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NUCLEAR (CHIRAL) DYNAMICS

- In-medium CHIRAL PERTURBATION THEORY and beyound -

- DENSITY FUNCTIONAL strategies -

- In-medium QCD CONDENSATES and SPIN-ORBIT INTERACTION -

- SCALAR FIELD and scalar form factor of the NUCLEON -

- Applications to NUCLEAR MATTER and FINITE NUCLEI -

PRELUDE: 
an example of CHIRAL PERTURBATION THEORY at work 



LOW - ENERGY  QCD

 aggregates of quarks and gluons in the 
 HADRONIC (low T) phase of QCD

   Spontaneously broken CHIRAL SU(2) x SU(2) SYMMETRY:

GOLDSTONE BOSONS (PIONS)
   ... interact weakly at low energy / momentum

   non-trivial VACUUM   

CONFINEMENT at

Eigenstates of  are  (colour-singlet) HADRONS

|0〉 CHIRAL (QUARK) CONDENSATE 

low-mass collective excitations 

:

:

|〈q̄q〉| # 1.5 fm−3

order parameter:  PION DECAY CONSTANT fπ = 92.4 MeV

4π fπ ∼ 1 GeVcharacteristic MASS GAP in the hadron spectrum:

T < Tcrit ! 170 MeV

NUCLEI:

HQCD



+ + ...

π πN N

LN = Ψ̄N [iγµ(∂µ − iVµ) − M0 + gAγµγ5A
µ] ΨN + ...

  higher  orders         − Ψ̄N S ΨN + ...

Aµ =
1

2fπ

!τ · ∂µ!π + ... ; V
µ =

1

4f2
π

!τ · (!π × ∂µ!π) + ... ; S = σN

(
1 −

"π2

2f2
π

+ ...

)

AXIAL  VECTOR                                  VECTOR                                  SCALAR                                 

fπ = 92.4MeV gA = 1.267

PION-NUCLEON EFFECTIVE LAGRANGIAN

σN = 〈N |mu ūu + md d̄d|N〉 ! 50MeV

effects of  ∆(1230)

short distance physics

;
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 SCALAR FORMFACTOR of the NUCLEON

σN(Q2) = σN − Q2

∫
∞

4m2
π

dt
η(t)

t(Q2 + t)

π

empirical 
(Höhler et al.)

Born 

ChPT
(NNLO 2-loop) 

t[m2

π
]

η(t)

t2

spectral distribution 

N. Kaiser
Phys. Rev. C68 (2003) 025202 

√
〈r2s 〉 # 1.3 fm

SCALAR RADIUS of the NUCLEON: 

(Gasser, Leutwyler, Sainio (1991))

N

strong
SCALAR 

field

π

N

x

π

π

N,∆

N

N

Earlier phenomenology:

G.E. Brown & T. T.S. Kuo (’65)

van der Waals - type NN interaction

“2nd order tensor force”

“Spin-isospin polarizability of the nucleon”
M. Ericson & A. Figureau (’81)

(N)

(N + ∆)

V(r) ∼
e−2mπr

r6
P(mπr)



CHIRAL DYNAMICS and the 
NUCLEAR MANY-BODY PROBLEM

   treat PIONS and DELTA isobars as  EXPLICIT degrees of freedom

  pion exchange processes in the presence of a filled Fermi sea

  Expansion of  ENERGY DENSITY in  powers of Fermi momentum k

π
π

π

additional relevant scale:   Fermi momentum

+ +   ... “ in medium”

   IN-MEDIUM nucleon propagator:

(γ · p + M)

[
i

p2 − M2 + iε
− 2πδ(p2 − M2)θ(p0)θ(kF − |p|)

]

N. Kaiser,  S. Fritsch,  W. W.  (2002 - 2003)

   IN-MEDIUM CHIRAL PERTURBATION THEORY

N N

  short-distance dynamics:   contact interactions

F

N,∆N N N N

kF ∼ 2mπ ∼ M∆ − MN << 4π f
2
π

“small” scales:



NUCLEAR MATTER

E(kF)

A
=

∑

n

Fn(kF/mπ,kF/∆) k
n

F

2 low-energy (subtraction) constants / contact terms
included in C3 C5and  
C4 :  model-independent 

:  3 - body contact terms at   O(k6

F)

 agreement with universal  “V(low-k)” from realistic NN potentials
at low densities: 

S.K. Bogner,  T.T.S. Kuo,  A. Schwenk; Phys. Reports 386 (2003) 1

  Expansion of  ENERGY DENSITY in  powers of Fermi momentum kF

=
3

10

k2
F

MN

+ C3

k3
F

M2
N

+ C4

k4
F

M3
N

+ C5

k5
F

M4
N

+ C6

k6
F

M5
N

+ O(k7
F)

C6



= + + + + +... ...

!Q →

!p1 !p2

π 2π 3π short
range

 EFFECTIVE INTERACTION:  SCALES  at  WORK

Nucleon-nucleon amplitude “in-medium”

Spectral representation:

particle-hole
excitations

one- and two-pion 
exchange

short-distance 
dynamics

|!p1,2| ≤ kF Q ∼ kF

µn ≤ kF

∼ Q2〈r2n〉

, :

treat terms with EXPLICITLY (long and intermediate range)

approximate integrals with as

CONTACT term plus finite range corrections

T(Q2;kF)

T(Q2;kF) = T(0) +
Q2

π

∑
n

∫
∞

µ2
n

dt
ηn(t;kF)

t(t + Q2)

Q2

π

∑
n

∫
∞

µ2
n

dt
ηn(t;kF)

t2

T
(0)

µn > Q ∼ kF
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Figure 4: Full line: real part of the single-particle potential U(p, kf0) at saturation density
kf0 = 261.6 MeV as a function of the nucleon momentum p. The dotted line includes in addition
the relativistically improved kinetic energy Tkin(p) = p2/2M−p4/8M3. Both curves are extended
into the region above the Fermi surface p > kf0.

both regions, there are non-trivial changes in the expressions from iterated 1π-exchange. These
modifications are summarized in the Appendix. The smooth rise of U(p, kf0) as it crosses the
Fermi surface and proceeds up to p " 400 MeV is compatible with other calculations [20, 21].
Beyond this momentum scale one presumably exceeds the limits of validity of the present chiral
perturbation theory calculation of nuclear matter.

The full line in Fig. 5 shows the potential depth U(0, kf) for a nucleon at the bottom of
the Fermi sea as a function of the nucleon density ρ = 2k3

f/3π2. The band spanned by the
dotted lines stems from the universal low-momentum NN-potential Vlow−k [23] in linear density
approximation. In this approximation the potential depth simply reads:

U(0, kf) =
3πρ

2M

[
V (1S0)

low−k(0, 0) + V (3S1)
low−k(0, 0)

]
, (14)

with V (1S0)
low−k(0, 0) " −1.9 fm and V (3S1)

low−k(0, 0) " −(2.2 ± 0.3) fm [23, 24, 25], the two S-wave
potentials at zero momentum. It is interesting to observe that both potential depths agree
fairly well at low densities, ρ ≤ 0.07 fm−3. This agreement is by no means trivial since Vlow−k is
constructed to reproduce accurately the low-energy NN-scattering data (phase-shifts and mixing
angles) whereas our adjustment of the B3-term (linear in density) is made at saturation density
ρ0 = 0.157 fm−3. It is evident from Fig. 5 that a linear extrapolation does not work from zero
density up to nuclear matter saturation density. Strong curvature effects set in already at Fermi
momenta around kf " mπ if (and only if) pion-dynamics is treated explicitly.2 We note also

2As example for the extreme inherent non-linearities, consider the formula for the three-body potential
U3(0, kf ) in eq.(11). Its mathematical Taylor-series expansion converges only for kf < mπ/2. This corresponds
to tiny densities, ρ < 0.0027 fm−3.
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Figure 3: The energy per particle Ē(kf) of isospin-symmetric nuclear matter as a function of
the nucleon density ρ = 2k3

f/3π2. The dashed line refers to the result of ref.[2], with only pions
and nucleons as active degrees of freedom. The full line includes effects from 2π-exchange with
virtual ∆-excitation. The short-range parameters are B3 = −7.99 and B5 = 0.

3 Real part of single-particle potential

In this section we discuss the real part U(p, kf) of the single-particle potential. As outlined in
ref.[3] the contributions to the (real) nuclear mean-field U(p, kf ) can be classified as two-body
and three-body potentials. The parameters B3,5 introduced in eq.(1) reappear in a contribution
to the two-body potential of the form:

U2(p, kf)
(ct) = 2B3

k3
f

M2
+ B5

k3
f

3M4
(3k2

f + 5p2) . (9)

Its density- and momentum-dependence is completely fixed by the Hugenholtz-Van-Hove the-
orem [18] and a sum rule which connects it to the energy per particle Ē(kf) (see eqs.(5,7) in
ref.[3]). The Fock diagrams of 2π-exchange with virtual ∆-excitation give rise to a contribution
to the two-body potential which can be written as a (subtracted) dispersion integral:

U2(p, kf)
(F ) =

1

2π3

∫ ∞

2mπ

dµ Im(VC + 3WC + 2µ2VT + 6µ2WT )

×
{

µkf +
2k3

f

15µ3
(3k2

f + 5p2) − 2k3
f

3µ
− µ2 arctan

kf + p

µ

−µ2 arctan
kf − p

µ
+

µ

4p
(µ2 + k2

f − p2) ln
µ2 + (kf + p)2

µ2 + (kf − p)2

}
. (10)

By opening a nucleon line in the three-body diagrams of Fig. 2 one gets (per diagram) three
different contributions to the three-body potential. In the case of the (left) Hartree diagram

8

E / A
[MeV]

π
π

π

NN

+ + 

N N N N

N ∆,

ROLE of    (1232)∆

Mass difference M∆ − MN ∼ kf ∼ 2mπ << 4π fπ

“small scale”;  large SPIN-ISOSPIN POLARIZABILITY of the nucleon: 

S. Fritsch, N. Kaiser,  W. W. 
Nucl. Phys.  A 750 (2005) 259 

πN

only

πN + ∆

momentum
dependence of

single particle potential

χ
∆

=
g2
A

f2
π
(M∆ − MN)

" 5 fm3



NUCLEAR  THERMODYNAMICS

π

π

N N N N

+

 CHIRAL PION DYNAMICS 
(”Pionic van der Waals + Pauli”) 

... plus contact terms 

Liquid - Gas  Transition at 
Critical Temperature T  = 15 MeV

(empirical:   T  = 16 - 18 MeV)
c

c
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S. Fritsch,  N. Kaiser,  W. W. 
Nucl. Phys.  A 750 (2005) 259
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NEUTRON MATTER

2 low-energy (subtraction) constants / contact terms

Isospin - dependent forces primarily from two-pion exchange

P. Finelli,  N. Kaiser,
D. Vretenar,  W. W. 

Nucl. Phys.  A 735 (2004) 449
and preprint (2005)

Asymmetry energy  for isospin - asymmetric nuclear matter:

A = 34.0MeV (empirical:                            )A = 33 − 36MeV
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INHOMOGENOUS SYSTEMS:
connection with (non-relativistic) density functional

J(r)

local density kinetic energy density spin-orbit density

single + iterated
pion exchange

full Pi-N-Delta
full Pi-N-Delta

single + iterated
pion exchange

S. Fritsch,  N. Kaiser,  W. W. :  Nucl. Phys.  A 724 (2003) 47,  Nucl. Phys.  A 750 (2005) 259

surface term

spin-orbit term

E [ρ, τ,J] =
E(kF)

A
ρ +

(
τ −

3

5
ρk

2
F

) [
1

2MN
− Fτ (kF)

]
+(∇ρ)2 Fgrad(kF)+∇ρ·JFso(kF)+...

ρ("r) =
2k3

F
("r)

3π2
=

∑

α∈F

ψ†
α
("r)ψα("r) τ("r) =

∑

α∈F

∇ψ†
α
("r) ·∇ψα("r) J(!r) =

∑

α∈F

ψ†
α
(!r)i!σ ×∇ψα(!r)



FINITE NUCLEI:  DENSITY FUNCTIONAL STRATEGIES

... towards a relativistic DENSITY FUNCTIONAL ...
(see e.g.:  R. Furnstahl et al.,   B. Serot,   in: Lecture Notes in Phys. 641 (2004))

( P. Finelli,  N. Kaiser,  D.  Vretenar,  W.  W. ,  Eur. Phys. J.  A 17 (2003) 573,  Nucl. Phys.  A 735 (2004) 449 )

... constrained by 
(in-medium) CHIRAL PERTURBATION THEORY and QCD SUM RULES

Eexc(ρ)

: 

from in-medium ChPT  (”Pionic fluctuations”): 

strong SCALAR and VECTOR mean fields generated by 
IN-MEDIUM changes of QCD CONDENSATES 

(Drukarev, Levin (1990);  Cohen, Furnstahl, Griegel (1991))

Σ
(0)
S = M∗(ρ) − M = −M

σN

2mq

ρS

|〈q̄q〉vacuum|
∼ −

M

3

ρ

ρ0

; 

ρ =

A∑

i=1

|ψi〉〈ψi|; 

Σ
(0)
V

! −Σ
(0)
S

E[ρ] = Ekin +

∫
d

3
x [E(0)(ρ) + Eexc(ρ)] + Ecoul

E
(0)(ρ)



FINITE  NUCLEI
- contd. -

construct equivalent Effective Lagrangian  

Leff = Ψ̄(iγ·∂−M)Ψ−
1

2

∑

i=S,V,...

Gi(ρ̂)(Ψ̄ΓiΨ)2−
1

2

∑

i=S,V,...

Di(ρ̂)(∂Ψ̄ΓiΨ)2+ Le.m.

ΓS = 1 , ΓV = γ
µ

, ...

matching at the level of nucleon self-energies: 

Σi(ρ) = Gi(ρ) + re-arrangement termsρ

solve self-consistent Dirac equations for single-particle orbits

with DENSITY DEPENDENT four-point couplings: 

.

Leff = Ψ̄(iγ·∂−M)Ψ−
1

2

∑

i=S,V,...

Gi(ρ̂)(Ψ̄ΓiΨ)2−
1

2

∑

i=S,V,...

Di(ρ̂)(∂Ψ̄ΓiΨ)2+ Le.m.

apply corrections: CM  energy , pairing (rel. Hartree-Bogoliubov)
(relativistic analog of Kohn-Sham equations)
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1d3/2
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Only pions Full model

(40Ca-protons)

surface 
+  (derivative) 

term
Σ

(π)
S,V(ρ) ! −78MeV

(
ρ

ρ0

) [
1 − 0.38

(
ρ

ρ0

)1/3

− 0.15

(
ρ

ρ0

)2/3

+ 0.09

(
ρ

ρ0

)]

 BINDING from 
CHIRAL DYNAMICS 

( mainly regularized two-pion exchange
“van der Waals + Pauli” )  

 SPIN-ORBIT splitting from 
strong “CONDENSATE” 
SCALAR  &  VECTOR

mean fields: 

Σ
(0)
S

(ρ) ! −0.35GeV

(
ρs

ρ0

)

Σ
(0)
V

(ρ) ! +0.34GeV

(
ρ

ρ0

)

  (SPIN-ORBIT interaction
proportional to 

SCALAR minus VECTOR)

“pions”

Example:  SINGLE PARTICLE SPECTRUM of   Ca
40

P. Finelli, N. Kaiser, D. Vretenar,  W. W. :  Nucl. Phys.  A 735 (2004) 449 

...           +  “condensates”

75 27



PARAMETERS and their interpretation

single particle potential:

U = S + V = G
(0)
S

ρS + G
(0)
V

ρ + ∆U

∆U = g3

k3
F

Λ2
+ g4

k4
F

Λ3
+ g5

k5
F

Λ4
+ g6

k6
F

Λ5
(Λ = 0.6GeV)

coupling fine-tuned expected / predicted

G
(0)
S

G
(0)
V

− (11.0 ± 1.5) fm2

(10.5 ± 1.5) fm2

− 11.5 fm
2

11.0 fm
2

g3

g4

g5

g6

− 3.04 − 3.31

2.95 2.95

2.48 2.48

− 4.00
_

DS − 0.76 − 0.7

QCD 
sum rules

in-medium 
ChPT

surface 
(derivative) term

model-
independent

condensate
fields

nuclear
chiral (pion)
dynamics:

van der Waals
+

Pauli
+

short range
(contact)

terms
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P. Finelli, N. Kaiser, D. Vretenar,  W. W. :  Nucl. Phys.  A 735 (2004) 449 
and preprint (2005) 

  deviations (in %) between calculated and measured 

  energies per nucleon 

  r.m.s. charge radii 
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48
charge density of   Ca  
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charge density of    Pb 208
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P. Finelli, N. Kaiser, D. Vretenar,  W. W. :  preprint (2005) 

 ISOSPIN dependence: 

 Ca and Ni isotopes 



RESULTS (part V)

 ISOSPIN dependence: 

 Sn and Pb isotopes 
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  deviations (in %) between calculated and measured 

RESULTS (part VI)

P. Finelli, N. Kaiser, D. Vretenar,  W. W. :  Nucl. Phys.  A 735 (2004) 449 
and preprint (2005) 

SPIN - ORBIT splittings 



RESULTS (part VII)
P. Finelli, N. Kaiser, D. Vretenar,  W. W. :  preprint (2005) 

 DEFORMED NUCLEI:  binding energies
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RESULTS (part VIII)

 DEFORMED NUCLEI: charge radii
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SUMMARY & CONCLUSIONS

... on the way to a density functional approach for 
nuclear many-body systems,  constrained by LOW-ENERGY QCD

SPIN-ORBIT interaction:  strong  SCALAR  and VECTOR  mean fields 
consistent with in-medium QCD CONDENSATES

BINDING and SATURATION primarily from PION DYNAMICS 
(”Pionic van der Waals + Pauli”) 

 HEAVY NUCLEI and chains of isotopes:  
correct ISOSPIN dependence, primarily from 2-pion-dynamics 

PERTURBATIVE (chiral) approach plus contact terms seems to work 

agreement with results from Dirac-Brueckner theory 
(where comparable) 
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(Fuchs, et al. Nucl. Phys. A648, 105 (1999).)

• higher order effects and short-range dynamics included in the Λ cut-off“trivial” density dependence from 
short-distance / in-medium condensate dynamics (   contact terms)

“non-trivial” density dependence from intermediate and long-range 
pion dynamics (”van der Waals”) plus Pauli blocking  

(Fuchs et al. 99)
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RESULTS (part IX)

 DEFORMED NUCLEI:  ground state deformations
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QCD SUM RULES at FINITE DENSITY

(Drukarev, Levin (1990);  Cohen, Furnstahl, Griegel (1991))

In-medium QCD SUM RULES,  leading order:  
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... use Ioffe’s formula

and Gell-Mann, Oakes, Renner relation  
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