [159], giving rise to R1.5M⊙ ≈ 11.6 km [160]. Values of Mmax and R2M⊙ are obtained from the EoSs including MPb
for hadronic matter with (without) Λ mixing, which are Mmax/M⊙ = 2.06 (2.19) and R2M⊙ = 11.3 km (11.8 km) for
the EoS with (without) Λmixing. Thus, it is difficult to satisfy the criterion reproducing (M = 2.1M⊙,R2.1M⊙ = 12.5
km) by hadronic-matter EoS, even if MPP repulsions are included.

Nucleonic matter given by ESC+MPb is denoted as NUCM, and baryonic matter given by ESC+MPb (ESC only)
as BRYM (BRYM0), where nucleonic (baryonic) matter is composed of n, p+, e− (n, p+, Λ, e−).

12In β-stable matter the process n→ p+ + e− + ν̄e is blocked by the occupied electron states.
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17.4. QQ interaction and QHT model

The bare QQ repulsive interaction is given by [161]

VQQ = VEME + VOGE (17.12)

where VEME and VOGE are the extended meson-exchange potential and the one-gluon-exchange potential, respectively.
The parameters in the QQ potential are chosen to be consistent with physical observables.

The VEME QQ potential is derived from the ESC BB potential so that the QQM couplings are related to the BBM
couplings through folding procedures with Gaussian baryonic quark wave functions in the constituent quark model
(CQM). Features of the VEME NN potential persist in the VEME QQ potential, which includes strongly repulsive
components from vector-meson and pomeron exchanges between quarks, next to pseudoscalar, scalar, and axial-
vector meson exchanges. No free parameter is included in VEME .

Another repulsive component is given by VOGE whose strength is determined by the quark-gluon coupling constant
αS , which is treated as a parameter to tune the QQ potential. The OGE-potential used is

VOGE(r) =
1
4

(λ1 · λ2)αS Vvector(m;r) (17.13)

where λa (a = 1, 8) are the Gell-Mann matrices in SU(3) color space, and Vvector(mG; r) is the OBE vector-exchange
potential. The gluon mass is taken as mG = 420 MeV [162].

In [161], the instanton potential VINS and the multiple-pomeron exchange potentials among quarks VMPP are
included in VQQ adding to VEME and VOGE . Here, they are omitted for simplicity, because attractive and repulsive
contributions of VINS and VMPP, respectively, are rather canceled from each other, and the results for VQQ = VEME +

VOGE + VINS + VMPP can be simulated well by those for VQQ = VEME + VOGE by adjusting the parameter αS .

In the QHT model, quark-hadron phase transitions occur at the crossing points of the hadron pressure PH(µ) and
quark pressure PQ(µ), being the onset densities of quark phases into the hadronic phases. To control onset densities,
density-dependent quark masses are introduced, which are specified by the parameters ρc, γ and B0 as follows

M∗Q(ρQ) =
M0

1 + exp[γ(ρQ − ρc)]
+ m0 +C (17.14)

with C = M0 − M0/[1 + exp(−γρc)] assuring M∗Q(0) = M0 +m0, where ρQ is the number density of quark matter, and
M0 and m0 are taken as 300 (360) MeV and 5 (140) MeV for u and d(s) quarks. The effective quark mass M∗Q(ρQ)
should be used together with B(ρQ) = M∗Q(0) − M∗Q(ρQ) + B0, meaning the energy density difference between the
perturbative vacuum and the true vacuum.

Then, the four parameters (αS , ρc, γ and B0) determine EoSs and neutron-star MR curves. The parameters are
chosen such that the maximum masses Mmax are as large as possible under onset densities of 2ρ0: The chosen
parameters are αS = 0.69, ρc = 7.5ρ0, γ = 1.2 and B0 = 10.0. In the following section, the results for this parameter
set are shown in order to demonstrate that it is possible to satisfy the criterion (M = 2.1M⊙,R2.1M⊙ = 12.5 km) in
the QHT model.

In the EoS of β-stable quark matter composed of u,d,s,e−, the equilibrium conditions are given as

1. chemical equilibrium conditions,
µd = µs = µu + µe, (17.15)

2. charge neutrality

0 =
1
3

(2ρu − ρd − ρs) − ρe, (17.16)

3. baryon number conservation

ρB =
1
3

(ρu + ρd + ρs) =
1
3
ρQ. (17.17)
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In order to construct the hybrid EoS including a transition from the hadronic phase to the quark phase, use is made of
the replacement interpolation method [142, 11], being a simple modification of the Maxwell and Glendenning (Gibbs)
construction [163]. The EoS of hadronic and quark phases and that of the mixed phase are described with the relations
between the pressures and chemical potentials PH(µ), PQ(µ) and PM(µ), respectively. The critical chemical potential
µc for the transition from the hadronic to the quark phase is obtained from the Maxwell condition

PQ(µc) = PH(µc) = Pc. (17.18)

The pressure of the mixed phase is represented by a polynomial ansatz. Matching densities ρH and ρQ are obtained
with use of ρ(µ) = dP(µ)/dµ. There is no room for hyperon-mixing in the QHT model when the transition densities
to quark phases are lower than the onset densities of hyperons in the hadronic phases.

17.5. QB interaction and the BQM model
In BHF calculations of baryon-quark mixed (BQM) matter, quark-quark (QQ) and quark-baryon (QB) two-body

interactions are needed as well as BB interactions. In the present BQM calculations, for simplicity, QQ interactions
are omitted because quark densities are lower than baryon densities, and their contributions to EoSs are small.

In [161] QN potentials V (QN)
EME are derived together with QQ potentials V (QQ)

EME , in which meson-quark-quark and
meson-nucleon-nucleon couplings are determined consistently in the framework of the CQM. These meson-exchange
QN potentials are weakly repulsive and not useful to stiffen the EoSs. On the other hand, the VQN)

DQE potential is derived
from a phenomenological description of the confinement-deconfinement mechanism via a nucleon-triquark coupling.
Here, for the triquark [164] a quark-diquark presentation is exploited. The diquark-exchange (DQE) potential V (QN)

DQE

derived in [165, 166, 167] is repulsive, its strength is given by the baryon-triquark coupling λ3. Then, V (QN)
EME is omitted

in the present BQM calculations, because results for V (QN) = V (QN)
EME + V (QN)

DQE with some value of λ3 can be simulated
well by those for V (QN) = V (QN)

DQE with a slightly larger value of λ3.

The V (QN)
DQE potential with N = n, p and Q = u, d is derived from a phenomenological description of a confinement-

deconfinement mechanism via a nucleon-triquark coupling, using for the triquark [164] a quark-diquark presentation.
This leads to an effective NJL-type quark-nucleon interaction,

L
(2)
int = λ

2
3(ψ̄γ5γµτQ) · Q̄γ5γ

µτψ)/M2, (17.19)

where the ratio λ3/M is a free (density dependent) parameter. In (17.19) the isospinor is denoted by Q=(u,d). The
diquark-exchange central potential is

V (QN)
DQE (r) = −λ2

3
Λ

4π
√
π

Λ2

M2 (τ1 · τ2)(σ1 · σ2) Px ·

×

[
1 −

Λ2

mNmQ

(
1 −

3(mN − mQ)2

16mNmQ

) (
1 −
Λ2r2

6

)]
exp

[
−
Λ2r2

4

]
, (17.20)

where the nucleon-triquark coupling λ3 is dimensionless, and Px is the space-exchange operator. The cut-off Λ
and the scale mass M are adjustable parameters. Choosing M = MN in vacuum QCD-sum-rules [168] predict
λ3 ≈

√
e/2(2π)−2[MN/(ℏc)]3 giving λ3/

√
4π ≈ 0.96. The remarkable feature of the DQE qN-potential (17.20) is that

it gives repulsion in all partial waves. The sign in Eq. (17.20) comes from the diquark propagator, which differs a
(-)-sign from the Q̄Q-exchange propagator. In Appendix L is given a more complete derivation of the V (QN)

DQE potential.
In the present framework, λ3 is treated as a parameter to adjust resulting EoSs.

The flavor SU(3) generalized quark-baryon diquark exchange potential is denoted as V (QB)
DQE with B = n, p,Λ and

Q = u, d, s. In [169] the following relations are derived: V (uΛ)
DQE = V (un)

DQE/2, V (dΛ)
DQE = V (dp)

DQE/2, V (sΛ)
DQE = V (un)

DQE , and
V (sN)

DQE = 0.0 with N = n, p.

In BQ-mixed matter composed of n, p,Λ, u, d, s and e, their partial densities are denoted as ρn, ρp, ρΛ, ρu, ρd, ρs

and ρe, respectively. Their mixing ratios are defined as yp = ρp/ρn, yΛ/ρn, yu = ρu/ρn, yd = ρd/ρn, ys = ρs/ρn,
ye = ρe/ρn, respectively. The equilibrium conditions are given as
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1. chemical equilibrium conditions,

µn = µp + µe , µn = µΛ ,

µn = µu + 2µd , µp = 2µu + µd , µΛ = µu + µd + µs , (17.21)

2. charge neutrality

0 = ρp +
1
3

(2ρu − ρd − ρs) − ρe , (17.22)

3. baryon number conservation

ρ = ρn + ρp + ρΛ +
1
3
ρQ, (17.23)

where ρ is total density and ρQ = ρu + ρd + ρs. The mixing ratios have to be determined from the equilibrium
conditions, which are applied in an approximate way as follows. As a first simplification, yp and yΛ are determined
by the equilibrium conditions µn = µp + µe and µn = µΛ in hadronic matter, which is brought into BQ-mixed matter.
Then, µn, µu, µd and µs are given as functions of yd = ρd/ρn and yu = ρu/ρn. In Eq. (17.21) µn becomes the expression
µn(ρn, yu, yd, ys) = µu(yn) + 2µd(yd). This equation has to be solved together with the equations µp = 2µu + µd and
µΛ = µu + µd + µs. As the second simplification, the ratios yd, yu, and ys in the quark parts are assumed to be related
to yp and yΛ in the baryonic parts by 2yd + yu = 1, yd + 2yu = yp and yu + yd + ys = yΛ. Then, µn(ρn, yu, yd, ys) in
Eq. (17.21) is given as by a function of variables ρn and yd. Using solved yd values, yu and ys are determined by
the above relations. Thus, mixing ratios of quark components are obtained by solving Eq. (17.21), which leads to
energy densities and pressures as a function of ρ. Forms of yq(ρ) with q=u,d,s, especially onset densities of quark
components, play decisive roles for EoSs and neutron-star MR curves.
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Figure 31: Mixing ratios in the BQM-b case are drawn as a function of total density ρ, onset densities of Bq states being 2.0ρ0 (κ = 1.12). Thin
solid curves are for yp and yΛ. Thick solid ones are for yd , yu and ys.

In the following section, two types of matter are investigated: (i) NQ-mixed matter composed of n, p, u, d and e,
and (ii) BQ-mixed matter composed of n, p,Λ, u, d, s and e. Baryonic parts of NQM and BQM are given by NUCM
and BRYM, respectively. BQM is denoted as BQM0 when its baryonic part is given by BRYM0. Namely, MPP
repulsions are included (omitted) in the ΛN parts of BQM (BQM0). A value of λ3 is chosen to reproduce a given
value of the onset density of BQ-mixed states into baryonic states:

λa case : λ3/
√

4π = 0.46 giving onset density 2.0ρ0 ; λb case : λ3/
√

4π = 0.41 giving onset density 1.7ρ0
These cases are denoted as NQM-λa and NQM-λb (BQM-λa and BQM-λb) in the NQM (BQM) case. On the other
hand, the choice of λ3/

√
4π = 0.96 gives rise to the onset density 4.6ρ0. When the onset density is of such a large

value, BQ-mixed states are not related to MR curves before reaching maximum masses.
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In Fig. 31, mixing ratios in the BQM-λa case are drawn as a function of total density ρ, where yp and yΛ are given
by thin solid curves, and yu, yd, ys by thick solid curves. It should be noted that the intersections with the ρ axis show
the onset densities, being 0.34 fm−1 (2.0ρ0) for yu and yd, and 0.50 fm−1 for yΛ and ys.

18. NS-matter Results

In Fig. 32, pressures P for models NQM, QHT, and NUCM EoSs are drawn as a function of ρ with ρ = ρn + ρp +

ρQ/3 (ρQ = 0 in QHT and NUCM models). The three solid curves are for NQM-λa and NQM-λb, marked in the
figure by λa and λb, respectively. The dashed and the dot-dashed curves are for QHT and NUCM EoSs, respectively.
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Figure 32: Pressures P for NQM, QHT, and NUCM EoSs are plotted as a function of ρ = ρn + ρp + ρQ/3. Solid curves marked by λa and λb are
for NQM-λa and NQM-λb, respectively. The dashed and dot-dashed curves are for QHT and NUCM EoSs, respectively.

In Fig. 33 pressures P for NQM, QHT, and NUCM EoSs are drawn as a function of the energy density ε, that is
P(ε). The dot-dashed curve shows pressures in NUCM matter. The three solid curves show the cases of NQM-λa and
NQM-λb, marked in the figure by λa and λb, respectively. The dashed curve is for QHT matter. The branching points
of these four curves from the dot-dashed curve are related to the quark onset densities. Derivatives of P(ε) are related
to the sound velocities given by c2

s = ∂P/∂ε. Derivatives of NQM and QHT curves (sound velocities) are larger than
that of the nucleonic (NUCM) matter curve, which means that the former EoSs are stiffer than the latter one owing to
the mixing of and the transition to quark states, respectively.

In Fig. 34, pressures P(ε) for BQM, BRYM, BQM0, and BRYM0 EoSs are drawn as a function of energy density
ε, where the thick (thin) curves are obtained in the case of including (omitting) the MPP repulsions in the ΛN parts.
The dot-dashed curves are pressures in baryonic (BRYM and BRYM0) matter. The larger derivative (stiffness) of the
thick (BRYM) curve than that of the thin (BRM0) one is caused by the MPP repulsion (recovery of the EoS softening
by hyperon mixing). The thick (thin) solid curves are obtained for BQM-λa and BQM-λb (BQM0-λa and BQM0-λb)
with (without) MPP repulsions in the ΛN parts, marked in the figure by λa and λb, respectively. The branching points
of these six curves from the dot-dashed curves are related to the quark onset densities. The larger derivatives (stiffness)
of the solid curves than those of the dot-dashed ones are caused by the diquark exchange repulsions between neutrons
and quarks.

18.1. MR graphs

The EoSs for several neutron-star models are connected to the crust EoS [170, 171] at ρ ∼ 0.2 fm−3 with smooth
interpolations. Star masses M as a function of the radius R, that is M(R), are obtained by solving the TOV equations
with these EoSs. In the following figures for MR curves, the regions given by M = 2.08±0.07M⊙ and R = 12.49+1.28

−0.88
km [145] are drawn by dotted rectangles, and the MR point of (M = 2.1M⊙,R2.1M⊙ = 12.5 km) is indicated by a cross

75



300 400 500 600 700 800 900
0

100

200

300

400

500

P
 [

M
e
V

 f
m

-
3
]

 [MeV fm-3]

NQM

a

b

NUCM

QHT

Figure 33: Pressures P for NQM, QHT, and NUCM EoSs are plotted as a function of the energy density ε. Solid curves marked by λa and λb are
for NQM-λa and NQM-λb, respectively. The dot-dashed and dashed curves are for NUCM and QHT EoSs, respectively.
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Figure 34: Pressures P for BQM, BRYM, BQM0 and BRYM0 EoSs as a function of energy density ε. Thick (thin) curves are obtained for BQM
(BQM0) including (omitting) MPP repulsions in the ΛN parts. Thick (thin) dot-dashed curves are the pressure for BRYM (BRYM0) EoS. Thick
(thin) solid curves are for BQM-λa and BQM-λb (BQM0-λa and BQM0-λb) with (without) MPP repulsions in the ΛN parts, marked by λa and λb,
respectively.
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symbol. In the analysis of MR curves, our critical guideline is that the obtained MR-curve reaches above this cross
symbol. In Fig. 35 star masses are given as a function of radius R for NQM, QHT, and NUCM EoSs, corresponding

10 11 12 13 14 15
0.0

0.5

1.0

1.5

2.0

2.5

M
/
M

R [km]

QHT

NUCM

NQM
a

b

Figure 35: Star masses as a function of radius R for NQM, QHT, and NUCM EoSs. The dot-dashed curve marked by NUCM presents the nucleonic
matter EoS. The solid curves marked by λa and λb present the NQM-λa and NQM-λb EoS, respectively. The dashed curve presents the QHT EoS,

to the P(ε) curves in Fig. 33. The dot-dashed curve marked by NUCM presents the nucleonic matter EoS. The solid
curves marked by λa and λb present the NQM-λa and NQM-λb EoSs, respectively. The dashed curve presents the
QHT EoS. It should be noted that the solid curves for NQM EoSs are pushed up from the dot-dash curve EoS for
NUCM by the increasing the diquark exchange repulsions between neutrons and quarks, while the dashed curve for
the QHT EoS is obtained by the repulsive quark-quark interactions. In Fig. 36 star masses are given as a function
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Figure 36: Star masses as a function of central baryon density ρBc. The dot-dashed curve marked by NUCM presents the nucleonic matter EoS.
The solid curves marked by λa and λb present the NQM-λa and NQM-λb EoS, respectively. The dashed curve presents the QHT EoS.

of central baryon density ρBc, that is M(ρBc). The dot-dashed curve marked by NUCM presents the nucleonic matter
EoS. The solid curves marked by λa λb present the NQM-λa and NQM-λb EoSs, respectively. The dashed curve
presents the QHT EoS. The behaviors of M(ρBc) curves respond well to the corresponding P(ρ) curves in Fig. 32. The
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P(ρ) curves, as well as the M(ρBc) curves, are noted to be above the dot-dashed curves for the nucleonic EoS.
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Figure 37: Star masses as a function of the radius R for BQM and BQM0 EoSs. The thick (thin) dot-dashed curve marked by BRYM (BRYM0)
presents the baryonic matter EoS including (omitting) MPP repulsions in the ΛN parts. Thick (thin) solid curves marked by λa and λb present the
BQM-λa and BQM-λb EoS, respectively,

In Fig. 37 star masses are given as a function of radius R for the BQM and BQM0 EoSs, corresponding to the P(ε)
curves in Fig. 34. The thick (thin) curve is obtained for the BQM (BQM0) EoS including (omitting) MPP repulsions
in the ΛN parts. The thick (thin) dot-dashed curve is obtained for the BRYM (BRYM0) EoS. Thick (thin) solid curves
marked by λa and λb present BQM-λa and BQM-λb (BQM0-λa and BQM0-λb) EoSs, respectively. In both cases of
BQM and BQM0, the solid curves for BQM and BQM0 EoSs are pushed up from the dot-dashed curves for BRYM
and BRYM0 EoSs, respectively, by the diquark exchange repulsions between neutrons and quarks. The solid curves
for NQM EoSs in Fig. 35 are similar to those for BQM EoSs in Fig. 37, because the MR curve for BRYM EoS is
similar to that for NUCM EoS, owing to the MPP repulsions in the ΛN parts, recovering the EoS softening by Λ
mixing.

Table 35: Values of maximum masses Mmax/M⊙ and radii R2.1M⊙ (km) at 2.1M⊙ obtained for NQM, BQM, BQM0 and QHT EoSs with onset
densities 2.0ρ0 (λa) and 1.7ρ0 (λb). Maximum masses are shown for NUCM, BRYM, and BRYM0.

Mmax/M⊙ R2.1M⊙ (km)
NQM-λa 2.49 12.4
NQM-λb 2.53 12.6
BQM-λa 2.43 12.4
BQM-λb 2.48 12.6
BQM0-λa 2.02
BQM0-λb 2.09
NUCM 2.19 11.4
BRYM 2.04
BRYM0 1.57
QHT 2.40 12.4
Observations > 2.1 ∼ 12.5

Table 35 summarizes the values of the maximum masses Mmax/M⊙ and radii R2.1M⊙ (km) found in Fig. 35 and
Fig. 37, where the values of R2.1M⊙ turn out to be consistent with the observed data R = 12.49+1.28

−0.88 km [145] in the
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cases of NQM and BQM EoSs with onset densities of BQ-mixed states (λa) 2.0ρ0, (λb) 1.7ρ0. Also, values for the
QHT EoSs are consistent with the data. The small value of Mmax = 1.57M⊙ for BRYM0 is due to the EoS softening
by hyperon-mixing: “hyperon puzzle”. The value of Mmax = 2.04M⊙ for BRYM means that the EoS softening is
substantially recovered by including the MPP repulsion in ΛN parts, but this Mmax is still small compared to 2.1M⊙.
The value of Mmax = 2.02 (2.09)M⊙ for BQM0-λa (λb) means that the EoS softening can be recovered by the strong
qN diquark exchange repulsions, even if the MPP repulsions are not included in ΛN parts.

18.2. NS-matter Concluding Remarks
The recent NICER radius observation of the massive neutron stars gives important criteria for neutron-star EoSs:

The recent observations indicate that neutron-star MR curves have to reach the MR point of (M = 2.1M⊙,R2.1M⊙ =
12.5 km). It is difficult for a hadronic-matter EoS to meet this criterion. A promising idea for achieving this criterion,
it is necessary to focus on possible repulsive effects of quark phases. Our approach to this problem is to derive neutron-
star EoSs based on the quark-hadron transition (QHT) model [10, 11] and the baryon-quark mixed (BQM) model [12]
in the BHF framework. In the QHT model, roles to stiffen EoSs are played by QQ repulsions composed of meson-
exchange and one-gluon-exchange potentials stiffen EoSs. In the BQM model, (i) the quark densities are determined
by equilibrium conditions between the chemical potentials of baryons and free quarks, and (ii) QB repulsions play
important roles in stiffening the EoSs.

Features of neutron-star EoSs are demonstrated by pressures as a function of energy density P(ε) and neutron-star
MR curves. The stiffness of QHT EoS is controlled by the strengths of QQ repulsions and density-dependent quark
masses, which result in reasonable MR curves. The stiffness of BQM EoSs and onset densities of BQ-mixed states
are controlled by the strengths of QB diquark exchange repulsions through chemical equilibrium conditions between
baryons and free quarks. By adjusting QB repulsions to give onset densities of about 2ρ0, MR curves for BQM matter
EoSs are pushed up above the MR point of (M = 2.1M⊙,R2.1M⊙ = 12.5 km). In QHT EoSs, similar characteristic
behaviors appear when QQ repulsions are changed.

The criterion to reach the MR point indicated by the updated NICER data gives a far more severe criterion for
neutron-star EoSs than that for only the mass value, such as 2M⊙. It is difficult for hadronic matter EoSs to meet this
criterion for MR curves. In our modeling of baryon-quark mixed matter, the resulting MR curves are easily pushed
up above the MR point owing to the QB diquark exchange repulsion [165, 166, 167].
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Figure 38: Mediator role ESC-model: Concepts and Experimental data
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19. General background of the ESC-model

The general physics background, within the context of QCD, for the Nijmegen soft-core models has been briefly
outlined in Ref. [5]. The mediator role of the ESC-model between theoretical concepts and experimental observables
is illustrated in Fig. 38. The effective description of the baryon interactions at low and intermediate energies, in terms
of baryons and mesons, can be understood from the standard-model (SM) by noting the following:

(i) SM-model: The strongly interacting sector of the SM-model contains three families of colored quarks: (ud),
(cs), (tb). Integrating out the heavy quarks (c,b,t) leads to a QCD-world with effective interactions for the (u,d,s)
quarks.

(ii) For low momenta, this QCD-world is assumed to be characterized by a phase transition due to a spontaneous
Nambu-Goldstone chiral-symmetry breaking (SCSB) of the vacuum. Thereby, the quarks get dressed and
become the so-called constituent quarks. The emerging picture is that of the constituent-quark-model (CQM)
[172], with hadrons and confined quarks in vacuum.. At low momenta and for distances beyond 0.1 fm, a
phase transition transforms the QCD-world into a complex hadronic-world where the quarks become constituent
quarks and hadrons with interactions mediated by meson exchange.

(iii) Lattice approach: An alternative framework is the strong coupling lattice QCD (SCQCD) to study qualitatively
the low energy meson-baryon and baryon-baryon physics, see Ref. [173] for applications and references. Here,
the lattice spacing a ≥ 0.11 f m provides a momentum scale for which the QCD coupling g ≥ 1.1. Emerging is
a picture where the meson-baryon coupling constants get large, and quark-exchange effects small. The latter is
due to the suppression caused by the gluonic overlaps involved. For a similar reason, it has been argued [174]
that the pomeron is exchanged between the individual quarks of the baryons. In this picture, the Nijmegen
soft-core approach to baryon-baryon interactions is natural.

(iv) Out-integration: For an economic description of the ground state baryon SU(3)-octet states and their interac-
tions, employing the generating-functional path-integral formalism, see e.g. [28, 175], the out-integration of the
heavy meson and baryon degrees of freedom can be performed with the renormalization procedure a la Wilson
[176].

(v) For the mesons, the restriction to mesons with M ≤ 1.5 GeV/c2, one arrives at a so-called effective field theory
as the arena for our description of the low- and intermediate-energy baryon-baryon scattering. In this picture,
the Nijmegen soft-core approach to baryon-baryon interactions is motivated naturally.

(vi) Instantons: In [177, 178, 179], the complex structure of the QCD vacuum is understood as a liquid of instantons
and anti-instantons [180], and the valence quarks acquire a dynamical or constituent mass [181, 178, 179].
With the empirical value of the gluon condensate [182] as input, the instanton density and radius become
[183] nc = 8 · 10−4 GeV−4, and ρc = (600 MeV)−1 ≈ 0.3 fm respectively. Also, with these parameters the
non-perturbative vacuum expectation value for the quark fields are ⟨vac|ψ̄ψ|vac⟩ ≈ −10−2 GeV3 and the quark
effective (u,d) masses ≈ 200 MeV, i.e. much larger than the almost massless ”current masses”. In the calculation
of light quarks in the instanton vacuum [179] the effective quark mass mQ(p = 0) = 345 MeV was calculated,
which is remarkably close to the constituent mass MN/3.

(vii) Spectra: The spectra of the nucleons, ∆ resonances, and the hyperons Λ,Σ,Ξ are described in detail by the
Glozman-Riska model [184]. This is a modern version of the constituent quark model (CQM) [185], which
is based on the Nambu-Goldstone spontaneous chiral-symmetry breaking (SCSB) with quarks interacting by
the exchange of the SU(3)F octet of pseudoscalar mesons. The pseudoscalar octet members are the Nambu-
Goldstone bosons (NGBs) associated with the hidden (approximate) chiral symmetry of QCD. The confining
potential is chosen to be harmonic, as is rather common in constituent quark models. In line with this, harmonic
wave functions were used in the derivation of the connection between the meson-baryon and meson-quark
couplings [9]. Also, in [186], a good description of the baryon octet masses has been given with harmonic
confinement, constituent quark masses, and meson-exchange.

(viii) Mesons: Very notable is the role of the instantons for the light meson spectrum. They give a non-perturbative ef-
fective gluonic interaction between quarks in QCD. For example, the instanton-induced interaction, as proposed
by ’t Hooft [187], generates at low momenta the constituent quark mass [179], i.e. breaks chiral symmetry. This
interaction supplies a strong attractive attraction in the pseudoscalar-isovector quark-antiquark system - pions
-, which makes them anomalously light, with zero mass in the chiral limit. This is the mechanism by which
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the pions, being quark-antiquark bound states, appear as NGBs of the SCSB symmetry. This strongly attractive
interaction is absent in vector mesons [188, 189], making the masses of the vector mesons ≈ 2mQ in accordance
with mρ ≈ mω ≈ 2mQ. Since αs ≈ 0.3 the one-gluon-exchange (OGE) is weak, and therefore the π − ρ mass
splitting is not due to the perturbative color-magnetic spin-spin interaction between the quark and antiquark.

The ’t Hooft [187] four-fermion instanton mediated interaction for the light flavor doublet ψ = (u, d), in the form
of a generalized Nambu-Jona-Lasinio Lagrangian [190], is

LI = gI

[
(ψ̄ψ)2 − (ψ̄γ5τψ)2 − (ψ̄τψ)2 + (ψ̄γ5ψ)2

]
. (19.1)

Here, the strength of the interaction gI and the ultraviolet cut-off scale 1/r0 are related in the instanton liquid model
[191]. In [192] it is shown that the t-channel iteration of the instanton interaction (19.1) leads to isoscalar and isovector
pseudoscalar and scalar exchange quark-quark potentials. Since these potentials are already included in the ESC-
model, the four-fermion instanton interaction does not lead to extra potentials.
The dynamical basis for the ”kinematic broken” SU(3) symmetry is the (approximate) permutation symmetry w.r.t. the
constituent (u,d,s)-quarks. This has its roots in the approximate equality of the quark masses, and more importantly,
that the gluons have no flavor.

(ix) SU(3)-symmetry: The dynamical basis for the ”kinematic broken” SU(3)-symmetry is the (approximate)
permutation symmetry w.r.t. the constituent masses of the (u,d,s)-quarks. This has its roots in the approximate
equality of the ”current-quark” masses, and more importantly the gluons carry no flavor.

(x) BQ and QQ: The connection between the baryon and quark level the CQM [185] with mQ ≈ MN/3 [9] is
important. This opened the possibility to relate the ESC BB-potentials to the BQ- and QQ-potentials with no extra
parameters. The latter potentials have been applied in the study of heavy neutron stars, where quark matter plays an
important role, see Refs. [10, 11, 12], and this review sections 17 and 18.

20. Summary, Baryon-Baryon models, and Prospects

The ESC approach to baryon-baryon (BB) is a meson-exchange interaction model with (Gaussian) form factors.
Here, besides pseudoscalar, also vector, scalar, and axial-vector mesons are included, which is important for an accu-
rate description of the phase shifts at the higher energies. Also, in this approach, flavor SU(3) (broken) symmetry has
been incorporated succesfully to connect the different BB-channels.

Novel in this review is the presentation of the ESC-model in the framework of the Kadyshevsky formalism. The
advantages of the Kadyshevsky formalism is that it is (i) a relativistic field theory, (ii) at the same time in its appearance
close to the so called old perturbation theory (OPT), and (iii) the particles in the intermediate states are on-mass-
shell, which is ideal for the implementation of form factors, in particularly Gaussian ones. Furthermore, in momentum
space one can do the calculations taking the full relativistic momentum dependence of the nucleons and mesons into
account, similar to the method of Ref. [193] for the Lippmann-Schwinger equation. In the ESC-model an expansion
is made in 1/M after which the transformation to configuration space is performed. Then, the potentials used in the
ESC-models are retrieved, in particular for the TME and MPE ones [29, 30].

20.1. Present state of the ESC-model
Compared to ESC04 [2, 3], the model has been developed further. The new version ESC16 has, in addition to

meson-exchange, also incorporated quark-core effects. Furthermore, the multi-gluon sector has been completed by
the inclusion of the odderon. Moreover, the treatment of the axial-vector mesons is now in a very satisfactory shape
by employing the B-field formalism. The ESC-model approach to the nuclear force opened the possibility of making
a connection between the present available baryon-baryon experimental data on the one hand, and with the underlying
quark structure of the baryons and mesons, on the other hand. Namely, a successful description of both the NN- and
YN-scattering data is obtained with meson-baryon coupling parameters that all comply with the QPC-model. Note
here that, in particular, the QPC-model treats the vector and scalar mesons on an equal footing. Apart from its role in
ππ and πK scattering, the f0(620) has been shown to be present in relativistic nuclear scattering as well [194]. Note
that by studying the relation between the QPC-processes and the BBM-couplings, the the ratio γ(3P0)/γ(3S 1) = 2 : 1
is determined. In the literature, the 3P0-QPC and the 3S 1-QPC in the SCQCD [173] has been studied in [195] and
[196] respectively. For the ESC04 and ESC16 models, an estimate is given of the relative importance of the QPC
processes. Also, the F/(F + D)-ratios of the OBE and MPE coupling constants are given by the QPC-model.
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20.2. Combined fit NN and YN data

In fitting the NN-data, the Nijmegen PWA(1993) is used. Although phase shift analyses, with a more extended
data base comprising more recent data, e.g. [197] are available in principle, apart from fine-tuning, no major changes
are to be expected. For example, it appeared that measured spin correlations like Axx and Ayy from [198] respectively
[199] are successfully described by PWA(1993). In Fig. 2 of Ref. [197], the Granada phase shifts are compared to the
Nijmegen PWA(1993). From this figure, it is clear that both analyses overlap very strongly. The inclusion of the TME
and MPE potentials with PS-VC, PS-SC, SC-SC, SC-VC, etc. did not improve the NN-fit.

The combined fit for NN and YN is extremely good in ESC16 [5, 6]. This, by obeying the strong constraint of
having no bound-states in the S = −1 systems. Also, bound-states are absent for the S = −2,−3,−4 channels. It is
for the first time that the quality of the NN-fit does not suffer from the inclusion of the YN-data. The ΛN p-waves
seem to be better, which is the result of the truly simultaneous NN + YN-fitting. This is also reflected in the better
Scheerbaum KΛ-value [91], making the well-known small spin-orbit splitting smaller, see Ref. [200].

20.3. G-matrix calculations

The G-matrix results showed for ESC04 that basic features of hypernuclear data are reproduced nicely, improving
on the soft-core OBE-models NSC89 [34] and NSC97 [35]. Despite this superiority of ESC04 for hypernuclear data,
some problems remained. In particular, the well depth UΣ was attractive, which is very unlikely in view of several
other studies, e.g. Refs. [201, 202] and [96, 203]. Furthermore, it has been shown [204] that the EoS for nuclear
matter is too soft for the soft-core models. From this, one learns that a good fit to the present scattering data not
necessarily means success in the G-matrix results. To explain this, one can think of two reasons: (i) the G-matrix
results are sensitive to the two-body interactions below 1 fm, whereas the present YN-scattering data are not, (ii) other
than two-body forces play an important role. The problem with UΣ hints at a special feature in the Σ+p(3S 1)-channel.
As shown in the ESC16 Ref. [6], it can be solved partly by the inclusion of quark-core effects. Furthermore, for the
stiffening of the EoS, a natural possibility is the presence of TBF in nuclear and hyperonic matter, see Ref. [204]. This
also solves the nuclear saturation problem [3].

It is important to stress the role of the information on hypernuclei in our analysis, via the G-matrix calculations.
The ESC16-solution is required to have (i) no BB-bound states in S = −1, (ii) Uss > 1, and UΣ > 0. A very adequate
description of the well-depth UN ,UΛ,UΣ, and UΞ can be obtained by including extra two- and three-body forces from
meson-pairs (PS-SC, PS-VC, SC-SC, SC-VC, VC-VC, etc.) and those from the Fujita-Miyazawa interaction [205].

20.4. Synopsis A:

Summarizing the results of the ESC-model approach to baryon-baryon interactions, it has been shown that ESC
models are able to give, with a single parameter-set, extremely satisfactory descriptions of the NN⊕YN-data, and
at the same time lead to successful G-matrix results. For the coupling constants: (i) flavor SU(3)-symmetry can be
maintained, and (ii) the predictions of the QPC-model are matched. Therefore, the ESC-models, ESC04 and ESC16,
can be considered as very useful for the determination of the baryon-baryon interactions for low-energy scattering,
meson-baryon couplings, and the description of hypernuclei in the context of kinematically broken SU(3)-symmetry.
The values for many parameters, which in previous Nijmegen work were considered to be free to a large extent, follow
now rather well the pattern shown in quark-model predictions. This is particularly the case for the F/(F +D)-ratios of
the BBM-coupling constants. Furthermore, the ESC-model description of the S = 0,−1 BB-systems, the applications
to the S = −2,−3,−4 BB-systems, as well as the G-matrix treatment of nuclear and hyperonic matter, have a rather
sound physical basis.

20.5. Nuclear and Hyperonic Matter

As is well known, the experimental nuclear saturation properties: the density ρN , the binding energy per nucleon
E/A, and the compression modulus K, cannot be reproduced quantitatively with nuclear two-body interactions only,
see e.g. Ref. [206]. The inclusion of many-nucleon interactions is essential for giving the correct energy curve E(ρN).
Here, the three-nucleon interaction, composed of an attractive (TNA) and a repulsive (TNR) part, seems to be most
important. Soft-core two-baryon potentials lead to a too soft equation of state (EoS). For example, ESC16 gives for
the mass of the neutron star 1.35M⊙ [124], implying for this model the necessity for a TNR contribution. Furthermore,
at high densities, hyperon-mixing in neutron-star matter brings about a significant softening of the EoS, which gives a
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reduction of the TNR effect for the maximum mass [204, 207, 208]. To compensate for this adverse effect, Nishizaki,
Takatsuka and one of the authors (Y.Y.) [204] made the conjecture: there is a universal three-baryon repulsion (TBR),
that operates for YNN and YYN, as well as for NNN. In QCD the gluons are flavor blind and therefore it is natural
to relate this universal TBR to multi-gluon exchange. Because in QCD, the pomeron is a (non-perturbative) multi-
gluon effect, which gives repulsion at low energies, in the ESC-models the TBR is associated with triple and quartic
pomeron exchange [209, 210], as illustrated in Fig. 39.

Figure 39: Triple- and quartic-pomeron 3- and 4-body interaction.

Then, to stiffen the EoS, together with a phenomenological TNA, we include in the G-matrix matter calculations
with ESC16 the universal repulsive multi-gluon three-body (and four-body) forces in the form of the multi-pomeron
exchange potential (MPP) [211, 13]. As demonstrated in [86, 87, 88, 89], the inclusion of TNA+MPP gives the proper
nuclear saturation point, and makes the EoS of neutron matter stiff enough to assure the large observed values of two
massive neutron stars with mass 1.97 ± 0.04M⊙ for PSR J1614-2230 [125] and 2.01 ± 0.04M⊙ for PSR J0348+0432
[126]. So, with the introduction of TNA+MPP, three things are achieved: (i) the right nuclear saturation point, (ii) the
proper description of the neutron star masses, and (iii) better hyperonic well depths UY for Y = Λ,Σ [6].

20.6. Baryon-quark and Quark-quark interactions

Recently, the ESC model has been extended to baryon-quark (BQ) and quark-quark (QQ) ESC-like potentials,
utilizing the connection with the BB-interactions in the constituent quark model (CQM) [9]. Since in mixed nuclear-
quark matter for baryon densities beyond (2 − 3)ρN partially deconfinement of the quarks occurs, which opens the
possibility of QB-interactions via diquark-exchange (DQE), which appears to be strongly repulsive. The meson-
exchange BB-, BQ-, QQ-interactions and DQE-exchange have been applied in the Bruckner-Hartree-Fock (BHF)
framework to mixed quark-baryon matter calculations for (heavy) neutron stars [10, 11, 12], and the latest version
described in the review. As reported in this review, the BHF calculations, with the ESC interactions, of the in recent
years discovered heavy neutron stars, is successful describing both the mass and the radius.

20.7. Synopsis B:

The extension of the ESC-interactions to the quark-level, exploiting the CQM relations, is a promising way to
study mixed baryon-quark matter. This enables to study deconfinement, in for example heavy neutron stars and other
very compact stellar objects, in a unified manner. Furthermore, this may also be relevant for supernovae modeling.
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20.8. Baryon-Baryon models
The study of NN, YN, etc. has a very respectable history and literature. After the discovery of the neutron(1932),

the advent of nuclear and particle physics in the thirties of the 20th century, quite an extensive and rich amount of
experimental and theoretical work emerged from a worldwide scientific activity. The observation of cosmic-rays and
research with particle accelerators has led to the discovery of many new baryons and mesons, see [42].
It appeared that the OPE and TPE potentials were not able to describe the NN data at 150, 210 and 300 MeV, because
of an unsufficient spin-orbit interaction [212]. Therefore, next to OPE and TPE, the vector, scalar and axial-vector
meson-exchanges have been added to the BB interaction, leading to OBE models, with or without TPE, developed by
groups in e.g. Kyoto [213], Texas A& M [214], Paris [215], Bonn [216], Nijmegen [33, 81], etc.. Later, it became
the opinion that the OBE interactions have too many free parameters: meson-baryon coupling constants and cut-off or
form factor parameters. As the coupling constants are concerned, this feature does not apply strictly to the Nijmegen
ESC models, where the physical constraints from the QPC-model and SU(3) symmetry are used, see Appendix I and
[2] etc. In the nineties chiral-effective-field theory models have been developed [217, 218, 219], using the Weinberg
theory of handling non-renormalizable pion-exchange interactions, using counter terms in the form of contact terms.
Quark model related baryon-baryon interactions have been developed in the resonating-group-method (RGM), see
[220], and most recently in the Lattice QCD models [114, 122, 221].

20.9. Prospects
The field of baryon-baryon interactions, which started with the discovery of the hyperons around 1950, is at present

a very active area of research experimentally. This, because of the recent experiments (i) B-correlations: CERN-LHC
[31], RHIC-STAR [32], (ii) S=-1: CLAS Collaboration [222] and J-PARC E40 Collaboration [223, 224, 225] (iii)
S=-2: J-PARC E42 Collaboration [226], and BEPCII-BESIII Collaboration [227].

Reasons and topics for the further development of the ESC-model are: (i) Inclusion of the new data from the recent
experiments, (ii) Extension of the TME-potentials with PS-PS, PS-SC, PS-VC, etc. contributions, (iii) ESC-model
and G-matrix calculations, using the relativistic momentum-space Kadyshevsky interactions, and (iv)The NS-model
can be extended to non-zero temperatures.
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Appendix A. Kadyshevsky-Rules in Momentum-Space

In this appendix the rules for the Kadyshevsky graphs [14, 15, 16] are given. Following the setup of Appendix
B in [55], where the rules for the Feynman graphs are given, the differences will then come to the surface most
transparently. Starting from the expression of the S-operator, one has

S = 1 +
∞∑

n=1

( i
ℏ

)n ∫ +∞

−∞

. . .

∫ +∞

−∞

θ(x0
n − x0

n−1)θ(x0
n−1 − x0

n−2) . . . θ(x0
2 − x0

1)

×LI(xn) LI(xn−1) . . .LI(x1) · d4xn . . . d4x1 ≡ 1 +
∞∑

n=1

S n, (A.1)

where [14] is followed, and introduce the time-like vector nµ with n2 = n2
0−n2 = 1, n0 > 0. Then (A.1) can be brought

into a completely 4-dimensional form by the replacement

θ(x0)→ θ(x · n) , n · x = n0x0 − n · x. (A.2)
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This gives (ℏ = 1)

S n = in
∫ +∞

−∞

. . .

∫ +∞

−∞

θ[n · (xn − xn−1)]θ[n · (xn−1 − xn−2)] . . . θ[n · (x2 − x1)] ·

×LI(xn) LI(xn−1) . . .LI(x1) · d4xn . . . d4x1 . (A.3)

From the expression (A.3) one can work out the rules for the Kadyshevsky graphs in a way that parallels the derivation
of the Feynman rules. The differences come from the treatment of the θ-functions. In the case of the Feynman graphs,
one includes the θ-functions into the propagators by applying the Wick-expansion to the T -products of the field
operators. In the case of the Kadyshevsky graphs one employs a four-dimensional form of the θ-functions, exploiting
(A.2),

θ(n · x) = −
1

2πi

∫ +∞

−∞

dκ
exp [−iκ(n · x)]

κ + iϵ
, (A.4)

and one applies the Wick-expansion to the ordinary products of the field operators. Then, the propagators are given
by

⟨0|ϕ(x)ϕ(y)|0⟩ = D(+)(x − y) =
∫

d4q
(2π)3 θ(q0)δ(q2 − m2)

⟨0|Aµ(x)Aν(y)|0⟩ = D(+)
µν (x − y) = −gµν

∫
d4q

(2π)3 θ(q0)δ(q2)

⟨0|ψ(x)βψ̄(y)α|0⟩ = S (+)
βα (x − y) =

∫
d4 p

(2π)3 θ(p0) (p/ + M)βα δ(p2 − M2) . (A.5)

In the Kadyshevsky theory the considered Hilbert space is enlarged by admitting states containing ’quasi-particles’.
The latter carry only 4-momentum, and serve to have formally four-momentum conservation at each vertex. The
quasi-particles refer to the κ-variables in the Fourier transforms (A.4) of the θ-functions appearing in (A.3). These
quasi-particle states |κ1, . . .⟩ are normalized by

⟨κ′1 . . . |κ1, . . .⟩ = δ(κ′1 − κ1) . . . (A.6)

The θ-functions in (A.3) connect only internal points of the graphs. To handle integral equations, occurring in for
example the Bethe-Salpeter and Schwinger-Dyson equations, one needs to consider amplitudes with external quasi-
particles as well as internal quasi-particles. The external quasi-particle entering a vertex is included only in the four-
momentum conservation rule of that vertex, including both the external and the internal quasi-particle 4-momentum.

After these preliminary remarks, listed are the momentum-space rules for the computation of the−Mκ′,κ-amplitudes,
defined by

S κ′,κ = 1κ′,κ − (2π)4iδ4(P f + κ
′n − Pi − κn) Mκ′,κ. (A.7)

The invariant amplitude −Mκ′,κ is computed by drawing all connected Feynman graphs for the considered process.
The amplitude 13

−(2π)4δ(
∑

i

pi,out + κ
′n −

∑
i

pi,in − κn) Mκ′,κ(G) (A.8)

corresponding to graph G is built up by associating factors with the elements of the graph, listed below:

I. Those factors, independent of the specific details of the interactions, are given by the following rules:

1. Draw the Feynman graph G. Arbitrarily number its vertices and orient each internal line from the vertex with
the larger number to the vertex with the smaller number, assigning to it a 4-momentum p. Then, without changing the
orientation, change the (single) internal fermion lines to double (antifermion) lines, such as to conserve the fermion
number in every vertex.

13Notice here the (-)-sign, which is due to the (-)-sign in (A.7).
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2. Connect with thin lines the first vertex with the second, the second with the third, etc. Orient them in the
direction of increasing numbers and assign to them a 4-momentum κsn, where s = 1, 2, . . . , n − 1 is the number of the
vertex which a given dotted line leaves. Attach to the first vertex an incoming external dotted line with 4-momentum
κin, and to the last vertex n an outgoing external dotted line with 4-momentum κ f n.

3. For incoming (outgoing) boson and fermion lines: identical to the rules for Feynman graphs [55, 16], see
Table A.36 14.

Table A.36: Kadyshevski rules external lines.

Line Particle State Factor in m.e.

• − − < − − q α fermion in [(2π)3/2
√

M/E(q)] uα(q)

• ===<=== q α antifermion in [(2π)3/2
√

M/E(q)] v̄α(q)

• − −− < − − − k meson in [(2π)3/2/
√

2ω(k)]

−− < − − • p β fermion out [(2π)3/2
√

M/E(p)] ūβ(p)

==<== • p β antifermion out [(2π)3/2
√

M/E(p)] vβ(p)

· · · · · < · · · · · • k meson out [(2π)3/2/
√

2ω(k)]

4. For each internal dotted line with momentum κn a factor

G0(κ) = −
1

κ + iϵ
. (A.9)

5. For each internal boson line with mass m and momentum q a factor

∆(+)(q) = θ(q0)δ(q2 − m2). (A.10)

6. For each internal fermion line with mass M and momentum p and positive energy a factor

S (+)
βα (p) = (p/ + M)βα θ(p0)δ(p2 − M2). (A.11)

For each internal fermion line with momentum p and negative energy a factor

S (−)
βα (p) = (p/ − M)βα θ(−p0)δ(p2 − M2), (A.12)

in accordance with Table A.37 [16].
7. For each internal photon line, using the Feynman gauge, a factor

D(+)(q)µν = −gµνθ(q0)δ(q2) . (A.13)

8a. For each vertex, number s, a factor

(2π)4δ4

∑
i

pi,out + κs+1 −
∑

i

pi,in − κs

 , (A.14)

where pi,out and pi,in are the outgoing respectively the incoming momenta at the vertex with number s.

14In this table the Dirac-spinors of [55] are used, and not those of [16].
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Table A.37: Kadyshevski rules internal lines.

Line Particle Pairing Factor in m.e.

j′ • −− < − − • j fermion ψβ(q j′ ψ̄α(p j); j′ < j S (+)
βα (p j,M)

j′• ===<=== • j antifermion ψ̄α(p jψβ(q j′ ); j′ < j S (+)
βα (q j,−M)

j′ • · · · · · < · · · · · • j meson ϕ(k j′ϕ(k j); j′ < j ∆(+)(k j)

8b. Integrate over each internal particle line , momentum l:
∫

d4l/(2π)3.
9. Integrate over each internal quasi-particle (dotted) line with momentum κsn:

∫ +∞
−∞

dκs/(2π).
10. Not a factor −1 for each closed loop.
11. A factor −1 between graphs which differ only by an interchange of two external fermions. This not only

for the interchange of identical fermions in the final state, but also for the interchange of e.g. an initial fermion and a
similar anti-fermion in the final state.

12. Repeat the operations (1)-(11) for all n! numberings of the vertices of the given Feynman graph and sum.

II. Those factors coming from the structure and type of vertices are given for each vertex by the matrix element
⟨. . . |LI(0)| . . .⟩. Therefore, they are, apart from a factor (−i), identical to that given in [55], Appendices B.

To exhibit the δ-functions for the baryons in the calculations of the amplitudes the fermion and boson propagators
are written as

S (±)(p) = S̃ ±)(p) δ±(p2 − M2), ∆(+)(q) = δ+(q2 − m2). (A.15)

Appendix B. Orientation Kadyshevsky graphs for the planar and crossed box graphs

Here, the Kadyshevsky prescription [14, 15, 16] is used for the orientation of the internal lines in the 4th order
graphs for fermion-fermion scattering. In the figure below, the vertices for the 4! = 24 box-graphs are ordered, and
find that only six configurations have exclusively positive baryons, i.e. correspond to BB-scattering/interaction. There
are 12 graphs with one anti-fermion in the intermediate states, and 6 graphs with two anti-fermions in the interme-
diate states. The latter correspond to the so-called 1Z- and 2Z-graphs, which are important for Quark-quark (QQ)
interactions. In Fig. B.40 at the left corners of each graph, there are incoming positive-energy nucleon lines, and at
the right corners there are outgoing positive-energy nucleon lines. If at any vertex the arrows of the nucleon lines are
opposite, the pair-suppression mechanism makes these graphs negligible in the case of BB-scattering. However, for
quark-quark interaction this is not the case.
Inspection of the graphs in Fig. B.40 shows that there are only six graphs that survive in the limit of strong pair-
suppression. They are: the first three graphs in row one, the third and fifth graphs in row two, and the fifth graph in
row five.

In the two-fermion scattering processes, the incoming lines enter from the right and the outgoing lines leave the
graphs on the left. The graphs are indexed with (r,c), where r is the row number, and c the column number for the
internal fermion lines:

1. The [+,+]-graphs are: (1,1), (1,2), (1,3), (2,3), (2,5), (3,5).
2. The [+,−]-graphs are: (1,4), (1,5), (1,6), (2,4), (2,6), (3,6).
3. The [−,+]-graphs are: (2,1), (3,1), (3,2), (4,1), (4,3), (4,5).
4. The [−,−]-graphs are: (2,2), (3,2), (3,4), (4,2), (4,4), (4,6).

The crossed graphs are obtained by simply crossing the meson lines in the graphs.
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Figure B.40: Kadyshevsky vertex configurations. The solid-filled arrow lines denote baryons with positive energy, and the solid open-arrow lines
denote baryons with negative energy. The dashed lines refer to the mesons.
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Appendix C. Fourth-order Kadyshevsky Graphs σ = [++]

Appendix C.1. The planar-box graphs
Following the rules of Appendix A, drawn are the planar two-meson exchange graphs in Figs. C.41-C.43. Here,

the numbering of the vertices can be read off by following the quasi-particle lines, beginning with the entering κ-line.
The quasi-particle lines κi for i = 1, 2, 3 are then defined according to Appendix A. Then, again following the rules of
Appendix A, below the resulting amplitudes are listed. Graph (a) in the planar-box Kadyshevsky graphs Fig. C.41

κ
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b

κ′

k1 k2

qa

qb

(a) κ

κ′

pa

pb

p′
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p′
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k1 k2

qa

qb

(a’)

Figure C.41: Planar Kadyshevsky graphs. The solid lines denote baryons. The dashed lines refer to the mesons.

gives for the fourth-order kernel 15

(2π)4δ4
(
p′a + p′b + κ

′n − pa − pb − κn
)

M(//,a)
κ′,κ = −

 M2
a M2

b

Ea(p′a)Eb(p′b)Ea(paEb(pb)


1/2 ∫

d4qa

(2π)3

∫
d4qb

(2π)3 ·

×

∫
d4k1

(2π)3

∫
d4k2

(2π)3 δ+
[
k2

1 − m2
1

]
δ+

[
k2

2 − m2
2

]
· δ+

[
q2

a − M2
a

]
δ+

[
q2

b − M2
b

]
·

×
[
ū(p′a)Γ(a)

2 S̃ (+)(qa)Γ(a)
1 u(pa)

] [
ū(p′b)Γ(b)

2 S̃ (−)(qb)Γ(b)
1 u(pb)

]
×

∫ ∞

−∞

dκ1

2π

∫ ∞

−∞

dκ2

2π

∫ ∞

−∞

dκ3

2π
1

κ1 − iϵ
1

κ2 − iϵ
1

κ3 − iϵ
·

×(2π)4δ4 (
κ1n + p′a − qa − k2 − κn

)
(2π)4δ4 (

κ3n + pa − qa − k1 − κ
′n

)
·

×(2π)4δ4
(
κ2n −

1
2

(κ′ + κ)n − (qa + qb) +
1
2

(p′a + p′b + pa + pb)
)
. (C.1)

Note that the expression for the amplitude in (C.1) for only positive-energy nucleons in the intermediate state is
manifestly covariant. With the δ-functions, all κ-integrals can be carried out. Also, the integrations over the zero-
components can be carried out, thanks to the on-mass-shell δ+-functions. This is done in the CM-system, where one

15In this Appendix C and Appendix E the subscripts in ΓX’s, where X = S , PV,V, µ, etc., see (7.2), are suppressed.
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Figure C.42: Planar Kadyshevsky graphs. The solid lines denote baryons. The dashed lines refers to the mesons.
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Figure C.43: Planar Kadyshevsky graphs. The solid lines denote baryons. The dashed lines refers to the mesons.
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can use the specific form of the nµ-vector. The result for graph (a) is

M(//,a)
κ′,κ (p′as′a, p′bs′b; pasa, pbsb) =

 M2
a M2

b

Ea(p′a)Eb(p′b)Ea(paEb(pb)


1/2

· (2π)3
∫

d3q ·

×

∫
d3k1

(2π3)2ω1

∫
d3k2

(2π3)2ω2
δ(3)(k1 − p + q)δ(3)(k2 + p′ − q) ·

×
MaMb

Ea(q)Eb(q)

∑
s′′a ,s′′b

[
ū(p′a, s

′
a)Γ(a)

2 u(qa, s′′a ) · ū(qa, s′′a )Γ(a)
1 u(pa, sa)

]
·

×

[
ū(p′b, s

′
b)Γ(b)

2 u(qb, s′′b ) · ū(qb, s′′b )Γ(b)
1 u(pb, sb)

]
· D(//,a)

κ′,κ (ω1, ω2). (C.2)

Similar calculations are carried through for the graphs (a’),(b),(b’),(c), and (c’). In the CM-system, this leads to
the denominators (σ = [++])

D(//,a)
κ′,κ (ω1, ω2) =

1
ω1 − κ +

[
Ea(q) − Ea(p)

]
+ iϵ
·

1
ω2 − κ′ +

[
Eb(q) − Eb(p′)

]
+ iϵ
·

×
1

ω1 + ω2 −
1
2 (κ′ + κ) + 1

2
[
Ea(p′) − Eb(p′) − Ea(p) + Eb(p)

]
+ iϵ

,

D(//,a′)
κ′,κ (ω1, ω2) =

1
ω1 − κ −

[
Eb(p) − Eb(q)

]
+ iϵ
·

1
ω2 − κ′ −

[
Ea(p′) − Ea(q)

]
+ iϵ
·

×
1

ω1 + ω2 −
1
2 (κ′ + κ) − 1

2
[
Ea(p′) − Eb(p′) − Ea(p) + Eb(p)

]
+ iϵ

,

D(//,b)
κ′,κ (ω1, ω2) =

1
ω1 − κ −

[
Ea(p) − Ea(q)

]
+ iϵ
·

1
ω2 − κ′ −

[
Eb(p′) − Eb(q)

]
+ iϵ
·

×
1

− 1
2 (κ′ + κ) − 1

2
[
Ea(p′) + Eb(p′) + Ea(p) + Eb(p)

]
+ (Ea(q) + Eb(q)) + iϵ

,

D(//,b′)
κ′,κ (ω1, ω2) =

1
ω1 − κ −

[
Eb(p) − Eb(q)

]
+ iϵ
·

1
ω2 − κ′ −

[
Ea(p′) − Ea(q)

]
+ iϵ
·

×
1

− 1
2 (κ′ + κ) − 1

2
[
Ea(p′) + Eb(p′) + Ea(p) + Eb(p)

]
+ (Ea(q) + Eb(q)) + iϵ

,

D(//,c)
κ′,κ (ω1, ω2) =

1
ω1 − κ −

[
Ea(p) − Ea(q)

]
+ iϵ
·

1
ω2 − κ′ −

[
Ea(p′) − Ea(q)

]
+ iϵ
·

×
1

− 1
2 (κ′ + κ) − 1

2
[
Ea(p′) + Eb(p′) + Ea(p) + Eb(p)

]
+ (Ea(q) + Eb(q)) + iϵ

,

D(//,c′)
κ′,κ (ω1, ω2) =

1
ω1 − κ −

[
Eb(p) − Eb(q)

]
+ iϵ
·

1
ω2 − κ′ −

[
Eb(p′) − Eb(q)

]
+ iϵ
·

×
1

− 1
2 (κ′ + κ) − 1

2
[
Ea(p′) + Eb(p′) + Ea(p) + Eb(p)

]
+ (Ea(q) + Eb(q)) + iϵ

. (C.3a)

Appendix C.2. The crossed-box graphs

Following the rules of Appendix A, drawn are the crossed two-meson exchange graphs in Figs. C.44-C.46. Here,
the numbering of the vertices can be read off by following the quasi-particle lines, beginning with the entering κ-line.
The quasi-particle lines κi for i = 1, 2, 3 are then defined according to Appendix A. Then, again following the rules of
Appendix A, listed below are the resulting amplitudes. Graph (a) in the crossed-box Kadyshevsky graphs Fig. C.44
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Figure C.44: Crossed Kadyshevsky graphs. The solid lines denote baryons. The dashed lines refers to the mesons.
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Figure C.45: Crossed Kadyshevsky graphs. The solid lines denote baryons. The dashed lines refers to the pseudo-scalar mesons. The thin lines
denote the quasi-momentum particles.
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Figure C.46: Crossed Kadyshevsky graphs. The solid lines denote baryons. The dashed lines refers to the pseudo-scalar mesons. The thin lines
denote the quasi-momentum particles.

gives for the fourth-order kernel, with only positive-energy spinors for the intermediate nucleons,

M(X,a)
κ′,κ

(
p′a, p′b; pa, pb

)
= −

 M2
a M2

b

Ea(p′a)Eb(p′b)Ea(paEb(pb)


1/2 ∫

d4qa

(2π)3

∫
d4qb

(2π)3

∫
d4k1

(2π)3

∫
d4k2

(2π)3 ·

×δ+
[
q2

a − M2
a

]
δ+

[
q2

b − M2
b

]
· δ+

[
k2

1 − m2
1

]
δ+

[
k2

2 − m2
2

]
·

×
[
ū(p′a)Γ(a)

2 S̃ (+)(qa)Γ(a)
1 u(pa)

] [
ū(p′b)Γ(b)

1 S̃ (−)(qb)Γ(b)
2 u(pb)

]
·

×

∫ ∞

−∞

dκ1

2π

∫ ∞

−∞

dκ2

2π

∫ ∞

−∞

dκ3

2π
1

κ1 − iϵ
1

κ2 − iϵ
1

κ3 − iϵ
·

×(2π)4δ4 (
κ1n + p′a − qa − k2 − κn

)
(2π)4δ4 (

κ3n + pa − qa − k1 − κ
′n

)
·

×(2π)4δ4
(
κ2n −

1
2

(κ′ + κ) − (k1 + k2) +
1
2

(p′b + p′a + pb + pa) − (qa + qb)
)
. (C.4)

With the δ-functions, all κ-integrals can be carried out. Also, the integrations over the zero-components can be carried
out, thanks to the on-mass-shell δ+-functions. The result for graph (a) is

M(X,a)
κ′,κ (p′as′a, p′bs′b; pasa, pbsb) =

 M2
a M2

b

Ea(p′a)Eb(p′b)Ea(paEb(pb)


1/2

·

×(2π)3
∫

d3qa

∫
d3qb δ

(3)(qa − qb + pa − p′b) ·

×

∫
d3k1

(2π3)2ω1

∫
d3k2

(2π3)2ω2
δ(3)(k1 − pa + qa)δ(3)(k2 + p′a + qa) ·

×
MaMb

Ea(q)Eb(q)

∑
s′′a ,s′′b

[
ū(p′a, s

′
a)Γ(a)

2 u(qa, s′′a ) · ū(qa, s′′a )Γ(a)
1 u(pa, sa)

]
·

×

[
ū(p′b, s

′
b)Γ(b)

1 u(qb, s′′b ) · ū(qb, s′′b )Γ(b)
2 u(pb, sb)

]
· D(X,a)

κ′,κ (ω1, ω2). (C.5)
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Similar calculations are carried through for the graphs (a’),(b),(b’),(c), and (c’). In the CM-system, this leads to

D(X,a)
κ′,κ (ω1, ω2) =

1
ω1 − κ +

[
Ea(q) − Ea(p)

]
+ iϵ
·

1
ω1 − κ′ +

[
Eb(q) − Eb(p′)

]
+ iϵ
·

×
1

ω1 + ω2 −
1
2 (κ′ + κ) + 1

2
[
Ea(p′) − Eb(p′) − Ea(p) + Eb(p)

]
+ iϵ

,

D(X,a′)
κ′,κ (ω1, ω2) =

1
ω2 − κ +

[
Eb(q) − Eb(p)

]
+ iϵ
·

1
ω2 − κ′ +

[
Ea(q) − Ea(p′)

]
+ iϵ
·

×
1

ω1 + ω2 −
1
2 (κ′ + κ) − 1

2
[
Ea(p′) − Eb(p′) − Ea(p) + Eb(p)

]
+ iϵ

,

D(X,b)
κ′,κ (ω1, ω2) =

1
ω1 − κ +

[
Ea(q) − Ea(p)

]
+ iϵ
·

1
ω1 − κ′ +

[
Eb(q) − Eb(p′)

]
+ iϵ
·

×
1

ω1 + ω2 −
1
2 (κ′ + κ) − 1

2
[
Ea(p′) + Eb(p′) + Ea(p) + Eb(p)

]
+ (Ea(q) + Eb(q)) + iϵ

,

D(X,b′)
κ′,κ (ω1, ω2) =

1
ω2 − κ +

[
Eb(q) − Eb(p)

]
+ iϵ
·

1
ω2 − κ′ +

[
Ea(q) − Ea(p′)

]
+ iϵ
·

×
1

ω1 + ω2 −
1
2 (κ′ + κ) − 1

2
[
Ea(p′) + Eb(p′) + Ea(p) + Eb(p)

]
+ (Ea(q) + Eb(q)) + iϵ

,

D(X,c)
κ′,κ (ω1, ω2) =

1
ω1 − κ +

[
Ea(q) − Ea(p)

]
+ iϵ
·

1
ω2 − κ′ +

[
Ea(q) − Ea(p′)

]
+ iϵ
·

×
1

ω1 + ω2 −
1
2 (κ′ + κ) − 1

2
[
Ea(p′) + Eb(p′) + Ea(p) + Eb(p)

]
+ (Ea(q) + Eb(q)) + iϵ

,

D(X,c′)
κ′,κ (ω1, ω2) =

1
ω2 − κ +

[
Eb(q) − Eb(p)

]
+ iϵ
·

1
ω1 − κ′ +

[
Eb(q) − Eb(p′)

]
+ iϵ
·

×
1

ω1 + ω2 −
1
2 (κ′ + κ) − 1

2
[
Ea(p′) + Eb(p′) + Ea(p) + Eb(p)

]
+ (Ea(q) + Eb(q)) + iϵ

.(C.6a)

Appendix D. Relation Kadyshevsky and Klein-Macke potentials

Appendix D.1. Relation Klein-Macke formalism planar graphs

To make the connection with the Klein-Macke formalism in [26], consider elastic scattering and κ = κ′ = 0. Then,
the factors in the denominator D(//,a)

σ;0,0 (ω1, ω2) in Eq. (C.3) are written as follows:

1. ω1 + Ea(q) − Ea(p) = ω1 + Ea(q) + Eb(p) −
[
Ea(p) + Eb(p)

]
=

ω1 +
[
Ea(q) + Eb(p)

]
−W ⇒ ω1 + A + A′′,

2. ω2 + Eb(q) − Eb(p′) = ω2 + Eb(q) + Ea(p′) −
[
Eb(p′) + Ea(p′)

]
=

ω2 +
[
Eb(q) + Ea(p′)

]
−W ⇒ ω2 + A′ + B′′,

3. ω1 + ω2 +
1
2

[
Ea(p′) − Eb(p′) − Ea(p) + Eb(p)

]
=

ω1 + ω2 +
1
2

[
2Ea(p′) −

(
Ea(p′) + Eb(p′)

)
− (Ea(p) + Eb(p)

]
+ 2Eb(p)

]
=

ω1 + ω2 +
(
Ea(p′) + Eb(p)

)
−W)⇒ ω1 + ω2 + A′ + A.
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Here⇒ means taking equal masses Ma = Mb, and A = E(p)−W/2, A′ = E(p′)−W ′/2, A′′ = E(q)−W/2, B′′ = A′′.
The expressions for the on-shell denominators become

D(//,a)
σ;0,0 (ω1, ω2) ⇒

(
ω1 + A + A′′

)−1 (
ω2 + A′ + A′′

)−1 [
2A′′

]−1 ,

D(//,a′)
σ;0,0 (ω1, ω2) ⇒

(
ω1 + A + A′′

)−1 (
ω2 + A′ + A′′

)−1 [
2A′′

]−1 ,

D(//,b)
σ;0,0 (ω1, ω2) ⇒

(
ω1 + A + A′′

)−1 (
ω2 + A′ + A′′

)−1 (ω1 + ω2)−1 ,

D(//,b′)
σ;0,0 (ω1, ω2) ⇒

(
ω1 + A + A′′

)−1 (
ω2 + A′ + A′′

)−1 (ω1 + ω2)−1 ,

D(//,c)
σ;0,0(ω1, ω2) ⇒

(
ω1 + A + A′′

)−1 (
ω2 + A′ + A′′

)−1 [
2A′′

]−1 ,

D(//,c′)
σ;0,0 (ω1, ω2) ⇒

(
ω1 + A + A′′

)−1 (
ω2 + A + A′′

)−1 [
2A′′

]−1 . (D.1)

This demonstrates that the Klein-Macke formalism, at least for equal fermion masses, leads to equivalent expressions
for the potentials as in [26].

Appendix D.2. Relation Klein-Macke formalism crossed graphs

Taking equal masses Ma = Mb, and the notation used in [26] A = E(p) − W/2, A′ = E(p′) − W ′/2, A′′ =
E(q) −W/2, B′′ = A′′, the expressions for the on-shell denominators become

D(X,a)
σ;0,0(ω1, ω2) ⇒

(
ω1 + A′ + A′′

)−1 (
ω2 + A + A′′

)−1 (
ω1 + ω2 + 2A′′

)−1 ,

D(X,a′)
σ;0,0 (ω1, ω2) ⇒

(
ω1 + A′ + A′′

)−1 (
ω2 + A + A′′

)−1 (
ω1 + ω2 + 2A′′

)−1 ,

D(X,b)
σ;0,0(ω1, ω2) ⇒

(
ω2 + A′ + A′′

)−1 (
ω2 + A + A′′

)−1 (ω1 + ω2)−1 ,

D(X,b′)
σ;0,0 (ω1, ω2) ⇒

(
ω1 + A′ + A′′

)−1 (
ω1 + A + A′′

)−1 (ω1 + ω2)−1 ,

D(X,c)
σ;0,0(ω1, ω2) ⇒

(
ω2 + A′ + A′′

)−1 (
ω2 + A + A′′

)−1 (
ω1 + ω2 + 2A′′

)−1 ,

D(X,c′)
σ;0,0 (ω1, ω2) ⇒

(
ω1 + A′ + A′′

)−1 (
ω1 + A + A′′

)−1 (
ω1 + ω2 + 2A′′

)−1 . (D.2)

In Fig. 10 and 11 the OPT-graphs are shown, which lead for κ = κ′ = 0 to the same pair-potentials using the Klein-
Macke formalism in Ref. [26, 29].

Appendix D.3. Adiabatic Approximations 16, ”non-adiabatic”: in the denominators expansion of the baryon energies
in 1/MB.

In the adiabatic approximation A = A′ = 0. The expressions for the denominators become:

Planar-graphs:

D(//,a)
σ;0,0 (ad) =

1
ω1

1
2A′′

1
ω2

, D(//,a′)
σ;0,0 (ad) =

1
ω1

1
2A′′

1
ω2
,

D(//,b)
σ;0,0 (ad) =

1
ω1

1
ω1 + ω2

1
ω2

, D(//,b′)
σ;0,0 (ad) =

1
ω1

1
ω1 + ω2

1
ω2
,

D(//,c)
σ;0,0(ad) =

1
ω1

1
2A′′

1
ω2

, D(//,c′)
σ;0,0 (ad) =

1
ω1

1
2A′′

1
ω2
. (D.3)

16”Adiabatic” approximation: an effective potential between the interacting particles is calculated, neglecting during the exchange of the mesons
the motion of the baryons, i.e. baryon energy differences are put to zero, see Ref. [26].
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Crossed-graphs:

D(X,a)
σ;0,0(ad) =

1
ω1

1
ω1 + ω2

1
ω2

, D(X,a′)
σ;0,0 (ad) =

1
ω1

1
ω1 + ω2

1
ω2
,

D(X,b)
σ;0,0(ad) =

1
ω2

1
ω1 + ω2

1
ω2

, D(X,b′)
σ;0,0 (ad) =

1
ω1

1
ω1 + ω2

1
ω1
,

D(X,c)
σ;0,0(ad) =

1
ω2

1
ω1 + ω2

1
ω2

, D(X,c′)
σ;0,0 (ad) =

1
ω1

1
ω1 + ω2

1
ω1
. (D.4)

Notice that the spinor-numerator factors for the parallel graphs are the same, and so there is the symmetry ω1 ↔ ω2,
as can be seen from the expressions above, and similarly for the crossed graphs.

Defining D(//)
σ;0,0(ad) =

∑
i=a,b,c,a′,b′,c′ D(//,i)(ad). Similarly D(X)

σ;0,0(ad) for the crossed graphs. The denominator for the
parallel graphs is

D(//)
σ;0,0(ad) =

1
ω1

4
2A′′

1
ω2
+

2
ω1ω2

1
ω1 + ω2

. (D.5)

and for the crossed graphs

D(X)
σ;0,0(ad) =

2
ω1ω2

[
1 +

ω1

ω2
+
ω2

ω1

] 1
ω1 + ω2

. (D.6)

Comparison: The denominators D(//,a)(ad),D(//,a′)(ad) corresponds to the so-called TMO-graphs. Subtracting the
one-meson-exchange iterated graph D(//,a)(ad),D(//,a′)(ad) ⇒ 0. This subtraction avoids ”double counting” when
used in the integral equations. Taking into account the leading non-adiabatic corrections, see for details [26], one
obtains in total

D(//,a)
σ;0,0 (ad) + D(//,a′)

σ;0,0 (ad)⇒ −
1

ω1ω2

(
1
ω1
+

1
ω2

)
. (D.7)

contributions, including the 1/M corrections from the TMO-graphs, for the planar graphs in formulas (8.1)-(9.4)

D(//)(ad) =
1

ω1ω2

[ 1
ω1 + ω2

−
1
ω1
−

1
ω2

]
,

and for the crossed graphs in formulas (8.3)-(8.5)

D(X)(ad) =
1

ω1ω2

[ 1
ω1
+

1
ω2
−

1
ω1 + ω2

]
= −D(//)(ad).

In Fig. 10 and 11 the OPT-graphs are shown, which lead for κ = κ′ = 0 to the same pair-potentials using the Klein-
Macke formalism in Ref. [26, 29].
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κ
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Figure D.47: Pair Kadyshevsky graphs. The solid lines denote the nucleons, and the dashed lines the mesons. The dotted lines denote the quasi-
momentum particles. In (a) and (c), the intermediate momentum is qb as in (b).
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Appendix E. One-pair and Two-pair Kadyshevsky graphs σ = [+]

Appendix E.1. One-pair Kadyshevsky graphs σ = [+]
Graph (a) in the Kadyshevsky graphs Fig. D.47 gives for the one-pair exchange matrix element

(2π)4δ4
(
p′a + p′b + κ

′n − pa − pb − κn
)

M(pair,a)
κ′,κ =

 M2
a M2

b

Ea(p′a)Eb(p′b)Ea(pa)Eb(pb)


1/2

·

×
[
ū(p′a)Γ(a)

2−pairu(pa)
] ∫ d4k1

(2π)3

∫
d4k2

(2π)3 · δ+
[
k2

1 − m2
1

]
δ+

[
k2

2 − m2
2

]
·

×

∫ ∞

−∞

dκ1

2π

∫ ∞

−∞

dκ2

2π

∫ ∞

−∞

dκ3

2π
1

κ1 − iϵ
1

κ2 − iϵ
1

κ3 − iϵ
·

×

∫
d4qb

(2π)3 δ+
[
(q2

b − M2
b

]
·
[
ū(p′b)Γ(b)

2 S̃ (+)
F (qb)Γ(b)

1 u(pb)
]
·

×(2π)4δ4 (
p′a + κ1n − pa − κn − k1 − k2

)
(2π)4δ4

(
p′b − κ2n + k2 − qb + κ

′n
)
·

×(2π)4δ4 (qb − κ1n − pb + κ2n + k1) (E.1)

Graph (b) in the Kadyshevsky graphs Fig. D.47 gives for the one-pair exchange matrix element

(2π)4δ4
(
p′a + p′b + κ

′n − pa − pb − κn
)

M(pair,b)
κ′,κ =

 M2
a M2

b

Ea(p′a)Eb(p′b)Ea(pa)Eb(pb)


1/2

·

×
[
ū(p′a)Γ(a)

2−pairu(pa)
] ∫ d4k1

(2π)3

∫
d4k2

(2π)3 δ+
[
k2

1 − m2
1

]
δ+

[
k2

2 − m2
2

]
·

×

∫ ∞

−∞

dκ1

2π

∫ ∞

−∞

dκ2

2π

∫ ∞

−∞

dκ3

2π
1

κ1 − iϵ
1

κ2 − iϵ
1

κ3 − iϵ
·

×

∫
d4qb

(2π)3 δ+
[
(q2

b − M2
b

]
·
[
ū(p′b)Γ(b)

2 S̃ (+)
F (qb)Γ(b)

1 u(pb)
]
·

×(2π)4δ4 (
p′a + κ2n − pa − κ1n + k1 + k2

)
(2π)4δ4

(
p′b − κ2n − qb − k2 + κ

′n
)
·

×(2π)4δ4 (qb + κ1n − pb − k1 − κn) (E.2)

Graph (c) in the Kadyshevsky graphs Fig. D.47 gives for the one-pair exchange matrix element

(2π)4δ4
(
p′a + p′b + κ

′n − pa − pb − κn
)

M(pair,c)
κ′,κ =

 M2
a M2

b

Ea(p′a)Eb(p′b)Ea(pa)Eb(pb)


1/2

·

×
[
ū(p′a)Γ(a)

2−pairu(pa)
] ∫ d4k1

(2π)3

∫
d4k2

(2π)3 δ+
[
k2

1 − m2
1

]
δ+

[
k2

2 − m2
2

]
·

×

∫ ∞

−∞

dκ1

2π

∫ ∞

−∞

dκ2

2π

∫ ∞

−∞

dκ3

2π
1

κ1 − iϵ
1

κ2 − iϵ
1

κ3 − iϵ
·

×

∫
d4qb

(2π)3 δ+
[
(q2

b − M2
b

]
·
[
ū(p′b)Γ(b)

2 S̃ (+)
F (qb)Γ(b)

1 u(pb)
]
·

×(2π)4δ4 (
p′a − pa − κn + κ1n + k1 + k2

)
(2π)4δ4 (qb + κ2n − pb − κ1n + k1) ·

×(2π)4δ4
(
p′b − qb − κ1n − k2 + κ2n

)
(E.3)
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The result of the integration gives for graph (a)

M(pair,a)
κ′,κ (p′as′a, p′bs′b; pasa, pbsb) =

 M2
a M2

b

Ea(p′a)Eb(p′b)Ea(pa)Eb(pb)


1/2 [

ū(p′a, s
′
a)Γ(a)

pairu(pa, sa)
]
·

×

∫
d3k1

(2π)32ω1

∫
d3k2

(2π)32ω2

∫
d3q

2Eb(q)
δ(3)(q − (p′ + p − k1 + k2)/2) ·

×

[
ū(p′b, s

′
b)Γ(b)

2
(
q/ + Mb

)
Γ

(b)
1 u(pb, sb)

]
· D(pair,a)

κ′,κ (ω1, ω2) ·

×(2π)3δ(3)(p′ − p + k1 + k2), (E.4)

with q0 = Eb(q). Similarly for graphs (b) and (c). For the CM-amplitudes one obtains

D(pair,a)
κ′,κ (ω1, ω2) = +

1
ω1 + ω2 +

1
2 (κ′ + κ) + 1

2 [Eb(p′) − Eb(p) − Ea(p′) + Ea(p)] + iϵ
·

×
1

ω1 + κ′ − Eb(p) + Eb(q) + iϵ
, (E.5a)

D(pair,b)
κ′,κ (ω1, ω2) = −

1
ω2 − κ + [Eb(p′) − Eb(q)] + iϵ

·

×
1

ω1 +
1
2 (κ′ + κ) + 1

2
[
Ea(p′) + Eb(p′) − Ea(p) + Eb(p)

]
− Eb(q) + iϵ

, (E.5b)

D(pair,c)
κ′,κ (ω1, ω2) = +

1
ω1 + ω2 +

1
2 [Eb(p′) − Ea(p′) − Eb(p) + Ea(p)] + iϵ

·

×
1

ω2 + Eb(p′) − Eb(q) − κ + iϵ
. (E.5c)

pa

pb

p′
a

p′
b

k1 k2

κ

κ′

κ1

(d)

pa

pb

p′
a

p′
b

k1 k2

κ

κ′

κ1

(e)

Figure E.48: Two-pair Kadyshevsky graphs.
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Appendix E.2. Two-pair Kadyshevsky graphs

Graph (d) in the Kadyshevsky graphs Fig. E.48 gives for the two-pair exchange matrix element

−(2π)4δ4
(
p′a + p′b + κ

′n − pa − pb − κn
)

M(pair,d)
κ′,κ =

 M2
a M2

b

Ea(p′a)Eb(p′b)Ea(pa)Eb(pb)


1/2 ∫

d4k1

(2π)3

∫
d4k2

(2π)3 ·

×δ+
[
k2

1 − m2
1

]
δ+

[
k2

2 − m2
2

]
·

∫ ∞

−∞

dκ1

2π

∫ ∞

−∞

dκ2

2π

∫ ∞

−∞

dκ3

2π
1

κ1 − iϵ
1

κ2 − iϵ
1

κ3 − iϵ
·

×(2π)4δ4 (
p′a − pa + κ1n − κn + k1 + k2

)
(2π)4δ4

(
p′b − pb + κ

′n − k1 − κ1n
)

×
[
ū(p′a)Γ(a)

pairu(pa)
] [

ū(p′b) Γ(b)
pairu(pb)

]
(E.6)

For graph (e) the two-pair matrix element is

−(2π)4δ4
(
p′a + p′b + κ

′n − pa − pb − κn
)

M(pair,e)
κ′,κ =

 M2
a M2

b

Ea(p′a)Eb(p′b)Ea(pa)Eb(pb)


1/2 ∫

d4k1

(2π)3

∫
d4k2

(2π)3 ·

×δ+
[
k2

1 − m2
1

]
δ+

[
k2

2 − m2
2

]
·

∫ ∞

−∞

dκ1

2π

∫ ∞

−∞

dκ2

2π

∫ ∞

−∞

dκ3

2π
1

κ1 − iϵ
1

κ2 − iϵ
1

κ3 − iϵ
·

×(2π)4δ4 (
p′a − pa − κ1n + κ′n − k1 − k2

)
(2π)4δ4

(
p′b − pb − κn + κ1n + k1 + k2

)
×

[
ū(p′a)Γ(a)

pairu(pa)
] [

ū(p′b) Γ(b)
pairu(pb)

]
(E.7)

The result of the integration for graph (d) is

M(pair,d)
κ′,κ (p′as′a, p′bs′b; pasa, pbsb) =

 M2
a M2

b

Ea(p′a)Eb(p′b)Ea(pa)Eb(pb)


1/2

·

×

∫
d3k1

(2π)32ω1

∫
d3k2

(2π)32ω2
(2π)3δ(3)(p′ − p + k1 + k2) ·

×

[
ū(p′a, s

′
a)Γ(a)

pairu(p′a, s
′
a)
]
·

[
ū(p′b, s

′
b)Γ(b)

pairu(pb, sb)
]
· D(pair,d)

κ′,κ (ω1, ω2), (E.8)

and similarly for graph (e). For the CM-amplitudes one obtains

D(pair,d)
κ′,κ (ω1, ω2) = +

1
ω1 + ω2 −

1
2 (κ′ + κ) − 1

2 [Eb(p′) − Ea(p′) − Eb(p) + Ea(p)] + iϵ
, (E.9a)

D(pair,e)
κ′,κ (ω1, ω2) = +

1
ω1 + ω2 −

1
2 (κ′ + κ) − 1

2 [Ea(p′) − Eb(p′) − Ea(p) + Eb(p)] + iϵ
. (E.9b)

Note that this also gives the constraint Eb(p′) + Ea(p′ + κ′n = Eb(p + Ea(p + κn, which is consistent with energy
conservation including κ′ and κ.
In Fig. 13 the OPT-graphs are shown, which lead for κ = κ′ = 0 to the same pair-potentials using the Klein-Macke
formalism in Ref. [30].

Appendix F. Exact Reduction Dirac-spinors to Pauli-spinors

The transition from Dirac spinors to Pauli spinors is given here, without approximations. The notations E = E+M
and E′ = E′ + M′, where E = E(p,M) and E′ = E(p′,M′), are used. Also, omitted are, on the right-hand side in the
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expressions below, the final and initial Pauli spinors χ′† and χ, respectively, which are self-evident. The expressions
below are derived using the Dirac spinors [55]

u(p) =

√
E + M

2M

(
χ
σ·p

E+M χ

)
, v(p) =

√
E + M

2M

( σ·p
E+M χ
χ

)
. (F.1)

With these Dirac spinors, the matrix elements are

ū(p′)γ5u(p) = −

√
E′E

4M′M

[
σ·p′

E′
−
σ·p
E

]
, (F.2a)

ū(p′)γ5γ
0u(p) = −

√
E′E

4M′M

[
σ·p′

E′
+
σ·p
E

]
, (F.2b)

ū(p′)γ5γ u(p) = −

√
E′E

4M′M

[
σ +

(σ · p′) σ (σ · p)
E′E

]
= −

√
E′E

4M′M

[(
1 −

p′ · p
E′E

)
σ − i

p′ × p
E′E

+
1
E′E

(
σ · p p′ + σ · p′ p

)]
≈ −σ, , (F.2c)

where are defined k = p′ − p, q = (p′ + p)/2.

v̄(p′)γ5u(p) = −

√
E′E

4M′M

[(
1 −

p′ · p
E′E

)
− i

p′ × p · σ
E′E

]
, (F.3a)

v̄(p′)γ5γ
0u(p) = +

√
E′E

4M′M

[(
1 +

p′ · p
E′E

)
+ i

p′ × p · σ
E′E

]
, (F.3b)

v̄(p′)γ5γ u(p) = +

√
E′E

4M′M

[(
p′

E′
+

p
E

)
+ i

(
σ × p′

E′
−
σ × p
E

)]
, (F.3c)

and for the ūΓv one can use the identity ū(p′)Γ v(p) = v̄(p) [γ0Γ
† γ0] u(p′) 17.

Appendix G. OBE-Potentials in ESC16

The OBE-potentials in ESC16 are those contained already in ESC04 [2, 3], and some new additional contributions.
The additions to the OBE-potentials w.r.t. the ESC04-models consist of the following elements: (i) extension of the
baryon-baryon-meson vertex of the axial-vector mesons (JPC = 1++) by adding the derivative coupling, (ii) inclusion
of the axial-vector mesons of the 2nd kind, having JPC = 1+−. In Ref. [5], the potentials for non-strange meson
exchange have been given. Here, are listed the additions and the basic potentials for meson exchange with non-zero
strangeness.

Appendix G.1. Additions to the OBE-Potentials in ESC16

The interaction Hamiltonian densities for the new couplings are

17Note the relations v(p) = γ5 u(p) and v̄(p) = −ū(p)γ5, which explains the connections between the (F.2c) and (F.3c) expressions.
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a) Axial-vector-meson exchange ( JPC = 1++, 1st kind):

HA = gA[ψ̄γµγ5ψ]ϕµA +
i fA

M
[ψ̄γ5ψ] ∂µϕ

µ
A. (G.1)

In ESC04 the gA-coupling was included, but not the derivative fA-coupling.

b) Axial-vector-meson exchange ( JPC = 1+−, 2nd kind):

HB =
i fB

mB
[ψ̄σµνγ5ψ] ∂νϕ

µ
B, (G.2)

where mB is the mass b1(1235). In ESC04 this coupling was not included. Like for the axial-vector mesons of
the 1st-kind included is an SU(3)-nonet with members b1(1235), h1(1170), h′1(1380). In the quark-model they are
QQ̄(1P1)-states.

The inclusion of the Gaussian form factors is discussed in previous papers [34] and reviewed in [5]. For the approx-
imations made in deriving the potentials from the relativistic Born-Approximation, see also Ref. [5]. Due to these
approximations, the dependence on q2 is linearized, and one can write

Vi(k2,q2) = Via(k2) + Vib(k2)
(
q2 +

1
4

k2
)
, (G.3)

where i = 1 − 8. The combination (q2 + k2/4) leads to a purely non-local potential. The additional OBE-potentials
are obtained in the standard way, see [33, 34]. The potential functions Vi of (G.3) are written in the form

Vi(k2,q2) =
∑

X

Ω
(X)
i (k2) · ∆(X)(k2,m2,Λ2), (G.4)

where m denotes the mass of the meson, Λ the cut-off in the gaussian form factor, and X = P,V, S , A, B, and D
(P= pseudoscalar, V= vector, S= scalar, A= axial-vector, B= axial-vector, and D = Pomeron/Odderon). For meson-
exchange the propagator ∆(X)-function is

∆(X)(k2,m2,Λ2) = e−k2/Λ2
/(k2 + m2). (G.5)

For X=S,A, included in the propagator is a zero by the factor (1 − k2/U2), with U=750 MeV [2, 3]. In the case X=D
the propagator is replaced by

∆(D)(k2,m2,Λ2) =
1
M2 e−k2/4m2

D . (G.6)

Here,M is a universal scaling mass, taken to be the proton mass, which is also used in the derivative couplings above,
as well as in the fV - and fA-coupling of the vector-mesons.

Appendix G.2. Meson-exchange with Non-zero Strangeness (∆Y , 0)
For the non-strange mesons, the mass differences at the vertices are neglected, taken at the YY M- and the NNM-

vertex is the average hyperon and the average nucleon mass, respectively. This implies that the contributions to the
Pauli-invariants P7 and P8 are not included. (See Ref. [57] for the definition of Pi, i = 1, 8). These exchanges lead
to the so-called ’exchange-potentials’. For the invariants O1, . . . ,O6, see [57], the expressions analogous to those
for the non-strange mesons given above apply. This, with the amendments that (i) in momentum and configuration
space, there is a complete symmetric appearance of MY and MN , (ii) in configuration space there appears the baryon-
exchange operator P = −Px Pσ operator, and (iii) for the anti-symmetric spin-orbit potential P → Px. Here, Px and
Pσ are the space-exchange and spin-exchange operators, respectvely. The details are given in Appendix K. Therefore,
the Ω(X)

i for these potentials can be obtained from those given in ref. [5] Eqs. (4.14)-(4.18), by replacing both MY and
MN by (MY MN)1/2. Furthermore, in the case of the vector and axial-B mesons the Proca-formalism [28, 228] is used,
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which gives for the vector mesons non-negligible contributions from the second part of the vector-meson propagator
(kµkν/m2) of the K∗ meson:

−VK∗
i = V (V)

i −
(M3 − M1)(M4 − M2)

m2 V (S )
i , (G.7)

where in V (S )
i the vector-meson-couplings have to be used, and MY and MN must be replaced by (MY MN)1/2. In

Eq. (G.7) M1 = M4 = MY and M2 = M3 = MN . For the axial-A mesons, the B-field formalism is exploited, see [5]
Appendix A, and there is no second term in the propagator.

For the mesons with non-zero strangeness, K,K∗, κ,KA and KB, the mass differences at the vertices are not ne-
glected, they are taken into account at the YNM-vertices the differences between the average hyperon and the average
nucleon mass. This implies that included are contributions to the Pauli-invariants P8. There are not contributions to P7.
Furthermore, mass differences in the YN-propagation are included via meson mass corrections in the strange-meson
propagators.

(a) Pseudoscalar K-meson exchange:

Ω
(P)
2a = − f P

13 f P
24

 k2

3m2
π+

 , Ω(P)
3a = − f P

13 f P
24

 1
m2
π+

 , (G.8a)

Ω
(P)
2b = + f P

13 f P
24

 k2

6m2
π+

 , Ω(P)
3b = + f P

13 f P
24

 1
2m2

π+MY MN

 . (G.8b)

(b) Vector-meson K∗-exchange:

Ω
(V)
1a =

{
gV

13gV
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(
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2MY MN
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−
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13gV

24

(
3
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)
,

Ω
(V)
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2
3

k2 Ω
(V)
3a , Ω(V)

2b = −
2
3

k2 Ω
(V)
3b

Ω
(V)
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{
(gV

13gV
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(
gV

13 f V
24 + gV

24 f V
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) √MY MN

M
) − f V

13 f V
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}
/(4MY MN)

Ω
(V)
3b = −

(
gV

13 + f V
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M

) (
gV

24 + f V
24

MN

M

)
/(8M2
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Ω
(V)
4 = −

{
12gV

13gV
24 + 8(gV

13 f V
24 + f V

13gV
24)
√

MY MN

M
− f V

13 f V
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}
/(8MY MN)

Ω
(V)
5 = −
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24 + f V

13gV
24)
√

MY MN

M
+ 8 f V
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MY MN
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N)

Ω
(V)
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(gV
13 f V

24 − f V
13gV

24)
1√

M2MY MN

 . (G.9)

(c) Scalar-meson κ-exchange:

Ω
(S )
1a = −gS

13gS
24

(
1 +

k2

4MY MN

)
, Ω(S )

1b = +gS
13gS

24
1

2MY MN
,

Ω
(S )
4 = −gS

13gS
24

1
2MY MN

, Ω(S )
5 = gS

13gS
24

1
16M2

Y M2
N

, Ω(S )
6 = 0. (G.10)
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(d) Axial-vector K1A-exchange JPC = 1++:

Ω
(A)
2 = −gA

13gA
24

[
1 −

2k2

3MY MN

]
+

[(
gA

13 f A
24 + f A

13gA
24

) √MY MN

M
− f A

13 f A
24

k2

2M2

]
k2

6MY MN

Ω
(A)
2b = −gA

13gA
24

(
3

2MY MN

)

Ω
(A)
3 = −gA

13gA
24

[
1

4MY MN

]
+

[(
gA

13 f A
24 + f A

13gA
24

) √MY MN

M
− f A

13 f A
24

k2

2M2

]
1

2MY MN

Ω
(A)
4 = −gA

13gA
24

[
1

2MY MN

]
, Ω(A)′

5 = −gA
13gA

24

[
2

MY MN

]
, Ω(A)

6 = 0. (G.11)

Here, is used the B-field description with αr = 1, see [5], Appendix A. The detailed treatment of the potential
proportional to P′5, i.e. with Ω(A)′

5 , is given in [5], Appendix B.
(e) Axial-vector K1B-exchange JPC = 1+−:

Ω
(B)
2a = + f B

13 f B
24

4MN MY

m2
B

(
1 −

k2

4MY MN

) (
k2

12MY MN

)
, Ω(B)

2b = + f B
13 f B

24
4MN MY

m2
B

 k2

8M2
Y M2

N


Ω

(B)
3a = + f B

13 f B
24

4MN MY

m2
B

(
1 −

k2

4MY MN

) (
1

4MY MN

)
, Ω(B)

3b = + f B
13 f B

24
4MN MY

m2
B

 3
8M2

Y M2
N

 , (G.12)

As in Ref. [34] in the derivation of the expressions for Ω(X)
i , given above, MY and MN denote the mean hyperon

and nucleon mass, respectively MY = (M1 +M3)/2 and MN = (M2 +M4)/2, and m denotes the mass of the exchanged
meson. Moreover, the approximation 1/M2

N + 1/M2
Y ≈ 2/(MN MY ), is used, which is rather good since the mass dif-

ferences between the baryons are not large.

Appendix G.3. One-Boson-Exchange Interactions in Configuration Space I
In configuration space, the BB-interactions are described by potentials of the general form, see e.g. Ref. [13],

V =

{
VC(r) + Vσ(r)σ1 · σ2 + VT (r)S 12 + VS O(r)L · S + VQ(r)Q12

+VAS O(r)
1
2

(σ1 − σ2) · L −
1

2MY MN

(
∇

2Vn.l.(r) + Vn.l.(r)∇2
)}
· P, (G.13a)

Vn.l. =

{
φC(r) + φσ(r)σ1 · σ2 + φT (r)S 12

}
, (G.13b)

where n.l. stands for non-local, and
S 12 = 3(σ1 · r̂)(σ2 · r̂) − (σ1 · σ2), (G.14a)

Q12 =
1
2

[
(σ1 · L)(σ2 · L) + (σ2 · L)(σ1 · L)

]
, (G.14b)

The exchange operator P = 1 for hypercharge Y zero exchange and P = −PxPσ. Here, Px and Pσ are the space- and
spin-exchange operators, respectively. For the basic functions for the Fourier transforms with Gaussian form factors,
see Refs. [33, 34]. For the details of the Fourier transform for the potentials with P′5, which occur in the case of the
axial-vector mesons with JPC = 1++, see [5], Appendix B.
(a) Pseudoscalar-meson K-exchange:

VPS (r) =
m
4π

 f P
13 f P

24

 m2

m2
π+

 (1
3

(σ1 · σ2) ϕ1
C + S 12ϕ

0
T

) P, (G.15a)

Vn.l.
PS (r) = −

m
4π

 f P
13 f P

24

 m2

2m2
π+

 (1
3

(σ1 · σ2) ϕ1
C + S 12ϕ

0
T

) P. (G.15b)
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(b) Vector-meson K∗-exchange:

VV (r) =
m
4π

[{
gV

13gV
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C

]
+
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+
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Vn.l.
V (r) =

m
4π

[
3
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gV
13gV
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(c) Scalar-meson κ-exchange:

VS (r) = −
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4π
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13gS
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Vn.l.
S (r) =

m
4π
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1
2

gS
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24ϕ
0
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P. (G.17b)

(d) Axial-vector K1A-meson exchange JPC = 1++:
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Vn.l.
A (r) = −
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4π

[
3
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gA
13gA

24ϕ
0
C(σ1 · σ2)

]
P. (G.18b)

(e) Axial-vector K1B-meson exchange JPC = 1+−:

VB(r) = −
m
4π

4MN MY
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13 f B
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12MY MN
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Vn.l.
B (r) = −
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[
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13 f B

24
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1
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(σ1 · σ2) ϕ1
C + S 12ϕ

0
T

)]
P. (G.20)
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(f) Diffractive-exchange: Since in the ESC16-model the diffractive Pomeron and Odderon exchanges are SU(3) sin-
glets, there are no contributions to S , 0-exchange potentials.

Above, in Eq.’s (G.15-G.20) the exchange operator is defined as

P = −PxPσ, (G.21)

where Px and Pσ are the space- and spin-exchange operators respectively. The extra (−Pσ)-operator in (G.16) for the
anti-symmetric spin-orbit potential is explained in Appendix K. Notice that −PσP = Px, which is well defined for
the coupled singlet-triplet systems.

Appendix G.4. One-Boson-Exchange Interactions in Configuration Space II

The extra potentials, due to the zeros in the scalar and axial-A vector form factors, are:

a) Scalar-mesons:

∆VS (r) = −
m
4π

m2

U2

gS
13gS

24

[ϕ1
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m4

16M2
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N
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T Q12

 P. (G.22)

b) Axial-mesons: The extra contribution to the potentials comes from the zero in the axial-vector meson form
factor are obtained from the expression (G.11) by making substitutions as follows

∆V (1)
A (r) = V (1)

A

(
ϕ0

C → ϕ1
C , ϕ

0
T → ϕ1

T , ϕ
0
S O → ϕ1

S O

)
·

m2

U2 . (G.23)

Note that the similar ∆V (2)
A (r) are not included, since they involve k4-terms in momentum-space. Then,

V (1)
A (r) = −
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13gA

24

4π
m

[
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C (σ1 · σ2) −
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12MY MN

(
∇2ϕ0

C + ϕ
0
C∇

2
)

(σ1 · σ2)

+
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4MY MN
ϕ0

T S 12 +
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2MY MN
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S O L · S

+
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4MY MN
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Y

MY MN
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S O ·
1
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(σ1 − σ2) · L
 P. (G.24)

Appendix H. ESC-couplings and the QPC-model

In the ESC-model for baryon-baryon, the meson-baryon couplings are in principle only restricted by the require-
ments of relativistic covariance, time-reversal and parity. However, dynamical input based on e.g. QCD, the QM,
chiral-symmetry, and flavor SU(3), is essential in order to be able to link the NN-, YN-, and YY-systems. It appeared
that in the ESC-model the 3P0 quark-antiquark pair-creation model [45, 46] leads to a scheme for the meson-baryon-
baryon couplings which is very similar to that found in the fits of the ESC-model [2, 3]. The couplings found in the
ESC16-model fit very well in the (3P0 +

3 S 1)-scheme with a ratio 3P0/
3S 1 = 2 : 1.

Appendix H.1. QPC-model Coupling Non-strange Mesons

According to the Quark-Pair-Creation (QPC) model, in the 3P0-version [45, 46], the baryon-baryon-meson cou-
plings are given in terms of the quark-pair creation constant γM , and the radii of the (constituent) Gaussian quark wave
functions, by [46, 229]

gBBM(±) = γM
3
√

2
π−3/4 XM (IM , LM , S M , JM) F(±)

M , (H.1)
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where ± = −(−)L f with L f is the orbital angular momentum of the final BM-state, XM(. . .) is an isospin, spin, etc.
recoupling coefficient, and

F(+) =
3
2

(mMRM)+1/2 (ΛQPCRM)−2,

F(−) =
3
2

(mMRM)−1/2 (ΛQPCRM)−2 · 3
√

2(MM/MB). (H.2)

are coming from the overlap integrals, calculated with a Gaussian cut-off ΛQPC for the quark-pair coupling to the
constituent quark in the baryon, see Ref. [5]. Here, the superscripts ∓ refer to the parity of the mesons M: (−) for
JPC = 0+−, 1−−, and (+) for JPC = 0++, 1++. The radii of the baryons, in this case nucleons, and the mesons are
respectively denoted by RB and RM .

The QPC(3P0) model gives several interesting relations, such as gω = 3gρ, gϵ = 3ga0 , and ga0 ≈ gρ, gϵ ≈ gω.
These relations can be seen most easily by applying the Fierz transformation to the 3P0-pair-creation Hamiltonian,
see Appendix D.

From ρ→ e+e−, employing the current-field-identities (C.F.I’s) one can derive, see for example [230], the follow-
ing relation with the QPC-model

fρ =
m3/2
ρ

√
2|ψρ(0)|

⇔ γ

(
2

3π

)1/2 m3/2
ρ

|′ψρ(0)′|
, (H.3)

which, neglecting the difference between the wave functions on the left and right-hand side, gives the pair creation
constant γ → γ0 =

1
2

√
3π = 1.535. However, in the QPC-model Gaussian harmonic oscillator wave functions are

used, which does not account for the 1/r-behavior, due to one-gluon exchange (OGE), at short distances. This is
corrected by applying an OG-correction [231] to the wave function, which gives for γ [232]

γ = γ0

(
1 −

16
3
α(mM)
π

)−1/2

. (H.4)

In Table H.38 γ(µ) is shown, Using from [233] the parameterization

αs(µ) = 4π/
(
β0 ln(µ2/Λ2

QCD)
)
, (H.5)

withΛQCD = 100 MeV and β0 = 11− 2
3 n f for n f = 3, and taking the typical scale mM ≈ 1 GeV, the above formula gives

Table H.38: Pair-creation constant γ as a function of µ.

µ [GeV] αs(µ) γ(µ)
∞ 0.00 1.535

80.0 0.10 1.685
35.0 0.20 1.889
1.05 0.30 2.191
0.55 0.40 2.710
0.40 0.50 3.94
0.35 0.55 5.96

γM = 2.19. This value will use later, when comparing the QPC-model predictions and the ESC16-model coupling
constants.
The formulas (H.2) are valid for the simplest QPC model. For a realistic description of the coupling constants of the
ESC16 model, two extensions are introduced: (i) inclusion of both the 3P0- and the 3S 1-mechanism, (ii) inclusion of
SU(6)-breaking. For details, see [234]. For the latter, used are the (56) and (70) SU(6)-irrep mixing [229], and a short-
distance quark-gluon form factor. In Table H.39 shown are the 3P0 −

3 S 1-model results and the values obtained in the
ESC16-fit. In this table, fixed is γM = 2.19 for the vector-, scalar-, and axial-vector mesons. From Table H.38 one sees
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that at the scale of mM ≈ 1 GeV, such a value is reasonable. Here, one has to realize that the QPC-predictions are kind
of ”bare” couplings, which allow vertex corrections from meson-exchange. For the pseudo-scalar, a different value
has to be used, showing indeed some ’running’-behavior as expected from QCD. In [232], for the decays ρ, ϵ → 2π
etc. it was found γ = 3.33, whereas here γπ = 5.51. For the mesonic decays of the charmonium states γ = 1.12. One
notices the similarity between the QPC(3P0)-model predictions and the fitted couplings. Of course, these results are
sensitive to the rM values. It appeared that for all solutions with a very good χ2

NN the rM values varied by ±0.2 fm.
The ESC16-couplings and the QPC-couplings agree very well. In particular, the SU(6)-breaking is improving the
agreement significantly. All this strengthens the claim that the ESC16-couplings are realistic ones.

Table H.39: SU(6)-breaking in coupling constants, using (56) and (70)-irrep mixing with angle φ = −22o for the 3P0- and 3S 1-model. Gaussian
Quark-gluon cut-off ΛQQG = 986.6 MeV. Ideal mixing for vector and scalar meson nonets. For pseudoscalar- and axial-nonets the mixing angles
are −11.40 and −42.7o, respectively, imposing the OZI-rule. Here, ΛQPC = 259.6 MeV, γ(αs = 0.30) = 2.19 etc. The weights are A=0.789 and
B=0.211 for the 3P0 and 3S 1 respectively. The values in parentheses in the column QPC denote the results for φ = 0o.

Meson rM[ f m] γM
3S 1

3P0 QPC ESC16

π(140) 0.30 5.51 g = −1.37 g = +5.12 3.76 (3.99) 3.65

η′(957) 0.60 2.22 g = −1.61 g = +6.02 4.41 (5.38) 4.32

ρ(770) 0.80 2.37 g = −0.09 g = +0.65 0.57 (0.68) 0.58

ω(783) 0.70 2.35 g = −0.48 g = +3.60 3.12 (3.09) 3.11

a0(962) 0.80 2.22 g = +0.12 g = +0.46 0.59 (0.61) 0.54

ϵ(620) 0.70 2.37 g = +0.63 g = +2.35 2.98 (2.98) 2.98

a1(1270) 0.60 2.09 g = −0.09 g = −0.67 -0.76 (-0.77) -0.82

f1(1285) 0.60 2.09 g = −0.08 g = −0.60 -0.68 (-0.69) -0.76

Appendix I. Quark-Pair-Creation model

In this appendix, a short description of the evaluation of the BBM coupling constants in the QPC-model, using the
Fierz-transformation technique, is given. Details are given in Ref. [234]. Here, apart from the Fierz-transformation,
the techniques used are those of [46, 229, 232]. In Fig. I.49 the two kinds of processes, direct (a) and exchange (b),
are shown.

The derivation of the BBM-couplings starts from the generalized 3P0 (S) and 3S 1 (V) Pair-creation Hamiltonians

H
(S )
I = −4γ(S )

qq̄

∑
i

q̄iqi

 ·
∑

j

q̄ jq j

 ,
H

(V)
I = −γ(V)

qq̄

∑
i

q̄i,α(λ)αβγ
µqi,β

 ⊗
∑

j

q̄ j,γ(λ)γδγµq j,δ

 (I.1)

where γ(V)
qq̄ is a phenomenological constant, and the summations run as i, j = u, d, s. In this QPC model, there is in the

fundamental process a (confined) scalar or gluon propagator. This implies, assuming a constant propagator, an extra

108



q1

q2

q3

q′
1

q′
2

q4

q5

q′
3(a) direct

q1

q2

q3

q′
1

q′
2

q4

q5

q′
3(b) exchange

Figure I.49: 3P0- and 3S 1-quark-pair-creation (QPC)

factor depending on a scalar or (massive) gluon exchange (−i)2.(∓i/m2
G) ∼ ±i/Λ2

QPC . meaning ∼ ±iHint.
Rearrangement is supposed to take place when some mechanism creates a quark-antiquark pair in a baryon, where
one quark from the baryon combines into a mesonic state with the anti-quark from the pair. The quark from the pair
recombines with the two remaining quarks of the baryon to make the baryon in the final state. These rearrangements
into mesons of different kinds can be understood from a Fierz transformation applied to (I.1). One has the identity
[235]

H
(S )
I = γ(S )

qq̄

∑
i, j

[
+ q̄i q j · q̄i q j + q̄iγµq j · q̄ jγ

µqi

−
1
2

q̄iσµνq j · q̄ jσ
µνqi − q̄iγµγ5q j · q̄ jγ

µγ5qi + q̄iγ5q j · q̄ jγ
5qi

]
,

H
(V)
I = +γ(V)

qq̄

∑
i, j

[
+ q̄i q j · q̄i q j −

1
2

q̄iγµq j · q̄ jγ
µqi

−
1
2

q̄iγµγ5q j · q̄ jγ
µγ5qi − q̄iγ5q j · q̄ jγ

5qi

]
. (I.2)

Here, is considered only the flavor-spin Fierzing. 18 The appropriate Fierzing of the color structure is different for
graph (a) and graph (b) in Fig. I.49: (i) For graph (a) the identity [235]

(λ)γδ · (λ)
β
α =

16
9
δ
γ
αδ

β
δ −

1
3

(λ)γα · (λ)
β
δ (I.3)

is used. Since the mesons are colorless, the second term in (I.3) may be neglected, and color gives the simple factor
16/9.
(ii) In graph (b), there is in fact a sum over q1 and q2. Because the baryons are colorless, one has

(λ1) βα + (λ2) βα = −(λ3) βα . (I.4)

Therefore, for this graph, using (I.3), one has the identity

(λ5)γδ ·
∑
i=1,2

(λi)
β
α = −

16
9
δ
γ
αδ

β
δ +

1
3

(λ5)γα · (λ3)βδ (I.5)

18It should be noted that the terms for the couplings of the B-axial JPC = 1+−- and tensor JPC = 2++mesons are missing on the r.h.s. of (I.2).
The same is true for the 3P0-interaction (I.1).
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Again, for colorless mesons the second term in (I.5) may be neglected, and color gives the simple factor −16/9.
The direct (a) and exchange (b) graphs give different color factors. Such a difference does not occur in the 3P0-model.
Now, it appears that the momentum overlap for type (b) is usually much smaller than for type (a), see Ref. [234]
for details. This can be traced back to the use of a constant propagator for the (confined) gluon. Therefore, in the
following, neglected are the processes described in graph (b). Then, the difference between the 3P0- and 3S 1-model is,
apart from an overall constant, exclusively given by the different coefficients in the flavor-spin Fierz-identities (I.2).

In the 3S 1-model for the interaction Hamiltonian for the pair-creation one uses the one-gluon-exchange (OGE)
model [236, 237], see Fig. I.49. Considering one-gluon exchange, see Fig. I.49, one derives the effective vertex
[236, 237] by using a (confined) constant Pg( ji) gluon propagator between quark line i and line j: Pg( ji) ∼ δ ji/m2

g,
where the (effective) gluon mass is taken to be mg ≈ (0.8 f m−1) ≈ 250 MeV [237]. Notice that the color factor for the
coupling of colorless mesons to colorless baryons is always the same, and can be included into an effective coupling
γS , i.e.

παs(λi · λ j)

m2
G

⇒ γ(V)
qq̄ . (I.6)

Here, a constant (confined) gluon-propagator Pg = 1/m2
GR is used. As is clear from (I.1) γqq̄ has the dimension

[MeV]−2. Also, notice that mG ≈ ΛQPC , and therefore γqq̄ −→ γqq̄/Λ
2
QPC . From the momentum conservation rules,

one now gets different dependencies between the momenta as compared to the version of the 3P0-model in [46, 232].
Hence, one has different momentum overlap-integrals.

From the results for the couplings of the mesons in the 3P0-model, those for the 3S 1–model meson-couplings can
be read off by comparing the coefficients in the Fierz-identities (I.2) and (I.1) for the corresponding operators. Here,
it is assumed that the effect of color in the 3P0- and 3S 1-model can be absorbed into γ(S ,V)

V , see below. For example,
the prediction for the scalar-meson couplings will have the ratio gϵ(3S 1) =

[
γ(V)

V /γ(S )
qq̄

]
gϵ(3P0). Apart from an overall

constant, the couplings for the 3S 1-model can be read off from those of the 3P0-model.

Appendix I.1. Meson-states, Meson- and baryon wave-functions

Below, the ⟨B,M|Hint |A⟩matrix elements are listed for the different types of mesons. Restriction on the quark-level
to process (a) in Fig. I.49, using the Fierzed form of the interaction Hamiltonian’s in (I.1). So, below the results for
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the 3P0-model are given. Following [238], the meson creation operators are wriiten as

JPC = 0−+ : d†M,P(k) = i
∑
r,s=±

∫
d3k1d3k2 δ(k − k1 − k2) ·

×ψ̃(L=0)
M (k1,k2) φ(0)(r, s) b†(k1, r) d†(k2, s), (I.7)

JPC = 1−− : d†M,V (k,m) =
∑
r,s=±

∫
d3k1d3k2 δ(k − k1 − k2) ·

×ψ̃(L=0)
M (k1,k2) φ(1)

m (r, s) b†(k1, r) d†(k2, s), (I.8)

JPC = 0++ : d†M,S (k,m) =
∑
r,s=±

∫
d3k1d3k2 δ(k − k1 − k2) (−)m ·

×ψ̃(L=1)
M,m (k1,k2) φ(1)

−m(r, s) b†(k1, r) d†(k2, s), (I.9)

JPC = 1++ : d†M,A(k,m) =
∑
r,s=±

∫
d3k1d3k2 δ(k − k1 − k2) C(1, 1, 1; mL,mσ,m) ·

×ψ̃(L=1)
M,mL

(k1,k2) φ(1)
mσ

(r, s) b†(k1, r) d†(k2, s), (I.10)

JPC = 1+− : d†M,B(k,m) =
∑
r,s=±

∫
d3k1d3k2 δ(k − k1 − k2) ·

×ψ̃(L=1)
M,m (k1,k2) φ(0)(r, s) b†(k1, r) d†(k2, s), (I.11)

JPC = 2++ : d†M,T (k,m) =
∑
r,s=±

∫
d3k1d3k2 δ(k − k1 − k2) C(1, 1, 2; mL,mσ,m) ·

×ψ̃(L=1)
M,mL

(k1,k2) φ(1)
mσ

(r, s) b†(k1, r) d†(k2, s), (I.12)

for respectively the pseudoscalar-, vector-, scalar-, axial-vector mesons of the first (A1 etc.) and second kind (B1 etc.),
and tensor mesons. These representations are the equal-time Bethe-Salpeter wave functions [239]:

fk,α(x, y) ≡ ⟨0|T
[
qi(x)q j(y)

]
|M(k, α⟩

x0=y0

−→
(
0|qi(x)q j(y)|M(k, α

)
,

using the definition θ[0] = 1/2. Here, a factor i is included in the definition of the d†M,P(k)-operator. This is in order
to have under time-reversal T |π0(k)⟩ = |π0(−k)⟩. The reason is that under time-reversal the spin-components change
sign, which implies for the spin-singlet φ(0)(−r,−s) = −φ(0)(r, s) etc.
The baryon and meson harmonic oscillator wave functions are

ψ̃N(k1,k2,k3) =


√

3R2
A

π

3/2

exp

−R2
A

6

∑
i< j

(ki − k j)2

 ,
ψ̃(L=0)

M (k1,k2) =

R2
M

π

3/4

exp
−R2

M

8
(k1 − k2)2

 ,
ψ̃(L=1)

M,m (k1,k2) =
RM
√

2

R2
M

π

3/4

[−ϵm · (k1 − k2)] . exp
−R2

M

8
(k1 − k2)2

 .
Here, are used the spherical unit vectors ϵ±1 = ∓

1
√

2
(e1 ± ie2) , ϵ0 = e3.

Appendix I.2. Coupling-constant Formulas

The matrix elements ⟨B f (p′) M(k)|H (S ),(V)
I |Bi(p)⟩ involve the momentum space overlap integrals, which can be

performed in a straightforward manner [234]. The summary of the derived formulas in [234], in the case of the
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3P0-model, for the divers (I=1)-couplings is:

gP = +π−3/4 γqq̄
(mPRP)1/2

(ΛQPCRP)2 · (6
√

2) , gV = +π
−3/4 γqq̄

(mVRV )1/2

(ΛQPCRV )2 · (3/
√

2) ,

gS = +π−3/4 γqq̄
(mS RS )−1/2

(ΛQPCRS )2 ·
9mS

MB
, gA = −π

−3/4 γqq̄
(mARA)−1/2

(ΛQPCRA)2 ·
6mA

MB
,

with ΛQPC ≈ 600 MeV, and RM ≈ 0.66.

Appendix J. ESC-potentials and the Constituent Quark-model

The calculation of Table H.39 uses the constituent quark model (CQM) in the SU(6)-version of [46]. Since
this calculation implicitly uses the direct coupling of the mesons to the quarks, it defines the QQM-vertex. Then,
OBE-potentials can be derived by folding meson-exchange with the quark wave functions of the baryons. The BB-
amplitudes and BBM-vertices, at the baryon level have a Lorentz and Dirac structure [57], which is independent of
the internal structure of the baryons and mesons. At the baryon level, the vertices have in Pauli-spinor space the
1/MB-expansion

ū(p′, s′)Γu(p, s) = χ′†s′

{
Γbb + Γbs

σ · p
E + M

−
σ · p′

E′ + M′
Γsb −

σ · p
E + M

Γss
σ · p′

E′ + M′
Γsb

}
χs

≡
∑

l

c(l)
BB

[
χ′†s′Ol(p′,p) χs

]
(
√

M′M)αl (l = bb, bs, sb, ss). (J.1)

As emphasized above, this expansion is general and does not depend on the internal structure of the baryon. A similar
expansion can be made on the quark level, but now with quark masses mQ and coefficients c(l)

QQ. It appears that in the
CQM, i.e. mQ = MB/3, the QQM-vertices can be chosen such that the ratios c(l)

QQ/c
(l)
BB are constant for each type of

meson [9]. Then, by scaling the couplings, these coefficients can be made equal. Ipso facto, this defines a meson-
exchange quark-quark interaction. This shows that the use of the QPC model is consistent with the 1/M-expansion.

Appendix K. Exchange Forces

The proper treatment of the flavor-exchange forces for the S = −2 channels is a little more subtle than for the
S = 0,−1,−3,−4-channels. The extra complication is the occurrence of couplings between channels with identical
particles and channels with non-identical particles. In order to understand the several

√
2-factors, mentioned in

Ref. [36] and treated in a concise form in Ref. [13], a systematic treatment of the flavor-exchange potentials is given.
The method followed is using a multi-channel framework, which starts by ordering the two-particle states by assigning
Ai and Bi for the channel labeled with the index i, like in Eqn. (2.1). The particles Ai and Bi have the center-of-mass
(c.m.) momenta pi and −pi, spin components sA,i and sB,i. The two-baryon states |AiBi⟩ and |BiAi⟩ are considered
to be distinct, leading to distinct two-baryon channels. The ’direct’ and the ’exchange’ T-matrices are given by the
following T-matrix elements

(A jB j|Td |AiBi), (B jA j|Te|AiBi), (K.1)

and similarly for the direct and flavor-exchange potentials Vd and Ve. It is obvious from rotation invariance that

(A jB j|Td |AiBi) = (B jA j|Td |BiAi), (B jA j|Te|AiBi) = (A jB j|Te|BiAi). (K.2)

A similar definition (K.1) and relation (K.2) apply for the direct and flavor-exchange potentials Vd and Ve. Notice
that in interchanging A and B, there is no exchange of momenta or spin-components, see Fig. K.50. This is neces-
sary for the application of Lippmann-Schwinger type of integral equations, which can produce only one type of the
Mandelstam double spectral functions [109], e.g. ρ(s, t) or ρ(s, u). (The third double spectral function ρ(t, u) can only
be included approximately in potential scattering.) So, the momentum transfer for Vd and for Ve is the same. Viewed
from the coupled-channel scheme, this is the standard situation.
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Figure K.50: Vd (a) and Ve (b) in the c.m. system.

The integral equations with two-baryon unitarity, e.g. the Thompson-, Lippmann-Schwinger-equation etc., read for
the Td- and Te-operator

(A jB j|Td |AiBi) = (A jB j|Vd |AiBi) +
∑

k

[
(A jB j|Vd |AkBk) Gk (AkBk |Td |AiBi)

+(A jB j|Ve|BkAk) Gk (BkAk |Te|AiBi)
]
, (K.3a)

(B jA j|Te|AiBi) = (B jA j|Ve|AiBi) +
∑

k

[
(B jA j|Vd |BkAk) Gk (BkAk |Te|AiBi)

+(B jA j|Ve|AkBk) Gk (AkBk |Td |AiBi)
]
. (K.3b)

These coupled equations can be diagonalized by introducing the T±- and V±-operators

T± = Td ± Te , V± = Vd ± Ve. (K.4)

which, as follows from (K.3), satisfy separate integral equations

(A jB j|T±|AiBi) = (A jB j|V±|AiBi) +
∑

k

(A jB j|V±|AkBk) Gk (AkBk |T±|AiBi). (K.5)

Notice that on the basis of states with definite flavor symmetry

|AiBi⟩± =
1
√

2
[|AiBi⟩ ± |BiAi⟩] , (K.6)

the T± and V± matrix elements are also given by

T±i j =±(AiBi|T |A jB j)± , V±i j =±(AiBi|V |A jB j)±. (K.7)

Appendix K.1. Identical Particles
So far, considered is the general case where Ai , Bi for all channels. In the case that Ai = Bi for some i, one

has ⟨BiAi|Ve|AiBi⟩ = 0, because there is no distinct physical state corresponding to the ’flavor exchange-state’. For
example for a flavor single channel like pp one deduces from (K.3) that then also Te = 0, and one has in this case the
integral equation

(A jB j|Td |AiBi) = (A jB j|Vd |AiBi) +
∑

k

(A jB j|Vd |AkBk) Gk (AkBk |Td |AiBi), (K.8)

where the labels i and j now denote e.g. the spin-components.
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Appendix K.2. Coupled ΛΛ and ΞN system
This multi-channel system represents the case where there is a mixture of channels with identical and with non-

identical particles. The three states distinguished are |ΛΛ⟩, |ΞN⟩, and |NΞ⟩. Choosing the same ordering, the potential
written as a 3 × 3-matrix reads, see Eqn. (3.18),

V =

 (ΛΛ|V |ΛΛ) (ΛΛ|V |ΞN) (ΛΛ|V |NΞ)
(ΞN |V |ΛΛ) (ΞN |V |ΞN) (ΞN |V |NΞ)
(NΞ|V |ΛΛ) (NΞ|V |ΞN) (NΞ|V |NΞ)

 . (K.9)

and a similar notation for the T-matrix. The Lippmann-Schwinger equation can be written compactly as a 3×3-matrix
equation:

T = V + V G T , with Gi j = Gi δi j. (K.10)

Next, transforming to states, which are either symmetric or antisymmetric for particle interchange. Then, according
to (K.7), one can separate them in the Lippmann-Schwinger equation. This is achieved by the transformation ΛΛΞN

NΞ

⇒


ΛΛ

(ΞN + NΞ)/
√

2
(ΞN − NΞ)/

√
2

 (K.11)

where a standard multi-channel notation is used for the states. This yields in the transformed basis the potential

UVU−1 =


VΛΛ;ΛΛ (VΛΛ;ΞN + VΛΛ;NΞ)/

√
2 (VΛΛ;ΞN − VΛΛ;NΞ)/

√
2

(VΞN;ΛΛ + VNΞ;ΛΛ)/
√

2 (VΞN;ΞN + VΞN;NΞ) 0
(VΞN;ΛΛ − VNΞ;ΛΛ)/

√
2 0 (VΞN;ΞN − VΞN;NΞ)

 , (K.12)

and of course, a similar form is obtained for the T-matrix on the transformed basis. Now, obviously VΛΛ;ΞN = VΛΛ;NΞ
and VΞN;ΛΛ = VNΞ;ΛΛ. Therefore, one sees that the even and odd states under particle exchange are decoupled in
(K.12). Also (VΞN;ΛΛ + VNΞ;ΛΛ)/

√
2 =
√

2VΞN;ΛΛ, etc. showing the appearance of the
√

2-factors, mentioned before.
Indeed, they appear in a systematic way using the multi-channel framework. In Ref. [13] the details are worked out
for K-, η-, and π-exchange potentials for the ΛΛ,ΞN,ΣΛ etc. channels. The results are summarized in Table 3.

Appendix L. Diquark-exchange Quark-Nucleon Interaction

The diquark exchange potential V (qN)
DQE is derived from a description of the confinement-deconfinement process at high

baryon densities via the (density dependent) nucleon-triquark coupling

L
(1)
int = −λ3

[
ψ̄(x)ηN(x) + η̄N(x)ψ(x)

]
(L.1)

with [164]

ηN(x) =
[̃
qa(x)Cγµqb(x)

]
γ5γµqc(x) f abc, (L.2)

where C is the charge conjugation operator, and momentarily left out are the isospin labels.
The interaction Lagrangian in (L.1) with the triquark field ηN(x) is rewritten using diquark fields for two reasons: (i)
the functional form of the partition function is difficult to handle, and (ii) diquarks are meaningful physical entities.
In terms of the (bosonic) diquark fields χa

µ(x)

ηN(x) = (ℏc)2γ5γ
µqa(x) · χa

µ(x), (L.3a)

χa
µ(x) ≡ f abcq̃b(x)Cγµqc(x)/(ℏc)2. (L.3b)

The interaction (L.1) becomes

L
(1)
int = −λ3(ℏc)2[(ψ̄(x)γ5γ

µqa(x)
)
χa
µ(x) + h.c.

]
(L.4)
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As the proton and neutron presentation [164] shows, the diquark field has isospin one. So, χa
µ(x) is an isovector

axial-vector field. Therefore, introduce are the fields

Da
µ(x) ≡ χa

µ(x) = εabcQ̃b(x)CγµτQc(x)/(ℏc)2, (L.5)

where Q = (u, d) is the isospin-spinor SUI(2) doublet and a SUC(3) triplet. Similarly for the diquark Da
µ. The diquark

NQ-vertex is given by the interaction Lagrangian

L
(1)
int = −λ3

{
(ψ̄(x)γ5γ

µτqa) · Da
µ(x) + h.c.

}
, (L.6)

N

N; p

1

Q; p

0

1

Q; p

2

N; p

0

2

Figure L.51: Diquark-exchange for NQ→ QN reaction.

The derivation of the diquark Feynman propagator is given in [166, 167], where it is pointed out that QQ-exchange
differs from QQ̄-exchange as follows from the Wick-expansion.
The Feynman propagator for the ηµν-term can be written as

i(∆̃F)ab
µν(∆) = −iδabD̃(∆2)

ηµν − ∆µ∆νm2
χ

 , D̃(∆2) > 0, (L.7)

where ∆ = p′1 − p1 = p′2 − p2. In the Gaussian approximation

D̃(∆2) ≈ exp
[
−∆2/Λ2

]
/M2. (L.8)

The second-order amplitude for Fig. L.51 using the interaction (L.6) can be described (effectively) by

M(2)(p′1, s
′
1, p′2, s

′
2; p1, s1, p2, s2) = −

λ2
3

2!
[
ūQ(p′1, s

′
1)γ5γ

µτuN(p1, s1)
]
·
[
ūN(p′2, s

′
2)γ5γµτuQ(p2, s2)

]
D̃(∆2), (L.9)

where ∆ = p′1 − p1 = p′2 − p2. In the low momentum transfer region, the approximation D̃ ≈ exp
[
−∆2/Λ2

]
/M2 leads

to a Gaussian contact interaction.

V(p′1, s
′
1, p′2, s

′
2; p1, s1, p2, s2) = −(λ2

3/2)
[
ūQ(p′1, s

′
1)γ5γ

µτuN(p1, s1)
]
·
[
ūN(p′2, s

′
2)γ5γµτuQ(p2, s2)

]
D̃(∆2) (L.10)

Using Pauli-spinor matrix elements

ū(p′γ5γ0u(p) = −

√
E′E

4M′M

[
σ · p′

E′
+
σ · p
E

]
, (L.11)

ū(p′)γ5γu(p) = −

√
E′E

4M′M

[
σ +

(σ · p′) σ (σ · p)
E′E

]
≈ −σ, (L.12)
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where M’,M denote the quark or the nucleon mass, and E = Ep+M. Note that the leading term from the vertex factors
[....][....] in (L.10) has −(σ1 · σ2). In momentum space, using the notation ṼQN ≡ Ṽ (a)

QN + Ṽ (b)
QN , where (a) is similar to

the axial-exchange in NN-potentials, and (b) represents terms emphasizing the nucleon and quark mass, and obtain

Ṽ (a)
QN = +2λ2

3

[(
1 −

2k2

3MQMN
+

3(q2 + k2/4)
2MQMN

)
σ1 · σ2 +

1
4MQMN

(
(σ1 · k)(σ2 · k) −

1
3

k2σ1 · σ2

)
+

i
4MQMN

(σ1 + σ2) · q × k
]
· g̃(k2), (L.13a)

Ṽ (b)
QN = −2λ2

3

[ (MN − MQ)2

4M2
N M2

Q

{(
q2 + k2/4

)
− k2/2

}
σ1 · σ2

−
i
4

 M2
N − M2

Q

8M2
N M2

Q

 (1 + σ1 · σ2) (σ1 − σ2) · n
]
· g̃(k2), (L.13b)

where g̃(k2) = exp
(
−k2/Λ2

)
/M2. Here, the Gaussian cut-off and a scale parameterM has been added.

Note: V (a)
QN is similar to axial-vector exchange in NN and YN. V (b)

QN is the ”extra term” proportional to the MN − MQ

mass difference, which is not small in the QN-potential.

In configuration space, taking into account the exchange character of the potential, there is a factor P f Pσ. Since the
physical states satisfy P f PσPx = −1, this leads to a factor −Px and a sign-change in the anti-symmetric spin-orbit.
Then, one obtains for the central, spin-spin, tensor, and spin-orbit-potentials, see e.g. Ref. [4],

V (a)
QN(r) = −2λ2

3
Λ

8π

[(
ϕ0

C(r) −
Λ2

6MN MQ
ϕ1

C(r)
)

(σ1 · σ2) −
3

4MQMN

(
∇

2ϕ0
C(r) + ϕ0

C(r)∇2
)

(σ1 · σ2)

−
Λ2

16MN MQ
ϕ0

T (r) S 12 +
Λ2

8MN MQ
ϕ0

S O(r) L · S
]

(τ1 · τ2) Px, (L.14a)

V (b)
QN(r) = −2λ2

3
Λ

8π

[ (MN − MQ)2

4MN MQ

{
+
Λ2

8MN MQ
ϕ1

C(r) +
1

2MN MQ

(
∇

2ϕ0
C(r) + ϕ0

C(r)∇2
)}
·

×(σ1 · σ2) −
Λ2

4MN MQ

(M2
N − M2

Q)

4MN MQ
ϕ0

S O(r) ·
1
2

(σ1 − σ2) · L
]

(τ1 · τ2) Px, (L.14b)

where

ϕ0
C(r) =

1
√
π

Λ2

M2 exp
[
−

1
4
Λ2r2

]
, (L.15a)

ϕ1
C(r) =

2
√
π

Λ2

M2

(
3 − Λ2r2/2

)
exp

[
−

1
4
Λ2r2

]
, (L.15b)

ϕ0
T (r) =

1
6
√
π

Λ2

M2 (Λr)2 exp
[
−

1
4
Λ2r2

]
, (L.15c)

ϕ0
S O(r) =

2
√
π

Λ2

M2 exp
[
−

1
4
Λ2r2

]
. (L.15d)

As a last step, a Gaussian cut-off is introduced with the parameter Λ. This parameter is a free parameter and can be
used to tune the diquark exchange potential, which is also the case with λ3. The non-local potential is

V (n.l.)(r) = −

[
∇

2 ϕ(r)
2Mred

+
ϕ(r)

2Mred
∇

2
]

Px, with ϕ(r) = −
λ2

3

4π
3Λ

4MQMN
ϕ0

C(r) (σ1 · σ2) (τ1 · τ2). (L.16)

For the statistical average S-wave potential one obtains from Eq. (L.14)

V̄(CQM) =
1
4

V(1S 0) +
3
4

V(3S 1) = +
3λ2

3

4π
Λ

(
ϕ0

C(r) −
Λ2

6MN MQ

{
1 −

3(MN − MQ)2

16MN MQ

}
ϕ1

C(r)
)

(L.17)
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which result comes from (σ1 · σ2)(τ1 · τ2) = −3 for both 1S 0 and 3S 1.

The confinement-deconfinement transition can be parametrized as λ3 → γDλ3 with e.g.

γD(ρN , ρD) =
[
exp

{
+γ3 (ρN/ρD − 1)

}
− 1

]
θ(ρN − ρD), (L.18)

where ρD is the deconfinement threshold. In [10, 11, 12] a similar form is used for the density dependence of the
constituent quark mass.
Notes: 1. The S-wave quark-nucleon potential (L.17) is repulsive and becomes strong for high densities. 2. The
1P1-wave has σ1 · σ2τ1 · τ2Px = −9 giving strong repulsion. For 3PJ(J = 0, 1, 2) the spin-isospin and the exchange
operator give a factor -1, giving again a (weaker) repulsion. 3. The diquark exchange potential gives a repulsive wall
for the nucleons between the nucleon- and quark-phase.
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Appendix M. Acronyms and Abbreviations

Term Meaning Term Meaning

M8,1 Octet- and Singlet-meson JPC J= ang.mom., P=parity, C=charge-conj. parity
B8 Octet-baryon I,S Isospin, strangeness
BB Baryon-baryon SU(3) Unitary (flavor) symmetry
NN Nucleon-nucleon CQM Constituent Quark-model
YN Hyperon-nucleon BBM Baryon-baryon-meson
YY Hyperon-hyperon QPC Quark-pair creation
BQ Baryon-quark PWA Partial wave analysis
QQ Quark-quark QQM Quark-quark-meson
OBE One-boson-exchange GMO Gell-Mann-Okubo mass-mixing
OPE One-pion-exchange CSB Charge-symmetry breaking
TPS Two-pseudoscalar-exchange CS Chiral-symmetry
TME Two-meson-exchange SCSB Spontaneous-chiral-symmetry breaking
MPE Meson-pair-exchange OPT Old-fashioned Perturbation Theory
BW Bruckner-Watson TPS 1953 TMO Taketani-Machida-Ohnuma TPS 1952
NSC Nijmegen soft-core model QCE Quark-core-effect
ESC Extended soft-core model OGE One-gluon-exchange
KFT Kadyshevsky Field Theory RQFT Relativistic Quantum Field Theory
s.p. Single-particle n.l. Non-local
G-matrix In-medium interaction CON continuos choice
TNR Three-nucleon Repulsion TNA Three-nucleon Attraction
TBA Three-baryon Attraction MPP Multi-Pomeron Potential
WS Wood-Saxon ADA Average density approximation
ESC16+ ESC16 +MPP+TBA ESC16(⋆) ESC16 + SU(3) contact interactions
NS Neutron star EoS Equation-of-State
BHF Bruckner-Hartree-Fock MR Mass-radius relation
NUCM Nucleonic matter BRYM Baryonic matter
NQM Nucleon-quark mixed matter BQM Baryon-quark mixed matter
QHT Quark-hadron transition model DQE Diquark-exchange

Table M.40: List of acronyms and abbreviations used in the text
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[136] F. Özel, D. Psaltis, S. Ransom, P. Demorest, and M. Alford, Astrophys. J. Lett. 740, L14 (2011).
[137] S. Weissenborn, D. Chatterjee, and J. Schaffner-Bielich, Nucl. Phys. A881, 62 (2012).
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