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Abstract

Pion-rho-exchange nucleon-nucleon potentials are derived for one or two ∆-
isobars in the intermediate states. As in the companion work on two-pion
exchange, strong dynamical pair-suppression is assumed. At the NNπ, ρ- and
the N∆π, ρ-vertices Gaussian form factors are incorporated into the relativis-
tic two-body framework by using a dispersion representation for the π- and
ρ-exchange amplitudes. The Fourier transformations are performed using
factorization techniques for the energy denominators, taking into account the
mass difference between the nucleon and the ∆-isobar. The potentials are
calculated in the adiabatic approximation of all planar and crossed three-
dimensional momentum-space πρ-diagrams. We also give the contributions
of the πρ-iteration, which can be subtracted or not, depending on whether
one performs a coupled-channel calculation for, e.g., the NN, N∆-system, or
a single NN -channel calculation.
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I. INTRODUCTION

In this second paper on the ∆33-isobar contribution to the soft nucleon-nucleon poten-
tial, we derive the soft-core πρ-exchange potentials due to one and two ∆33-isobars in the
intermediate states. Our general approach to 2π-exchange potentials, and more generally
to two-meson-exchange potentials, is described in Ref. [1]. Starting from the relativistic
two-body equations, we derive the two-meson-exchange potentials for the relativistic three-
dimensional integral equation and for the Lippmann-Schwinger equation from the second-
order Feynman diagrams. The channel space includes in principle the NN -, the N∆-, and
the ∆∆-channel. However, in working out the explicit potentials we restrict ourselves to the
two-meson potentials in the NN -sector only.

In the companion paper [2], we have extended the techniques described in Ref. [1] to
cover mass differences of the baryons in the intermediate states. Using our new techniques,
in [2] we derived the 2π-exchange potentials with ∆-isobars in the intermediate states. For
the different important details of the derivations we refer the reader to the references given
above. In particular, the important ”factorization” technique involving two mesons with
different masses will be used in the present paper for the π and the ρ meson. For earlier
contributions to this field we refer to the work by the Stony Brook group [3], and by the
Bonn group [4].

The reason for deriving, besides the 2π-potentials, also the πρ-potentials for isobars in the
intermediate states, is that (i) it is the only other sizable of such contributions, and (ii) the
πρ-potentials tend to cancel the 2π-potentials in the inner region [5]. This last feature could
be important due to the singularities of the potentials near the origin. However, our soft-core
potentials do not have these singularities. Still, it is known [6] that the 2π-exchange from
the ∆33-isobar contribution is rather strong, so that all possible cancellation effects should
be studied. In this respect, also the type of form factor could play an important role. Since
in the case of two-meson exchange the volume integral of the potential is rather sensitive to
the form factor, whereas for one-meson exchange it is not, the form factor can ameliorate
the potentials considerably. This except for the long-range part, which is insensitive to the
form factor. Maybe here the Gaussian form factor, which we use, has important advantages
over the propagator type of form factors.

Another aspect is that one should be careful to avoid ”double-counting”. Because the
∆33-isobar can be considered roughly as having an Nπ component and a spin-3

2 three-quark
component, only coupling to this last component is certainly free of ”double-counting”. This
means that the coupling constants that strictly must be used are ”partial” couplings, like
for instance quark-model couplings. They are usually less than the full couplings and so
also here lies a possibility for softening the potentials from the isobars. These matters will
be studied when we actually try to apply the potentials in a model fit to the NN data.

The diagrams we calculate are: (i) the parallel and crossed πρ-diagrams of the similar
type of graphs that were calculated by Brueckner and Watson [7] for 2π-potentials with
nucleons in the intermediate states; (ii) the iterated πρ-diagrams of the type of graphs that
were calculated by Taketani, Machida, and Ohnuma [8] for 2π-potentials with nucleons in
the intermediate states. As this distinction is convenient as a means to denote the different
contributions, we will adopt this nomenclature also in this paper. So we refer to the different
potential contributions as a BW type and a TMO type according to the type of graph they
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correspond to.
The πρ-potentials are calculated using the adiabatic approximation for the nucleons and

isobars in the intermediate states. Thus, we neglect recoil energies in the intermediate states,
but we give a proper treatment of the a ≡ M∆ −MN mass difference in the intermediate
states. Included are the contributions of all planar (parallel BW and TMO diagrams) and
crossed three-dimensional momentum-space πρ-diagrams. The latter are rather important for
having the complete isospin structure of the potentials. We also give the contributions of the
πρ-iterations, which can be subtracted or not, depending on whether one performs a coupled-
channel calculation for, e.g., the NN,N∆-system, or a single NN -channel calculation.

The paper is organized as follows. In Sec. II the πρ-exchange kernels are derived for the
NN -sector. We give the interaction Lagrangians and we briefly indicate the implementation
of the Gaussian form factors. In Sec. III the definition of the nucleon-nucleon πρ-potential
for the Lippmann-Schwinger equation is briefly repeated from [2] and the vertices in Pauli-
spinor space are given for the NNπ and N∆π as well as for the NNρ and N∆ρ couplings.
Here we also mention the approximations made in these vertices. Furthermore, we give the
very useful spin projection operators for a spin-1

2 (nucleon) and a spin-3
2 (∆-isobar) baryon,

and the isospin factors.
In Sec. IV, using Appendix B, the πρ-potentials are derived for the BW graphs and TMO

graphs for the N∆ and the ∆∆ intermediate states. We also present the iterated πρ-kernels,
i.e., the second-order Born terms. The πρ-potentials with two nucleons in the intermediate
state will be derived elsewhere [9]. In Sec. V the results are shown and discussed. In
Appendix A, we review the Rarita-Schwinger formalism in some detail. This is useful for
tracing the approximations we made at the vertices, in particular in the case of the ρ-
couplings. In Appendix B, we give a dictionary of differentiation formulas, adequate for
deriving the final form of the potentials of this paper in configuration space.

II. THE πρ-EXCHANGE
NUCLEON-NUCLEON KERNEL

The two-meson-exchange kernel is written as a power series in λ, which denotes the
number of baryon-baryon-meson (BBM) vertices. (For details and definitions we refer to
Secs. III and IV of the companion paper [2].) The πρ-contribution to the fourth-order λ terms
of the two-meson-exchange kernel defines the πρ-exchange potential. This corresponds to
the planar- and crossed-box Feynman diagrams of Fig. 1. The corresponding fourth-order
elastic NN -matrix element of the kernel is, as discussed in [2], given by

K(4)(p′,p|W )a′b′;ab = −(2π)−2 (W −W(p′)) (W −W(p))
∑

a′′,b′′

∫

dp′0
∫

dp0

∫

dk′0
∫

dk0

∫

dk′
∫

dk

× i(2π)−4δ4(p− p′ − k − k′)[k′2 −m′2 + iδ]−1
[

F (a′)
W (p′, p′0)F

(b′)
W (−p′,−p′0)

]−1

× {[Γj F−1
W (p− k, p0 − k0) Γi](a

′′)[Γj F−1
W (−p + k,−p0 + k0) Γi](b

′′)

+ [Γj F−1
W (p− k, p0 − k0) Γi](a

′′)[Γi F−1
W (−p′ − k,−p′0 − k0) Γj](b

′′)}
×

[

F (a)
W (p, p0)F

(b)
W (−p,−p0)

]−1
[k2 −m2 + iδ]−1 . (2.1)
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Here a′′, b′′ = N, ∆ denote the baryons of the intermediate state. The Γi and Γj denote the
baryon-baryon-meson vertices, which follow from the interaction Lagrangians (see below).
The meson masses m and m′ denote mπ or mρ. The c.m. momenta for the planar and
crossed diagrams are indicated in Fig. 2. Note that the first term between the curly brackets
corresponds to the planar-box πρ-exchange diagram and the second term to the crossed-box
πρ-exchange diagram. In these diagrams only the contribution of the positive-energy nucleon
and isobar states are included, in accordance with the pair-suppression hypothesis that we
use in our work on two-meson exchange [1, 2].

The procedure to derive the kernels for the planar and crossed BW diagrams and for the
TMO diagrams is amply described in Refs. [1, 2] and will not be repeated here. As discussed
in these references, it suffices to evaluate one kernel for each particular set of diagrams. The
other (mirror) diagrams in each set merely give rise to a factor of four when we evaluate the
potentials. Furthermore, we get an additional factor of two from interchanging the π and ρ
lines.

The vertices for the πρ-exchange potentials are the NNπ, ρ- and the N∆π, ρ-vertices. For
point couplings the Lagrangians are [10]

LNNπ =
fNNπ

mπ
ψγ5γµτψ · ∂µφ ,

LN∆π =
fN∆π

mπ
ψTψµ · ∂µφ + h.c. ,

LNNρ = [gNNρψγµτψ · ρµ

− fNNρ

4MN
ψσµντψ · (∂νρµ − ∂µρν)] ,

LN∆ρ = i
fN∆ρ

mρ
ψγ5γνTψµ · (∂µρν − ∂νρµ) + h.c. ,

where T is the isospin-3
2 isospin-1

2 transition operator and ρµ is the ρ-field. In momentum
space this gives for the NNπ-vertex:

ū(p′)Γu(p) = i
(

fNNπ

mπ

)

ū(p′)γ5γ · (p − p′)u(p) ,

for the N∆π-vertex:

ū(p′)Γuµ(p) = i
(

fN∆π

mπ

)

ū(p′)uµ(p) · (p − p′)µ ,

for the NNρ-vertex:

ū(p′)Γu(p) = ū(p′)
[

gNNργµ −
ifNNρ

2MN
σµν(p− p′)ν

]

× u(p)ρµ ,

and for the N∆ρ-vertex:
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ū(p′)Γuµ(p) =
(

fN∆ρ

mρ

)

ū(p′) [γ5γν(p− p′)νρµ

−γ5γν(p− p′)µρν ] uµ(p) .

The generalization of the interaction kernels given above to the case with Gaussian form
factors has been treated and explained in Refs. [1, 2]. The same procedure can be applied
to the ρ-exchange as well as to the π-exchange. The form factors Fρ(k2) and Fπ(k2), which
describe the ρ-exchange and the π-exchange amplitudes, respectively, are simply a product
of the Gaussian vertex form factors, e.g., FNNπ(k2) = exp(k2/2Λ2

NNπ). In the NN sector we
have for graphs with N∆ intermediate states,

Fπ(k2) = FN∆π(k2) FNNπ(k2) ,
Fρ(k2) = FN∆ρ(k2) FNNρ(k2) , (2.2)

whereas for graphs with ∆∆-intermediate states

Fπ(k2) = FN∆π(k2)2, Fρ(k2) = FN∆ρ(k2)2 . (2.3)

III. THE NUCLEON-NUCLEON πρ POTENTIAL

The fourth-order potential V (4) consists of two parts. The first part is given by the
fourth-order BW diagrams shown in Figs. 3 and 4. The second part comes from the TMO
diagrams of Fig. 5, from which we have to subtract the iterated one-π and one-ρ contribution,
so

VTMO = KTMO −K(2)g K(2) . (3.1)

This will be henceforth referred to as the TMO contribution in analogy with the definition
in Ref. [1]. Here, we restrict ourselves to the nucleon-nucleon sector. This implies that we
do not consider the complete coupled-channel problem. Furthermore, in this paper we focus
on the contributions to the NN potential due to the ∆33-isobar only up to fourth order. The
only contributions considered, are the planar- and crossed-box diagrams with at least one
∆-isobar in the intermediate state. (The diagrams with two nucleons in the intermediate
state will be evaluated elsewhere [9].) Because it is supposed that the Lippmann-Schwinger
equation is solved only in the nucleon-nucleon sector, the subtraction of the iterated one-
meson exchange does not apply and V (4) = K(4). For that purpose, in Sec. IVC we give the
once-iterated π- and ρ-exchange kernels. These should be added to the TMO potential of
Eq. (3.1) in order to compensate for the subtraction.

The transition from Dirac-spinors to Pauli-spinors is reviewed in Appendix C of [1].
There we derived the Lippmann-Schwinger equation

χ(p′) = χ(0)(p′) + g̃(p′)
∫

d3p V(p′,p)χ(p) , (3.2)

for the Pauli-spinor wave functions χ(p). The wave function χ(p) and the potential V(p′,p)
in the Pauli-spinor space are defined by
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φ(p) =
∑

σa,σb

χσaσb(p) ua(p, σa)ub(−p, σb) , (3.3)

χ(a)†
σ′a

χ(b)†
σ′b

V χ(a)
σa

χ(b)
σb

= ūa(p′, σ′a)ūb(−p′, σ′b)V (p′,p)

× ua(p, σa)ub(−p, σb) . (3.4)

Like in the derivation of the OBE potentials [11, 12], we make the approximation

E(p) = (p2 + M2)1/2 ≈ M + p2/2M

everywhere in the interaction kernels of Sec. IV, which of course is fully justified for low
energies only. We have a similar expansion of the on-shell energy

W = 2(p2
i + M2)1/2 ≈ 2M + p2

i /M .

In contrast to these kind of approximations, the full k2-dependence of the form factors is kept
throughout the derivation of the two-meson-exchange potential. Note that the Gaussian form
factors strongly suppress the high-momentum transfers. This means that the contribution
to the potentials from intermediate states which are far off-energy-shell cannot be very large.

The reduction of the two-meson-exchange potential from Dirac-spinor space to Pauli-
spinor space is completely similar to the procedures discussed in Refs. [1, 2]. The vertex
operators in Pauli-spinor space up to order 1/M are given by
(i) NNπ-vertices:

ū(p′)Γ(a)(p′,p)u(p) = +i
(

fNNπ

mπ

)

×
[

σ1 · k∓
ω

2MN
σ1 · (p′ + p)

]

,

ū(−p′)Γ(b)(p′,p)u(−p) = −i
(

fNNπ

mπ

)

×
[

σ2 · k∓
ω

2MN
σ2 · (p′ + p)

]

, (3.5)

(ii) N∆π-vertices:

ū(p′)Γ(a)(p′,p)uµ(p) = −i
(

fN∆π

mπ

)

Σ†
1 · k ,

ū(−p′)Γ(b)(p′,p)uµ(−p) = +i
(

fN∆π

mπ

)

Σ†
2 · k , (3.6)

(iii) NNρ-vertices:

ū(p′)Γ(a)(p′,p)u(p) = gNNρρ0 −
[ gNNρ

2MN
(p + p′)

+i
(g + f)NNρ

2MN
k× σ1

]

· ρ ,

ū(−p′)Γ(b)(p′,p)u(−p) = gNNρρ0 +
[ gNNρ

2MN
(p + p′)

+i
(g + f)NNρ

2MN
k× σ2

]

· ρ , (3.7)
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(iv) N∆ρ-vertices:

ū(p′)Γ(a)(p′,p)uµ(p) = +
(

fN∆ρ

mρ

)

[

−σ1 · kΣ†
1 · ρ + σ1 · ρΣ†

1 · k

− 1
4MN∆

σ1 · (p + p′)Σ†
1 · kρ0

]

,

ū(−p′)Γ(b)(p′,p)uµ(−p) = −
(

fN∆ρ

mρ

)

[

−σ2 · kΣ†
2 · ρ + σ2 · ρΣ†

2 · k

+
1

4MN∆
σ2 · (p + p′)Σ†

2 · kρ0
]

, (3.8)

where k ≡ p−p′ and MN∆ = MNM∆/(MN + M∆). For the Γ-matrix elements in Eq. (3.5),
the upper sign applies for the creation and the lower sign for the absorption of the pion at the
vertex. Note that for line (a) and line (b) we have used respectively the subscript 1 and 2 for
the σ and the Σ operators. For the ∆ vertices we used the Rarita-Schwinger representation
of the ∆-isobar, which is reviewed in Appendix A. In the following we will neglect the
contributions from the ρ0-pieces in the diagrams with two ∆-isobars in the intermediate
states, since they are small due to the 1/MN∆ factors.

Useful for the evaluation of the second-order diagrams are the relations

σjσi = δij + iεjikσk ,

Σj|σ〉〈σ|Σ†
i = 2

3δij − i
3εjikσk . (3.9)

Products of this type will occur for each baryon line. Identical formulas hold for the isospin
operators τ i and Ti. Using Eq. (3.9) for the latter, the isospin factors for the planar and the
crossed diagrams can readily be evaluated. One finds for one ∆-isobar in the intermediate
state for the planar (//) and the crossed (X) graph

C(//)
N∆ (I) = 2 + 2

3τ 1 · τ 2, C(X)
N∆ (I) = 2− 2

3τ 1 · τ 2 , (3.10)

where I denotes the total isospin of the NN state. For two ∆-isobars in the intermediate
state one gets for the planar and the crossed graphs

C(//)
∆∆ (I) = 4

3 −
2
9τ 1 · τ 2, C(X)

∆∆ (I) = 4
3 + 2

9τ 1 · τ 2 . (3.11)

In this paper, we will restrict ourselves to the adiabatic approximation. In order to obtain
the contributions to the potentials in the adiabatic approximation, we expand the energy
denominators in the expressions for the planar- and the crossed-box diagram and keep only
the leading term. For details see Ref. [2]. For example, a typical energy denominator is

1
Ep + Ep−k −W + ω

≈ 1
ω + a

, (3.12)

where a = M∆−MN . In the evaluation of the TMO graphs, we encounter the intermediate-
state energy denominator [Ep−k + Ep−k − W ]−1, the treatment of which is explained in
Appendix A of the companion paper [2].
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IV. πρ-EXCHANGE POTENTIALS

Analogous to the evaluation of the 2π-exchange potential in the companion paper [1],
the πρ-exchange potential can be easily obtained. In the following the index 1 in k1, ω1

refers to the ρ-meson, and the index 2 in k2, ω2 refers to the π-meson. As already stated,
the interchange of the meson lines merely gives rise to an overall factor of two.

A. N∆ Graphs

The evaluation of the planar BW graphs of Fig. 3, the crossed BW graphs of Fig. 4, and
the TMO graphs of Fig. 5 result in

VN∆(BW//) = C(//)
N∆ (I)

fN∆ρ

mρ

fN∆π

mπ

fNNπ

mπ

∫ ∫ d3k1d3k2

(2π)6 ei(k1+k2)·rFρ(k2
1)Fπ(k2

2)

×
[{1

3
(k1 · k2)σ1 −

1
3
(σ1 · k1)k2 +

2i
3

k1 × k2

}

(σ2 · k2)

·
{

gNNρ

2MN
k2 − i

(g + f)NNρ

2MN
(σ2 × k1)

}

+
gNNρ

4MN∆

{1
3
(k1 · k2)(σ1 · k2) +

1
3
k2

2(σ1 · k1)
}

(σ2 · k2)
]

D(1)
BW//

(ω1, ω2) ,

(4.1)

VN∆(BWX) = C(X)
N∆ (I)

fN∆ρ

mρ

fN∆π

mπ

fNNπ

mπ

∫ ∫ d3k1d3k2

(2π)6 ei(k1+k2)·rFρ(k2
1)Fπ(k2

2)

×
[

−
{1

3
(k1 · k2)σ1 −

1
3
(σ1 · k1)k2 +

2i
3

k1 × k2

}

·
{

gNNρ

2MN
k2 + i

(g + f)NNρ

2MN
(σ2 × k1)

}

(σ2 · k2)

+
gNNρ

4MN∆

{1
3
(k1 · k2)(σ1 · k2) +

1
3
k2

2(σ1 · k1)
}

(σ2 · k2)
]

D(1)
BWX

(ω1, ω2) ,

(4.2)

VN∆(TMO) = C(//)
N∆ (I)

fN∆ρ

mρ

fN∆π

mπ

fNNπ

mπ

∫ ∫ d3k1d3k2

(2π)6 ei(k1+k2)·rFρ(k2
1)Fπ(k2

2)

×
[{1

3
(k1 · k2)σ1 −

1
3
(σ1 · k1)k2 +

2i
3

k1 × k2

}

(σ2 · k2)

·
{

gNNρ

2MN
k2 − i

(g + f)NNρ

2MN
(σ2 × k1)

}

+
gNNρ

4MN∆

{1
3
(k1 · k2)(σ1 · k2) +

1
3
k2

2(σ1 · k1)
}

(σ2 · k2)
]

D(1)
TMO(ω1, ω2) ,

(4.3)
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where the energy denominators D(1)
α can be found in Table I. Note that there, we have used

some algebra to rewrite the expression for D(1)
X into a more transparent form. In the TMO

graphs the intermediate-state energy denominator Ep−k1 + Ep−k1 −W is approximated by
(a−β1) with β1 = k1 ·k2/M and M = (M∆+MN)/2. The form factors are defined according
to Fρ(k2

1) = FNNρ(k2
1)FN∆ρ(k2

1) and Fπ(k2
2) = FNNπ(k2

2)FN∆π(k2
2).

In this paper we will not go into any of the details of the potentials. The procedures are
entirely similar to those of the companion paper [2]. Therefore, we will give the information
in such a form that the interested reader can easily derive the expressions for the potentials
in configuration space from Eqs. (4.1), (4.2), and (4.3) using Tables I and II (introduced
below) and Appendix B. Using a similar notation as in [2], we write

VN∆(α) = C(α)
N∆(I)

fN∆ρ

mρ

fN∆π

mπ

fNNπ

mπ

1
6MN

×
∫ ∫ d3k1d3k2

(2π)6 ei(k1+k2)·rFρ(k2
1)Fπ(k2

2)

×
[

(g + f)NNρO
(α)
N∆,m(k1,k2)

+gNNρO
(α)
N∆,e(k1,k2)

]

D(1)
α (ω1, ω2) , (4.4)

where α denotes planar BW, crossed BW or TMO. The expressions for O(α)
N∆,e and O(α)

N∆,m
are given in Table II. They include the contributions from all graphs, i.e., the πρ as well as
the ρπ contributions, as well as all ”mirror” graphs. They can easily be found by inspection
of Eqs. (4.1), (4.2), and (4.3).

The separation of the k1 and k2 dependence can be achieved again as in Refs. [1] and [2].
In Table I, D(1)

X and D(1)
TMO are already in a suitable form for the application of Appendix B

of Ref. [2], while for D(1)
// one easily derives that

D(1)
BW//

=
1

ω1(ω1 + a)ω2(ω2 + a)

[ 2
ω1 + ω2

+
a

ω1ω2

]

. (4.5)

Now all momentum integrals can be written in terms of the functions Gm,n(a, r) and
Hm,n(a, r1, r2) of Appendix B of Ref. [2]. For that purpose, we write

ei(k1+k2)·r = lim
r1,r2→r

eik1·r1eik2·r2 , (4.6)

and take the limit operation before the momentum integrations. Next, we replace all mo-
menta occurring in the numerator by ∇1 and ∇2 operations, which are the ∇ operations
w.r.t. r1 and r2, respectively, and take these in front of the momentum integrations. After
the momentum integrations we perform the differentiations and take the limit. In view of
these operations, we can write Eq. (4.4) in the form

VN∆(α) = C(α)
N∆(I)

fN∆ρ

mρ

fN∆π

mπ

fNNπ

mπ

1
6MN

× lim
r1,r2→r

[

(g + f)NNρO
(α)
N∆,m(∇1, ∇2)

+gNNρO
(α)
N∆,e(∇1, ∇2)

]

B(α)
N∆(r1, r2) , (4.7)
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where

B
(BW//)
N∆ (r1, r2) = 2H1,1(a; r1, r2) + aG2,1(a, r1)G2,1(a, r2) ,

B(BWX)
N∆ (r1, r2) = −2H1,1(a; r1, r2) + 2G2,1(a, r1)I2(mπ, r2) + 2I2(mρ, r1)G2,1(a, r2)

− 2aG2,1(a, r1)G2,1(a, r2) ,

B(TMO)
N∆ (r1, r2) = −1

2 [G1,2(a, r1)I2(mπ, r2) + G1,1(a, r1)I3(mπ, r2) + I3(mρ, r1)I2(mπ, r2)

+ G1,2(a, r1)G1,1(a, r2)] + a
∫ ∞

0
dze−z(a− 1

2Tlab) 1
2 [G1,2(z; a, r1)I2(z; mπ, r2) +

+ G1,1(z; a, r1)I3(z; mπ, r2) + I3(z; mρ, r1)I2(z; mπ, r2) +
+ G1,2(z; a, r1)G1,1(z; a, r2)] + (mρ ↔ mπ) . (4.8)

In Appendix B of this paper we give a set of explicit formulas such that the result for
O(α)

N∆(∇1,∇2)F (r1)G(r2) can be written down immediately. Here and in the following, we
refrain from giving the full detailed result, since this is not particularly illuminating. More-
over, the potentials can be evaluated rather easily by an interested reader.

B. ∆∆ Graphs

The evaluation of the planar BW graphs of Fig. 6, the crossed BW graphs of Fig. 7, and
the TMO graphs of Fig. 8 result in

V∆∆(BW//) = C(//)
∆∆ (I)

(

fN∆ρ

mρ

)2 (

fN∆π

mπ

)2 ∫ ∫ d3k1d3k2

(2π)6 ei(k1+k2)·rFρ(k2
1)Fπ(k2

2)

×
{1

3
(k1 · k2)σ1 −

1
3
(σ1 · k1)k2 +

2i
3

k1 × k2

}

·
{1

3
(k1 · k2)σ2 −

1
3
(σ2 · k1)k2 +

2i
3

k1 × k2

}

D(2)
BW//

(ω1, ω2) , (4.9)

V∆∆(BWX) = C(X)
∆∆ (I)

(

fN∆ρ

mρ

)2 (

fN∆π

mπ

)2 ∫ ∫ d3k1d3k2

(2π)6 ei(k1+k2)·rFρ(k2
1)Fπ(k2

2)

×
{1

3
(k1 · k2)σ1 −

1
3
(σ1 · k1)k2 +

2i
3

k1 × k2

}

·
{1

3
(k1 · k2)σ2 −

1
3
(σ2 · k1)k2 −

2i
3

k1 × k2

}

D(2)
BWX

(ω1, ω2) , (4.10)

V∆∆(TMO) = C(//)
∆∆ (I)

(

fN∆ρ

mρ

)2 (

fN∆π

mπ

)2 ∫ ∫ d3k1d3k2

(2π)6 ei(k1+k2)·rFρ(k2
1)Fπ(k2

2)

×
{1

3
(k1 · k2)σ1 −

1
3
(σ1 · k1)k2 +

2i
3

k1 × k2

}

·
{1

3
(k1 · k2)σ2 −

1
3
(σ2 · k1)k2 +

2i
3

k1 × k2

}

D(2)
TMO(ω1, ω2) , (4.11)
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where the energy denominators D(2)
α can be found in Table I, and the form factors are

Fρ(k2
1) = FN∆ρ(k2

1)
2 and Fπ(k2

2) = FN∆π(k2
2)

2. Following the same procedure as in the
foregoing section, we write the potentials of Eqs. (4.9), (4.10) and (4.11) in the general form

V∆∆(α) = C(α)
∆∆(I)

(

fN∆ρ

mρ

)2 (

fN∆π

mπ

)2 1
9

×
∫ ∫ d3k1d3k2

(2π)6 ei(k1+k2)·rFρ(k2
1)Fπ(k2

2)

× O(α)
∆∆(k1,k2)D(2)

α (ω1, ω2) , (4.12)

where the expressions for O(α)
∆∆ are given in Table II, again including the contributions from

all graphs. Note the fact that terms with (k1 · k2)(σ1 ± σ2) · k1 × k2 give no contribution
upon integration, hence they are omitted from Table II. Also, in Table I we have used
some algebra to rewrite the expression for D(2)

X into a more transparent form. The Fourier
transformations can now be easily read-off from the Tables I and II. Again, all momentum
integrals can be written in terms of the functions Gm,n(a, r) and Hm,n(a, r1, r2). Following
the same steps as in the preceding section, we write Eq. (4.12) in the form

V∆∆(α) = C(α)
∆∆(I)

(

fN∆ρ

mρ

)2 (

fN∆π

mπ

)2 1
9

× lim
r1,r2→r

O(α)
∆∆(∇1, ∇2)B

(α)
∆∆(r1, r2) , (4.13)

where

B
(BW//)
∆∆ (r1, r2) = H1,1(a; r1, r2) ,

B(BWX)
∆∆ (r1, r2) = − d

da
[aH1,1(a; r1, r2) + G1,1(a, r1)G1,1(a, r2)] ,

B(TMO)
∆∆ (r1, r2) = −1

2 [G1,1(a, r1)G1,2(a, r2) + G1,2(a, r1)G1,1(a, r2)] + a
∫ ∞

0
dze−z(2a− 1

2−Tlab)

× [G1,1(z; a, r1)G1,2(z; a, r2) + G1,2(z; a, r1)G1,1(z; a, r2)] . (4.14)

C. Iterated πρ-exchange kernels

As in our previous paper [2], our definition of the TMO potential (3.1) explicitly contains
the subtraction of the once-iterated one-meson-exchange kernels. In case of a single-channel
Lippmann-Schwinger or Schrödinger calculation for the NN channel, one should include
only the pure TMO diagrams (and the BW diagrams, of course). Therefore, in this section
we give the second-order Born approximation to the interaction kernels. These can then be
added to the TMO potentials of Eqs. (4.8) and (4.14).

(i) N∆ graphs: The N∆ graph of Fig. 9 for both πρ- and ρπ-exchange gives the kernel

K(4)
N∆(Born) = C(//)

N∆ (I)
fN∆ρ

mρ

fN∆π

mπ

fNNπ

mπ

∫ ∫ d3k1d3k2

(2π)6 ei(k1+k2)·rFρ(k2
1)Fπ(k2

2)
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×
[{1

3
(k1 · k2)σ1 −

1
3
(σ1 · k1)k2 +

2i
3

k1 × k2

}

(σ2 · k2)

·
{

gNNρ

2MN
k2 − i

(g + f)NNρ

2MN
(σ2 × k1)

}

+
gNNρ

4MN∆

{1
3
(k1 · k2)(σ1 · k2) +

1
3
k2

2(σ1 · k1)
}

(σ2 · k2)
]

D(1)
Born(ω1, ω2) ,

(4.15)

where Fρ(k2
1) and Fπ(k2

2) are the same as in Sec. IVA. In the adiabatic approximation,
which we will use henceforth, we have Ep−k + Ep−k−W ≈ (a− β1), the treatment of which
can be found in Appendix A of Ref. [1]. We find

V (4)
N∆(Born) = C(//)

N∆ (I)
fN∆ρ

mρ

fN∆π

mπ

fNNπ

mπ

1
6MN

lim
r1,r2→r

[

gNNρO
(α)
N∆,e(∇1, ∇2)(g + f)NNρ + O(α)

N∆,m(∇1, ∇2)
]

×
∫ ∞

0
dze−z(a− 1

2Tlab) [G1,1(z; a, r1)I2(z; mπ, r2) + I2(z; mρ, r1)G1,1(z; a, r2)

+G1,1(z; a, r1)G1,1(z; a, r2) + I2(z; mρ, r1)I2(z; mπ, r2)] , (4.16)

where the operators O(α)
N∆ are given in Table II.

(ii) ∆∆ graphs : The ∆∆ graph of Fig. 9 for both πρ- and ρπ-exchange gives the kernel

K(4)
∆∆(Born) = C(//)

∆∆ (I)
(

fN∆ρ

mρ

)2 (

fN∆π

mπ

)2 ∫ ∫ d3k1d3k2

(2π)6 ei(k1+k2)·rFρ(k2
1)Fπ(k2

2)

×
{1

3
(k1 · k2)σ1 −

1
3
(σ1 · k1)k2 +

2i
3

k1 × k2

}

·
{1

3
(k1 · k2)σ2 −

1
3
(σ2 · k1)k2 +

2i
3

k1 × k2

}

D(2)
Born(ω1, ω2) ,

(4.17)

where Fρ(k2
1) and Fπ(k2

2) are the same as in Sec. IVB. The corresponding potential reads

V (4)
∆∆(Born) = C(//)

∆∆ (I)
(

fN∆ρ

mρ

)2 (

fN∆π

mπ

)2 1
9

lim
r1,r2→r

O(α)
∆∆(∇1,∇2)

×2
∫ ∞

0
dze−z(2a− 1

2Tlab)G1,1(z; a, r1)G1,1(z; a, r2) , (4.18)

where the operators O(α)
∆∆ are given in Table II.

So, for an (NN, N∆) → (NN, N∆) coupled-channel calculation the potential of Eq. (4.16)
should be added to the TMO potential of Eq. (4.14) in order to compensate for the sub-
traction of the iterated πρ exchange with two ∆-isobars in the intermediate states. For a
single-channel NN calculation one has to add the potentials of both Eqs. (4.16) and (4.18)
to the TMO potentials of Eqs. (4.8) and (4.14), respectively.

12



V. RESULTS AND DISCUSSION

The complete πρ-exchange potential can be written as

Vi(πρ) = Vi(BW) + Vi(TMO) + Vi(Born) , (5.1)

with i = C, σ, or T . Furthermore, each potential is the sum of the different contributions
introduced in Sec. IV. The inclusion of the Born term Vi(Born) is due to our special definition
of the TMO potential, Eq. (3.1), which explicitly includes the subtraction of the once-iterated
OPE. For a coupled-channel calculation this Born term should be left out. The iterated Born
term and VTMO are energy dependent. We have evaluated the potentials for Tlab = 150 MeV.

In Figs. 10-12 the results for the several potentials and several different combinations of
contributions are shown. For π-exchange we have used the same parameters as in Ref. [2],
i.e., f2

NNπ/4π = 0.075, f 2
N∆π/4π = 0.35, and Λπ = 664.52 MeV.

The NNρ coupling constants are taken from Ref. [11], so g2
NNρ/4π = 0.795, (f/g)NNρ =

4.221. The N∆ρ coupling is taken from Ref. [13], where f2
N∆ρ/4π = 4.86 was used. The form

factor mass for all the ρ-vertices is taken to be Λρ = 464.52 MeV. Like in the companion
paper [2], we assumed that the strong form factor for the nucleon and the ∆33-isobar are
the same. A motivation for Λρ < Λπ is that the nucleon radius as seen by the ρ-meson is
larger than that for the π-meson, since the ρ-meson can couple to the pion cloud more easily
than the π-meson. A difference of about 200 MeV comes out in the Regge theory, where the
π-meson chooses the sense- and the ρ-meson the nonsense-mechanism [14]. For larger Λρ,
the πρ-exchange potentials become quite strong in the intermediate region. For example,
for Λρ = Λπ = 664.52 MeV, we get VC(I = 0) = 90 MeV and VC(I = 1) = 65 MeV at
r = 1 fm. However, preliminary calculations including the πρ-exchange potential with NN
intermediate states seem to indicate that large cancellations occur. The presentation of the
πρ- and all other π-meson-exchange potentials will be deferred to a future paper [9]. Here
we only focus on the πρ-exchange potential with at least one ∆-isobar in the intermediate
state.

Clearly, the numerical results should be considered as illustrations. Certainly, in the
intermediate region one can trade off coupling constants and form factor masses. However,
different coupling constants will give different potential tails. A better estimate of the πρ-
exchange potentials will be obtained after the confrontation of these new configuration space
potentials with the NN data.

In Fig. 10 a-d we show the total isobar contributions, due to the N∆ and the ∆∆
intermediate states, both for the πρ- and the ππ-exchange potentials. This for the central,
spin-spin, and tensor potentials. Note the well-known strong cancellation between the πρ
and the ππ contributions for both I = 0 and I = 1 above r = 0.75 fm, which was already
pointed out in the dispersion calculation of Ref. [3].

In Fig. 11 a-b the BW, the TMO, and the Born contributions are compared. Like in the
ππ-exchange potential (see Ref. [2]), the I = 0 channel is strongly dominated by the BW
graphs. In the I = 1-channel this is no longer the case. Here the iterated Born contribution
is about equally important as the BW graphs.

In Fig. 12 a-b we compare the electric ge = gNNρ and the magnetic gm = (g + f)NNρ

contributions as introduced in Eq. (4.7). The central potentials are strongly magnetically
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dominated. For the tensor potentials the electric and magnetic couplings are about equally
important and of opposite sign, resulting in rather modest tensor πρ-exchange potentials.

We have not displayed the differences between the N∆ and the ∆∆ contributions. These
will be similar to those for the ππ-exchange potentials, which are shown in [2]. This one
also expects to hold for the energy dependence of the potentials.

This is the third paper in a series dealing with two-meson-exchange potentials in config-
uration space. Ultimately, we plan to make a fit to the recent nucleon-nucleon phase shift
analyses of our group [15]. So apart from a pedagogical value, the results of this paper will
play a role in our study of the nucleon-nucleon interaction, the coupling constants, and the
role of resonances.
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APPENDIX A:
RARITA-SCHWINGER SPINORS

The Rarita-Schwinger spinor for a spin-3
2 particle can be written as (see, e.g., Ref. [16])

uµ(p, σ) = L(3/2)(p)µ
ν uν(0, σ) , (A1)

where uν(0, σ) is the spinor in the ∆-isobar rest frame, and σ is its spin projection in that
frame. Since one can construct the spin-3

2 states from the direct product of the spin-1
2 and

the spin-1 states [17], the boost operator in Eq. (A1) may be factorized according to

L(3/2)(p)µ
ν = L(1)(p)µ

ν L(1/2)(p) , (A2)

consisting of a boost for a spin-1 particle with mass M∆

L(1)(p)µ
ν =







E/M∆ pj/M∆

pi/M∆ δi
j − pipj[M∆(E + M∆)]−1





 , (A3)

and a boost for a spin-1
2 particle

L(1/2)(p) u(0, σ) =
(γ · p + M∆)

[2M∆(E + M∆)]1/2 u(0, σ)

=
(E + M∆

2M∆

)1/2




1
σ · p

E + M∆



 ⊗ χσ . (A4)
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Here of course, χσ is the 2-component Pauli spinor. In the ∆-isobar rest frame, the 3
2 -spinor

uµ(0, σ) is also a 2-component spinor, which is related to the 4-component Pauli spinor ψσ

of a spin-3
2 particle through the spin-1

2 spin-3
2 transition operators Σµ

N∆ according to [16]

uµ(0, σ) =
(

Σ†
N∆

)µ
ψσ , Σ†

N∆ = (0,Σ†) . (A5)

So the Rarita-Schwinger spin-3
2 spinor in the Pauli-Dirac representation reads explicitly

uµ(p, σ) =
(E + M∆

2M∆

)1/2

L(1)(p)µ
ν





1
σ · p

E + M∆



 Σ†ν
N∆ψσ. (A6)

The spin-1 boost gives

L(1)(p)µ
ν Σ†ν

N∆ =
( 1

M∆
p ·Σ†,Σ†

)

≈
(

0,Σ†
)

. (A7)

This last approximation is used in our potential calculations.

APPENDIX B:
DIFFERENTIATION DICTIONARY

In this Appendix we give a dictionary for the evaluation of the differentiations in
Eqs. (4.7), (4.13), (4.16), and (4.18). The procedure is described in more detail in Ap-
pendix B of Ref. [2].
1. For O(α)

N∆(∇1, ∇2):

(1a) lim
r1→r2

(σ1 ·∇1)(σ2 ·∇2)∇2
2 F (r1)G(r2) =

1
3
F ′(r)

[

− 2
r2G′(r) +

2
r
G′′(r) + G′′′(r)

]

((σ1 · σ2) + S12) ,
(1b) lim

r1→r2
(∇1 ·∇2)(σ1 ·∇2)(σ2 ·∇2) F (r1)G(r2) =

=
1
3
F ′(r)

[

− 2
r2G′(r) +

2
r
G′′(r) + G′′′(r)

]

(σ1 · σ2) +

+
1
3
F ′(r)

[ 1
r2G′(r)− 1

r
G′′(r) + G′′′(r)

]

S12 ,

(1c) lim
r1→r2

(σ1 ·∇1)(σ2 ·∇2)(σ2 ·∇1 ×∇2) F (r1)G(r2) =

=
2i
3

[1
r
F ′(r)G′′(r) +

1
r
F ′′(r)G′(r) +

1
r2F ′(r)G′(r)

]

(σ1 · σ2)

+
i
3

[1
r
F ′(r)

(1
r
G′(r)−G′′(r)

)

−
(1

r
F ′(r)− F ′′(r)

) 2
r
G′(r)

]

S12 ,

(1d) lim
r1→r2

(∇1 ·∇2)(σ2 ·∇2)(σ2 · σ1 ×∇1) F (r1)G(r2) =

=
2i
3

[

F ′′(r)G′′(r) +
2
r2F ′(r)G′(r)

]

(σ1 · σ2)−
i
3

[

F ′′(r)G′′(r)− 1
r2F ′(r)G′(r)

]

S12 ,

(1e) lim
r1→r2

(σ2 ·∇2)(σ2 ×∇1 ·∇1 ×∇2) F (r1)G(r2) =

− 2
r

[1
r
F ′(r)G′(r) + F ′(r)G′′(r) + F ′′(r)G′(r)

]

.
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2. For O(α)
∆∆(∇1,∇2):

(2a) lim
r1→r2

(∇1 ·∇2)2 F (r1)G(r2) =
2
r2F ′(r)G′(r) + F ′′(r)G′′(r) ,

(2b) lim
r1→r2

(∇1 ·∇2)(σ1 ·∇2)(σ2 ·∇1) F (r1)G(r2) =
1
3

[ 2
r2F ′(r)G′(r) + F ′′(r)G′′(r)

]

(σ1 · σ2) +

+
1
3

[

− 1
r2F ′(r)G′(r) + F ′′(r)G′′(r)

]

S12 ,

(2c) lim
r1→r2

(σ1 ·∇1)(σ2 ·∇1)∇2
2 F (r1)G(r2) =

=
1
3

[

∆F (r)(σ1 · σ2)−
(1

r
F ′(r)− F ′′(r)

)

S12

]

∆G(r) ,

(2d) lim
r1→r2

(∇1 ×∇2)2 F (r1)G(r2) =
2
r

[1
r
F ′(r)G′(r) + (F ′G′)′(r)

]

,

(2e) lim
r1→r2

(∇1 ·∇2)(∇1 ×∇2) F (r1)G(r2) = 0 ,

where ∆ is the Laplacian:

∆G(r) = G′′(r) +
2
r
G′(r) .
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TABLES

TABLE I. Adiabatic approximation of the energy denominators D(1)
α for the N∆ and D(2)

α for
the ∆∆ intermediate states. Here β1 = k1 · k2/M and β2 = k1 · k2/M∆.

α D(1)
α (ω1, ω2)

BW//
1

ω1ω2

[

1
(ω1 + a)ω2

+
1

ω1(ω2 + a)

]

1
(ω1 + ω2)

BWX
2

ω1ω2

[ −1
(ω1 + a)(ω2 + a)

1
(ω1 + ω2)

+
1

ω1ω2

(

1
ω1 + a

+
1

ω2 + a
− a

(ω1 + a)(ω2 + a)

)]

TMO
1

2ω1ω2

[

1
(ω1 + a)ω2

(

1
ω1 + a

+
1
ω2

)

+
1

ω1(ω2 + a)

(

1
ω1

+
1

ω2 + a

)

+
1

ω1ω2

(

1
ω1

+
1
ω2

)

+
1

(ω1 + a)(ω2 + a)

(

1
ω1 + a

+
1

ω2 + a

)]

β1

a− β1

Born
1

ω1ω2

[

1
(ω1 + a)ω2

+
1

ω1(ω2 + a)
+

1
(ω1 + a)(ω2 + a)

+
1

ω1ω2

]

1
a− β1

α D(2)
α (ω1, ω2)

BW//
1

ω1ω2

[

1
(ω1 + a)(ω2 + a)

]

1
(ω1 + ω2)

BWX − 1
ω1ω2

d
da

[

a
(ω1 + a)(ω2 + a)(ω1 + ω2)

+
1

(ω1 + a)(ω2 + a)

]

TMO
1

2ω1ω2

[

1
(ω1 + a)2(ω2 + a)

+
1

(ω1 + a)(ω2 + a)2

]

β2

2a− β2

Born
2

ω1ω2

[

1
(ω1 + a)(ω2 + a)

]

1
2a− β2
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TABLE II. Momentum operators O(α)(k1,k2) of the planar (BW// and TMO) and crossed
(BWX) graphs for the N∆ and ∆∆ intermediate states. The indices e and m refer to the (electric)
gNNρ and (magnetic) (g + f)NNρ parts.

α ON∆(k1,k2)

O(//)
N∆,e −1

2

[

1− MN
M∆

]

(σ1 · k1)(σ2 · k2)k2
2 + 1

2

[

3 + MN
M∆

]

(σ1 · k2)(σ2 · k2)(k1 · k2)

O(//)
N∆,m i(σ1 · k1)(σ2 · k2)(σ2 · k1 × k2) + i(k1 · k2)(σ2 · k2)(σ2 · σ1 × k1)

+2(σ2 · k2)(σ2 × k1 · k1 × k2)

O(X)
N∆,e +1

2

[

3 + MN
M∆

]

(σ1 · k1)(σ2 · k2)k2
2 − 1

2

[

1− MN
M∆

]

(σ1 · k2)(σ2 · k2)(k1 · k2)

O(X)
N∆,m i(σ1 · k1)(σ2 · k1 × k2)(σ2 · k2) + i(k1 · k2)(σ2 · σ1 × k1)(σ2 · k2)

+2(σ2 × k1 · k1 × k2)(σ2 · k2)

α O∆∆(k1,k2)

O(//)
∆∆ (k1 · k2)2(σ1 · σ2)− (k1 · k2)(σ1 · k2)(σ2 · k1)− (k1 · k2)(σ1 · k1)(σ2 · k2)+

+k2
2(σ1 · k1)(σ2 · k1)− 4(k1 × k2)2

O(X)
∆∆ (k1 · k2)2(σ1 · σ2)− (k1 · k2)(σ1 · k2)(σ2 · k1)− (k1 · k2)(σ1 · k1)(σ2 · k2)+

+k2
2(σ1 · k1)(σ2 · k1) + 4(k1 × k2)2
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FIGURES

FIG. 1. Feynman-diagrams for πρ exchange involving (a) one or (b) two ∆33-isobar intermediate
states.

FIG. 2. Definition of momentum vectors in second-order (a) planar and (b) crossed graphs.

FIG. 3. Planar BW πρ-exchange potential graphs with one ∆33-isobar in the intermediate state.

FIG. 4. Crossed BW πρ-exchange potential graphs with one ∆33-isobar in the intermediate state.

FIG. 5. TMO πρ-exchange potential graphs with one ∆33-isobar in the intermediate state.

FIG. 6. Planar BW πρ-exchange potential graphs with two ∆33-isobars in the intermediate state.

FIG. 7. Crossed BW πρ-exchange potential graphs with two ∆33-isobars in the intermediate
state.

FIG. 8. TMO πρ-exchange potential graphs with two ∆33-isobars in the intermediate state.

FIG. 9. Second-order potential scattering diagrams with (a) one or (b) two ∆33-isobars in the
intermediate state.

FIG. 10. Central, spin-spin, and tensor ππ- and πρ-exchange potentials with N∆ and ∆∆
intermediate states. The total contribution is also shown. (a) I = 0 and r ≤ 1 fm; (b) I = 0 and
1 ≤ r ≤ 2 fm; (c) I = 1 and r ≤ 1 fm; (d) I = 1 and 1 ≤ r ≤ 2 fm.

FIG. 11. Isobar πρ-exchange contributions of the BW, TMO, and Born diagrams for (a) I = 0
and (b) I = 1.

FIG. 12. Electric g and magnetic (g + f) contributions of the isobar πρ-exchange potential for
(a) I = 0 and (b) I = 1. The electric and magnetic parts correspond to those of Eq. (4.7).
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